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PREFACE 


In view of the disposition of contemporary thinkers to self- 
revelation, it may not be amiss to sketch the somewhat diverse 
activities which have resulted in the present philosophical 
study of physical theory. 

In the first place, the book is an expression of ideas 
developed in teaching elementary experimental physics, 
primarily dynamics, and the mathematical theory of higher 
dyn 2 imics, at the University of California during the last ten 
years. The most characteristic methods of the book were 
developed in reflecting upon the fact that I found it desirable 
to present dynamics in one way for elementary students and 
in another for graduate students of physics. The outcome 
of my investigations is the exposition of dynamics by a method 
of successive definition, in which dynamical concepts are suc- 
cessively expounded from the qualitative, operational and 
postulational points of view. Furthermore, an analysis of 
the theory of relativity and quantum theory revealed tliat 
physical theory progresses by successive approximation. In 
the present book I have attempted to expound systematically 
the whole of physics by showing how it can be constructed by 
successive definition and approximation. The development 
of my ideas has been aided by the critical comments of my 
colleague. Professor W. H. Williams. 

The character of this critical study of physical theory owes 
much, however, to an earlier philosophical treiining at Cali- 
fornia and Harvard, during which period my interest in the 
logic of mathematics and natural science was stimulated by 
Professors B. A. Bernstein, C. I. Lewis, Josiah Royce, E. V. 
Huntington and Bertrand Russell. When Mr. Russell lec- 
tured at Harvard during the spring of 1914 he had completed 
his work on Principia Mathematica and Wcis turning his atten- 
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tion to the logical analysis of physics. In a conference he 
suggested that I write a paper on causality, which he declared 
should be investigated by an analysis of the differential equa- 
tions of physics. I was unable to write the paper at that time, 
but hope that the task has been partially, even if belatedly, 
performed in this book. For methods of analysis I am there- 
fore particularly indebted to Mr. Russell. But the book is 
also reminiscent of Professor R, B. Perry’s seminary in theory 
of knowledge, of Professor M. P. Mason’s careful lectures on 
Kant, of Professor W. E. Hocking’s seminary in post-Kantian 
idealism, and of Professor R. F. A. Hoemle’s lectures on Bosan- 
quet. I especially place high value upon my intensive study 
of Fichte’s Wissenschaftslehre, Hegel’s Phenomenologie, and 
Bosanquet’s Logic. For in my attempt to construct a theory 
of physics the most important and difficult step was to free 
myself from the exclusive use of the methods of the logic of 
pure mathematics. I doubt whether I could have arrived t 
the characteristic methods of this book, if I had not studied 
the idealistic theories of the development of thought. It 
is more than ten years since I have read Bosanquet, yet I am 
aware that my thinking has been molded by such principles as 
“ truth is the whole,” “ thought is the nisus to totality,” etc. 

But the activity most immediately responsible for the 
present book has been the preparation of papers for the Philo- 
sophical Union in Berkeley, since the spring of 1923. I was 
encouraged to write these papers through the friendly interest 
of philosophers in Berkeley and elsewhere, and through the 
encouragement of the former chairman of the physics depart- 
ment, the late Professor E. P. Lewis, and the present chairman. 
Professor E, E. Hall. These papers have been published in the 
University of California Publications in Philosophy, and I am 
indebted to the editors of the series and the University of 
California Press for permission to use material from them, 
especially from the last one, “ The Metaphysical Import of 
Scientific Facts,” which is being published in a volume on “ The 
Nature of Facts,” 

The interest accorded my Union papers encouraged me to 
plan a more systematic and detailed study of physical theory. 
In the carrying out of my project I have been greatly aided by 
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the opportunity to spend the year 1927-28 in Gottingen as 
John Simon Guggenheim Memorial Fellow. The plan of the 
book was largely worked out in a graduate course in the depart- 
ment of philosophy during the spring of 1930. I have to thank 
Professor J. Loewenberg for his encouragement and initiative 
in inviting me to give this course. 

Thus the stimulus to writing the book has come primarily 
from philosophers. Since it was partly my purpose to provide 
philosophical students of science with a rigorous systematic 
exposition of physical theory I have used a minimum of mathe- 
matics. But I have developed the subject with sufficient detail 
so that the book will be useful also to physicists who are inter- 
ested in methodology and systematic construction. The book 
thus stands between the popular expositions of physics and 
the detailed treatises for experts. Again, since the principal 
problem of the book is philosophical analysis, I have confined 
lyself to those theories which appear to have been definitely 
incorporated, at least for the time being, in the system of 
physics. 

To some of the chapters I have appended references. These 
do not constitute a bibliography of the subject, but are acknowl- 
edgments. In particular, I am indebted to the writings of 
Max Born; also to those of A. Einstein, A. S. Eddington, A. 
Sommerfeld, M. Planck, H. Weyl, N. Bohr, P. Jordan, W. 
Heisenberg, P. and T. Ehrenfest, H. Thirring, R. C. Tolman, 
P. W. Bridgman, P. Hertz, W. F, G. Swann. For the more 
philosophical phases of the subject I am especially indebted 
to the writings of R. Carnap; also to those of H. Reichenbach, 
M. Schlick, H. Dingier. 

While writing the final draft of the book it was my great 
privilege to discuss critical problems of physics with Professor 
W. F. G. Swann, and I have borrowed much from him. The 
final form of my exposition has also been greatly influenced 
by C. I. Lewis’s Mind and the World Order. My method of 
building up physical theory may be viewed as an illustration 
of the function of a variable a priori in knowledge. But, 
whereas Professor Lewis has arrived at the theory by reflec- 
tion upon the structure of pure mathematics and the problem 
of its applicability to experience, I have arrived at the theory 
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from an analysis of the process of transformation of empirical 
generalizations into definitions, which process was first noted 
by4i. Poincar6. 

I am especially indebted to Professors G. P. Adams and 
S. C. Pepper for their continued interest and encouragement, 
and to my colleague, Professor L. B. Loeb, for his interest and 
advice. Finally, I wish to extend my expression of appreciation 
to Professor J. H. Woods, whose guidance made possible the 
successful conclusion of my philosophical studies at Harvard, 
and to Professor R. B. Abbott, who arranged my transition 
from philosophy to physics and guided my first and uncertain 
steps as an assistant in the physical laboratory. 

V. F. L. 


Berkeley, California 
July, mi 
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THE NATURE OF PHYSICAL THEORY 


INTRODUCTION 

THE GENERAL CHARACTER OF PHYSICAL THEORY 
1. THE CRITERION OF PHYSICAL REALITY 

The problem of physical science is the construction of con- 
cepts of things, characters and processes which will serve to 
describe, interpret and order reality from a selected point of 
view. Things and phenomena considered as instances of phys- 
ical characters and processes constitute the physical order. 
T he most general characteristic of physica l reality is that it is 
ordered in space and time . According to a more specific classical 
definition the physical order is the realm of matter and energy. 
However, in order to give a detailed exposition of the concept 
of physical reality we must ultimately have recourse to examples 
of physical properties and processes which one may assume to 
be known. Thus the motion of material bodies, the elastic 
properties of bodies, the propagation of light, the phenomena 
correlated with changes in the hotness and coldness of bodies, 
electrical and magnetic actions, the structure of matter — these 
exemplify the content of the physical order. 

The physical order is assumed to be objective, that is, it 
may be known by several minds. In the first instance the ele- 
ments of the physical order are given in sensation. In physical 
science one constructs the fundamental concepts of the things, 
characters and processes revealed by sensatjpn. A physica l 
th eory is the systematic representation of certain character s 
o fthe physical ord^ The goal of physical science is a unitary 
system of physical theory. 

It is the purpose of this book to analyze the concepts, prin- 
ciples and systems of physical theory. The method of pro- 
cedure will be to build up physical theory from the aspects of 
the physical order given in sensation. Now the process of con- 
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structing physical theory presupposes a criterion of physical 
reality which should be made explicit at the outset. 

Probably the first stage in science is the almost unreflective 
assumption or recognition of the existence of a world of things. 
Preceding the conscious development of science primitive men 
recognized things, invented names for them, described them, etc. 
We who live in the historical era have inherited concepts for the 
representation and interpretation of our experience; the appli- 
cation of these concepts is learned in earliest childhood so that 
their use appears to be instinctive. The fashioning of such a 
conceptual system for the description of common things in space 
and time is the problem of a primitive qualitative physics. 
Now starting from this level, which is that of ordinary experience, 
one may proceed in two directions. 

On the one hand one may develop science systematically. 
Certain qualities of the world known in unreflective experience 
are selected for special observation, classification and correla- 
tion. One seeks an explanation of phenomena and an analysis 
of things. The physical properties of the world are especially 
characterized by the fact that numbers may be assigned to them 
by the process of measurement. The attempt to extend 
physical methods to other sciences means that the common 
goal of science is a numerical representation of reality given 
in experience. 

It will serve to illuminate the nature of physical science 
if we examine in a preliminary way the principal historical 
examples of comprehensive physical theories. During the 
modern period the development of physical science has been 
molded primarily by the mechanical conception of nature^ 
according to which all ph^ical phenomena are to be inter- 
preted„ ni^ifestations of mechanical force and .^the morions 
of bodies*^ The mechanical theory was based upon the dynamics 
oi the seventeenth century, and it was furthered by the develop^ 
nient of hydrodynamics, generalized dynamics, and celestial 
mechanics during the eighteenth century; but the mechanical 
theory achieved its greatest recognition during the nineteenth 
century upon the successes of the kinetic theory of gases and 
upon the attempts at a mechanical theory 6fTHe~etfier and el^- 
tromagnetism. However, the deveFopment of microscopic elec- 
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trodynamics during the closing decades of the nineteenth cen- 
tury* and the subsequent construction of the special theory of 
relativity, have brought abou t the abandonment of mechanical 
physics for an_electrndvnamir c onception of nature. The con- 
temporary emphasis upon the quantum theory of atomic proc- 
esses and radiation is further evidence that electrodynamics has 
become the legislative branch nf theoFetical physics. Now 
although contemporary physics^ guided primarily by an elec- 
trodynamic theory, the possibility of still another point of view, 
a geometrical c once ption o f nature, has been indicated by the 
intemi ^ation of g rav itation as a rnajiifestation of the metrical 
structure-4>f~s pace -d me. The mechanical, electrody namTc and 
geometrical conception s of nature^ret h^mbst significant unitary 
^st erns of phys ic al theory" 

Instead of building science upon its common-sense fo unda- 
tion, one may, on the other hand, subject the concept of the 
world of experience to a philosophical^analysis,Jn or der to deter- 
mine the ultimate signifi^hce of our scientific concepts. Ordina- 
rily the physicist does not undertake such a philosophical analysis 
of the criteria of physical reality. In an experiment he assumes 
that his laboratory table, meter-rods, standard weights, glass 
tubes, etc., are real things; he adopts from ordinary experience 
the criteria by which these assumptions can be justified. But 
the full significance of physical theory can not be grasped with- 
out an understcinding of the concept of physical reality. I shall 
therefore begin my analysis of physical theory with an examina- 
tion of the criteriajofjghysica^ reality . 

WT^may begin with the” fact that one has knowledge of a 
world of real things. This world, which is known by acquaint- 
ance and description, consists of the stones, tables, chairs and 
other familiar things of common experience. It is convenient 
to initiate a discussion of the nature of reality with an analysis 
of the concept of thing. Now suppose that I am perceiving a 
thing such as a billiard ball. On analysis I characterize the ball 
as somethin g having aspects: thus fhp h?n n visihle 
which is round and^ white; the ball hcis a tangible aspect which 
is smooth, hatj^c ool. round, etc. We may say that aspects of a 
thing are given in experience. However, the concept of thing 
implies more than the concept of given aspects; there are also 
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possible aspects. While I am merely seeing the ball some visible 
aspects are given, whereas the tangible aspects are merely pos- 
sible. Thus a thing can be characterized as an entity which has 
given and possible aspects. 

Now an important characteristic of reality is that at least 
some aspects can be given to some mind. Thus an important 
relation to which aspects may be terms is the relation of object 
to subject. The discussion of this specific very pervasive rela- 
tionship raises the problem of the status of aspects with respect 
to their dependence on, or independence of, being given to some 
mind. I think that there are three possible solutions to this 
problem: namely, subjectivism, monistic realism and dualistic 
realism. Subjectivisln is the theory that aspects exist only 
when they are given. Thus while I am looking at my table the 
visible aspect exists; I close my eyes and the aspect ceases to be. 
Monistic realism is the doctrine that aspects are independent 
realities; they exist when they are not given. According to 
dualistic realism experienced aspects are subjective representa- 
tions of an independent reality. The foregoing three theories 
are possible metaphysical theories of the ultimate status of the 
aspects of physical reality. 

Dr. Carnap has advanced the view that the metaphysical 
problem, as I have defined it, is an illusory one. I do not wish, 
however, to discuss this question in the present book; it appears 
to me that it is possible to construct science without answering, 
or even raising, the metaphysical problem. I have endeavored 
to use the term aspect without giving it a subjectivistic or real- 
istic interpretation; my concept of aspect coincides with 
Mach's concept of element. We can describe given and pos- 
sible aspects, or elements, without considering the problem of 
their subjectivity or independent reality. The systematic 
description and correlation of aspects of reality is the problem 
of science. 

Now the reference to the metaphysical problem has provided 
us with additional concepts for the expression of the criterion of 
physical reality. The fundamental principle is that in the con- 
struction of a physical theory one employs a subjectivistic cri- 
terion of reality and assumes a realistic attitude. A thing is real 
because it is an object of possible experience; yet one describes 
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it as if it were independent of experience, although it may be 
dependent upon experience for its reality. On account of these 
apparently contradictory factors it is difficult to expound the 
theory of aspects without making it appear that one is either a 
subjectivist or a realist. I do not wish to base physical science 
upon subjectivism or realism because in my view a theory of 
aspects is merely preliminary to the metaphysical problem; a 
metaphysical subjectivism~or realism can be superposed upon 
physical scien^r' 

As I have remarked, science, for example physical science, is 
the detailed study of certain characters of given and possible 
aspects. The characters of the aspects can be described inde- 
pendently of a theory of the ultimate status of the aspects. In 
the history of physics, however, physical theories have been 
expressed in terms of a special metaphysical theory, in particular, 
dualistic realism. 

Thus at the beginning of the modern era Galileo made the 
distinction between primary qualities exemplified by extension 
and figure, and secondary qiT^ics exemplified by hotness and 
sound. The primary qualities were assumed to be independently 
real and the secondary qualities were assumed to be subjective. 
Then Newton assumed absolute space and absolute time as inde- 
pendent realities; absolute time, for example, was presupposed 
to exist even if it eluded observation. Thus in Newton we find 
the explicit rejection of a subjectivistic criterion of physical 
reality. During the nineteenth century a dualistic metaphysics 
was asserted by Helmholtz and has recently been reiterated by 
Planck — 

However, the development of dualism was paralleled by the 
|ubjectivistic criticisms of Berkel ev^-and Hume^ In the latter 
part of the nineteenth century the subjectivistic criterion of 
reality became effective in Mach’s discussion of physical theory. 
The program of Mach’s positivism was to eliminate the specu- 
lative metaphysical 'elements from physiesj^ the realistic cri- 
feribn of reality was replaced by a subjectivistic criterion. The 
data of physics^onsist of elements IgTven in sensatlbnT^In my 
interpretation positivism is not a new metaphysics, but a pre- 
metaphysical theory. The assumptions of my theory of aspects 
are not a substitute for dualism, but the basis of a non-specu- 



6 


THE GENERAL CHARACTER OF PHYSICAL THEORY 


lative methodology of science. I quite admit the possibility of 
giving a dualistic interpretation of science, but such a dualistic 
interpretation is entirely apart from the solution of the scien> 
tific problem. The so-called elimination of metaphysics from 
physics means that the latter is to be restricted to the theory of 
aspects. The problem of physics is the description of the 
characters and relations of aspects which may be represented 
by numbers. Thus the spatial properties of the aspects of a 
body furnish the basis for certain numbers; similarly, the hot- 
ness and color of aspects can be represented by other numbers. 
The distinction between prinmry and secondar^;;_jqualities^ is 
replaced by that between measurable and nori-measuraHejchar- 
^cters of aspects. 

Tfi ^'gfeemenTwith the empiricistic point of view my theory of 
science assumes a subjectivistic criterion of reality. A physical 
body is a class of aspects which are or can be given to some mind. 
In general one may say that the criterion of the reality of aspects 
is that they be possibilities of experience; that an aspect is a 
possibility of experience may be verified by experience or inferred 
from a general law connecting given aspects with possible aspects. 
The objectivity of the physical order is grounded in correlations 
between aspects given to different minds. 

The subjectivistic criterion of physical reality is readily 
exemplified by an analysis of concepts which are applicable to 
observable bodies. Physical science, however, assumes the 
reality of molecules, atoms and electrons; if these entities are 
real they must be bodies with experienceable aspects. The 
principles of the theory of aspects may thus be illustrated by a 
discussion of the problem of the reality of molecules, electrons 
and other microscopic entities. 

At the outset I remark that microscopic entities are endowed 
with properties the concepts of which are derived from directly 
experienceable aspects; for example, position, shape, mass, 
energy, have been ascribed to molecules. The physical quantity 
mass is assigngd to a macroscopic body by certain operations 
which re» j|the experience of specific aspects; if mass is 
assigned t3^ii molecule it implies that the molecule must have 
aspects which permit, at least theoretically, the same operations. 
Since molecules are described by the same concepts as are 
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macroscopic bodies it would seem that the meaning of their 
reality should be the same. However, it requires a special 
discussion in order to formulate a criterion of the reality of 
microscopic entities. 

Molecules and other particles were first introduced into 
quantitative physics hypothetically during the nineteenth cen- 
tury. For example, in the kinetic theory of gases it was found 
possible to make assumptions about the properties of molecules 
and about the relations between microscopic and macroscopic 
quantities, and then by a process of deduction derive the laws 
which are confirmed by experience. As hypotheses the micro- 
scopic concepts proved to be successful. It was not, however, 
generally conceded that the derivation of experimental laws from 
microscopic hypotheses was a confirmation of the reality of 
molecules and atoms. Mach and Ostwald rejected molecules 
and atoms as fictions; it is evident that these scientists assumed 
that the possibility of experience is the criterion of reality. 
It is not entirely clear what criteria were employed by the 
proponents of microscopic concepts, but I think that the prin- 
cipal ground for belief in the reality of microscopic entities was 
the classical realistic criterion. 

Since the advent of the twentieth century physicists have 
generally accepted the view that molecules, atoms and electrons 
exist. This general agreement is based on the fact that it has 
been possible to devise experiments in which one can observe 
individual effects of microscopic entities. I think that this 
indicates that in the last analysis the physicist employs a sub- 
jectivistic criterion of reality. > 

Now in the macroscopic order we test the reality of aspects 
by experience. But we also discover correlations between types 
of aspect, so that if one type of aspect is experienced we may infer 
the possibility of experience of a second type. For example, 
there are correlations between visible and tangible aspects, and 
hence the experience of the visible aspect is the basis for the 
inference of the possible tangible aspect. In thj^wgy we infer 
that the moon has a possible tangible aspect, m ^|^pemence 
of an aspect and the employment of a law of corrmtion is the 
method of determining the existence of microscopic entities. 

The existence of molecules can be inferred from observation 
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of the Brownian movement. If small particles are suspended 
in a liquid, observation through a powerful microscope reveals 
the existence of aspects which move with an irregular motion. 
The aspects are attributed to a particle which is bombarded 
by the surrounding molecules; the motion of the particle is that 
which would be expected from random impacts with molecules 
in the neighborhood. Thus the observation of an aspect 
together with the statistical derivation of the motion from the 
hypothesis of irregular molecular bombardments is evidence for 
the existence of molecules. 

The discovery of radio-activity gave rise to the concept of 
alpha particle. Now if an alpha particle strikes against a zinc 
sulphide screen there is a flash of light; that is, the observer 
experiences an aspect which is the effect of an alpha particle. 
The directly observed aspect may be said to belong to the alpha 
particle just as the visible aspect of a star belongs to the star. 
Again, if an alpha particle or electron passes through saturated 
water vapor a condensation track is produced. An individual 
condensation track, which is an entity with observable aspects, 
is the effect of an individual particle. 

We thus see that the criterion of possibility of experience is 
the test of the reality of atomic entities. There is no need for 
the interpretation of an atom as an independent reality which 
produces subjective effects. A microscopic entity is something 
to which physical quantities can be assigned and to which aspects 
belong, such as flashes of light on a zinc sulphide screen, conden- 
sation tracks, etc. Thus all entities of physical science can be 
characterized in terms of experienceable aspects. If, as a matter 
of fact, some aspects are not experienceable, for example, the 
tangible aspects of the moon, then thfe ia merely a technical 
limitation, and not one o f principle. In my opinion, the dis- 
covery of experimental methods which enable one to observe the 
aspects of individual microscopic entities has definitely rendered 
possible the general application of a subjectivistic criterion of 
physical reality; it has freed physical science from the necessity 
of operating with fictions or with a realistic criterion^. The con- 
cepts of microscopic entities do^Tiot merely wo ric— t hey are 
directly applicable to experience. — 

The observation of aspects of individual microscopic bodies 
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made possible the general application of a subjectivistic criterion 
of reality. In the special theory of relativity the realistic cri- 
terion is definitely repudiated. The characteristic result of the 
special theory is that absolute simultaneity at a distance can 
not be perceived and therefore is not a physical reality; an 
observable time order is relative to a frame of reference. The 
assumption of a subjectivistic criterion of reality as the basis for 
relativism has been set forth with admirable clarity by Professor 
Lovejoy. In conformity with his dualistic realism he rejects 
the relativistic logic. I admit that from the standpoint of 
metaphysical dualism it is possible to assert the existence of a 
non-observable absolute time system, but it is irrelevant to 
physics. Time as an order of given and possible aspects is 
relative. 

The subjectivistic criterion of physical reality has achieved 
definitive expression in the quantum theory, which is the outcome 
of the recognition of an essential discontinuity in microscopic 
processes. It has been found possible to formulate only statis- 
tical laws for the determination of elementary processes; exact 
de^terminisrn is thef^y abandoned in physics. In the classical- 
era one would have called upon a dualistic metaphysics to rescue 
strict determinism for a real world which exists independently 
of our observations. The new quantum theory, however, has 
been constructed in the light of a subjectivistic criterioa,^oX. 
realijty. 

^ The principles of the quantum theory describe the regular- 
ities of microscopic processes. Now the process of observing an 
atomic system disturbs it; this renders impossible the simul- 
taneous precise determination of all physical quantities belonging 
to the system ; hence there is an essential indeterminacy in our 
description of microscopic -processesr-^- As a consequence, only 
stafTstical laws represent what is observable in phenomena. The 
concept of a precisely determined microscopic order is a specula- 
tion which was able to arise because in the study of macroscopic 
processes one can neglect the interactions with measuring 
instruments. In the study of microscopic processes the agency 
of measurement can not be neglected, and this yields a funda- 
Aiental indeterminacy and statistical regularity. A statistical 
theory of physical processes is thus a consequence of the strict 



10 


THE GENERAL CHARACTER OF PHYSICAL THEORY 


application of the subjectivistic criterion of reality to microscopic 
systems. This employment of the su bjectivistic criter ion is 
clearly set forth by Heisenberg in the paper in which he an- 
nounced the principle of indeterminacy. He said, “ Since the 
statistical character of the quantum theory is so clearly bound to 
the indeterminacy of all perception ohelnTgHt erroneously con- 
jecture that behind the perceived statistical world there is a 
reaLatorid-ia-which causal it y holds. But we emphatically assert 
that such speculations seem to us unfruitful and meaningless. 
It is the problem of physics to de scri be only the formal c onnec- 
tion of perceptionSi'’- Again, Dirac remarks, “ A fractloft 
of"a photon is never observed, so that we may safely assume Jt 
cannot exist.” 

To summarize: The methodological basis of science requires 
only the theory of aspects. However, it is an historical fact 
that classical physical theory was usually expressed in terms of a 
dualistic realism. The criticism of Mach was directed to the 
elimination of dualistic metaphysics from physics. 

The dualistic interpretation of physics was based upon a 
realistic criterion of_reality; the positivistic criticism is that a 
subjectivistic criterion sFould be employed. . Thus metaphysical 
dualism is replaced by methodological subjectivism. The 
realistic criterion of classical physics was the basis of dualism, 
absolutism, determinism. The subjectivistic criterion of con.- 
temporary physics leads to monism, relativism, and indeter- 
minism. 

The program of the present book is to build the systems of 
physical theory, classical as well as contemporary, with a sub- 
jectivistic criterion of reality. 

a. A PRIORI ELEMENTS IN PHYSICAL THEORY 

My purpose is to analyze critically the concepts, principles, 
and systems of physical theory. Through such a study one 
may hope to obtain light on the nature of knowledge, more 
specifically of exact science, and to discover the respective con- 
tributions of experience and reason in the construction of science. 
To the student of theory of knowledge the science of theoretic.^ 
physics is indeed a fruitful- subiect-ior, analysis, for thi s scie nce 
is ^th empirical and rational, inductive and deductive. On tKe 
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one hand, physics is an empirical science, it takes its rise in 
observation and experiment. On the other hand, in its system- 
atic theoretical form, physics partakes of the nature of pure 
mathematics; a physical theory can be expressed by a deductive 
system. The philosopher Kant remarked that the degree_Qi 
de vel qpjaienL.gf ..a science depends on the extent to which it 
employs mathematics. In this respect the most advanced of 
the natural sciences is theoretical physics; it is therefore the 
appropriate basis of a theory of knowledge. . 

Now it is an historical fact that fundamental periods in the 
history of physics have been correlated with the creation of new 
philosophical systems. Thus the speculations of the early Greek 
physicists concerning the substance of things provided the stim- 
ulus to the initial period in European philosophy. The experi- 
mental and theoretical physics of the seventeenth century was 
reflected in fundamental problems of modern philosophy. 
Indeed, the critical philosophy was partly the outcome of K^nt/s. 
analysis of Newtonian dynamics. Since the eighteenth cen- 
tury, however, there has been a remarkable development of 
physics. Especially since the dawn of the twentieth century 
have new experimental results given rise to theories based upon 
new concepts and principles. In the light of history one may 
expect that the new physical theories will furnish the basis for 
a new theory of knowledge. 

According to the Kantian theory, knowledge requires the 
union of two factors: empirical and rational, rnaterial and formal, 
a posteriori and a priori,. In the present book physical theory 
will be expounded in a manner which exhibits the respective 
contributions of experience and reason to our knowledge of the 
physical order. 

In Kant’s epoch the only existing system of theoretical 
physics was Newtonian mechanics; this furnished the basis for 
static a-priori elements in knowledge, -invariable forms which 
are conditions of the possibility of experience. We shall see, 
however, that the new constructions reveal a fluid a priori i n 
knowledge. ‘ • 

A general theory of a variable a priori h as been expounded 
by C. I. Lewis in Mind and the World Orier. In the present 
study we shall deal with the more specific problem of the 
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occurrence of a priori elements in our knowledge of the physical 
order. The a priori element In physical theory is grounded in 
the definitions of the fundamental concepts. Now it is a thesis 
of this book that some concepts are abstractions from experience. 
The definitions of fundamental physical concepts likewise 
are based on experience, but they also involve an element that is 
not entirely subject to the control of experience. Thus we 
define a standard rod to have unit length and postulate that it 
remains constant upon a displacement; we define a standard 
body to have unit mass and postulate that it remains constant 
upon a displacement. Such definitions are posited by a free 
choice which is guided by the methodological principle that the 
system have the maximum synthetic unity consistent with 
experience. 

The a^riorif or conventional, clement in physical theory, 
however, is subject to transformation, both in the light of theory 
and experience. Thus empirical generalizations based upon 
prior definition of the concepts are transformed Into implicit 
definitions of concepts. The original a priori elements are then 
replaced by empirical elements. The transformation of prop- 
ositions which express empirical laws Into implicit definitions 
will be an important phase of our critical study of the concepts, 
principles and systems of physical theory. ' 

REFERENCES 

Carnap, R. Der logische Aufbau der Welt. Berlin, 1928. 

Dirac, P. A. M. Principles of Quantum Mechanics. Oxford, 1930. 

Heisenberg, W. Ober den anschaulichen Inhalt der quantentheoretischen Kine- 
matik und Mechanik. Zeitschrift fur Physik, 1927. 

Lewis, C. I. Mind and the World Order. New York, 1929. 

Lovejoy, a. O. The Dialectical Argument against Absolute Simultaneity. Journal 
of Philosophy, 1931. 

Planck, M. Positivismus und reale Aussenwelt. Leipzig, 1931. 



PART I 

SPECIAL CLASSICAL PHYSICAL THEORIES 




CHAPTER I 


FUNDAMENTAL CONCEPTS AND METHODS 

1. FUNDAMENTAL CONCEPTS 

In this opening chapter we shall analyze certain basic con- 
cepts which are employed in the construction of physical theory. 
Now we conceive of the elements of the physical order as 
bodies which undergo certain physical processes. Thus the 
concept of body is fundamental in physical science. One refers 
to moving bodies, hot bodies, luminous bodies, electrified 
bodies, sounding bodies, etc. One distinguishes between macro- 
scopic or large-scale bodies, such as a billiard ball, and micro- 
scopic or fine-scale bodies, such as an atom or electron. In 
ordinary experience we think of a body as a more or less per- 
manent entity in space and time. From the standpoint of 
empiricism, however, such a concept of body is a construction 
which presupposes a theory. Indeed, we shall see that the 
common-sense notion of body is rendered impossible by the 
theory of relativity, which presupposes a plurality of times and 
spaces. We must then define the concept of body so that it 
admits of transformation. 

I begin with an analysis of the concept of thing. A funda- 
mental property of a thing is that it has aspects. If I look at 
a book upon the table I experience in sensation a partial aspect 
of the book. A thing presents different aspects from different 
points of view. We can describe an aspect by saying that it 
is colored, that it has a certain shape, that it is smooth, etc. 
Knowledge of a thing is ultimately based upon acquaintance 
with aspects of the thing. However, the concept of thing 
implies more than the concept of given aspects; there are also 
possible aspects. Thus while I am merely seeing the book 
some visible aspect is given, whereas the tangible aspects are 
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merely possible. Hence a thing may be characterized as an 
entity which has given and possible aspects. Now in the 
present exposition of physical theory I shall assume as far as 
possible the standpoint of empiricism. Accordingly we shall 
assume that the starting point for knowledge of the physical 
order is acquaintance with aspects of bodies. An aspect is a 
union of particular qualities, complexities and relationships. 

In order to characterize the properties of aspects it is neces- 
sary to introduce universals. Let us then suppose that we 
have given two separate aspects, for example, the aspects of 
two red patches. We then observe that there is a relation of 
similarity between the two aspects: the two aspects are similar 
in certain respects and dissimilar in other respects. In the 
present instance the two aspects are similar with respect to 
color. In virtue of the similarity of two aspects from a given 
point of view we ascribe a common entity, a universal, to the 
two aspects; the two similar aspects are thus viewed as instances 
of the same universal. The problem of the ultimate status of 
universals is a metaphysical question which I shall not discuss; 
it suffices for us that it is convenient to describe aspects as if 
they were instances of a universal. 

Universals are qualities or relations; thus the aspect of a 
red patch is an instance of the quality redness. The relation 
between two small aspects A and B such that A is to the left 
of B, is an instance of the relation “to the left of.” Another 
example of a relation is that of the coincidence of two point 
aspects; this relation is similarity with respect to position. 

Entities may be classified as particulars and universals. 
Particulars are instances of universals. Aspects are examples 
of particulars which may be given in sensation. Universals 
are the objects of concepts. A concept is a subjective entity, 
whereas a universal is objective. In the following discussion 
we shall refer to both entities, the one designated depending 
upon the context. 

We have previously seen that aspects may be known by 
acquaintance. They may also be known by description, in 
which one represents an aspect by concepts of the universals 
of which the aspect is an instance. Thus I may describe a 
given aspect of my desk as brown, hard, smooth, etc. ; that is, 



FUNDAMENTAL CONCEPTS 


17 


I describe the aspect as an instance of the qualities brownness, 
hardness, smoothness, etc. 

The program of the present book is to describe how the 
concepts of physical theory are derived from experiences of 
aspects. The preceding analysis of aspects now provides a 
basis for the exposition of the concepts of time, thing, and 
space. Let us begin with the concept of time. In accordance 
with the empirical standpoint I describe time as a specific 
relation between aspects. We have already considered aspects 
which are given in sensation ; in addition we remember aspects 
which are no longer given. Remembered aspects are said to 
be in the past; memory is a process of knowing the past. Thus 
we may distinguish betw^een present aspects which are given 
and past aspects which are remembered. The past and present 
are related by the relation of succession. Now we can appre- 
hend particular instances of the succession of aspects. From 
several similar instances we abstract the concept of time as a 
universal, an order, a schema of aspects. We may further 
define the future as that relative to which the present is past; we 
remember the past and anticipate the future. As a basis for 
the study of the physical order I assume the validity of some 
memory, but recognize the hypothetical character of the future. 

We are now prepared to understand the concept of thing. 
Examples of things are iron rods, clocks, the earth, billiard 
balls, etc. In order to introduce the concept of thing we must 
again start from aspects. We have previously distinguished 
between present and past aspects; now we find that present 
aspects are frequently similar to past aspects. The concept of 
thing represents such a class of similar past and present aspects. 
We also conceive of the existence of other minds which experi- 
ence aspects of the same thing, but the evidence for this hypoth- 
esis falls outside the scope of our study. 

Thus the concept of thing is the concept of a class of aspects 
which are in the past, present, or future for several minds. 
The proposition that a thing exists means that certain correla- 
tions of aspects may, be experienced. We conceive of a thing 
as an entity which persists in time; objective time is the order 
of persistence of things. Now a temporal series of aspects may 
be sufficiently similar so that we consider them to be aspects 
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of a permanent thing, whereas in other respects the aspects 
may become dissimilar. If the change in the aspects is corre- 
lated with changes in the possible aspects for other minds we 
say that the thing has undergone a change or process. Objective 
time is thus the order of change of aspects of things. 

The foregoing analysis has yielded the concept of a process 
in time. In the theory of time we refer to processes ot things 
which are called events. An important concept is that of the 
simultaneity of events; this relation is similarity with respect 
to temporal position. 

The remaining fundamental concept is that of space. Now 
an aspect has a structure or form which is called spatial, so 
that the particular qualities of the aspect constitute the fields 
of spatial relations. Similarly there are spatial relations 
between present aspects. Now some aspects belong to things 
which persist in time. Thus the concept of objective space is 
based upon the apprehension of the succession of similar spatial 
patterns of simultaneous aspects; that is, objective space is a 
form of things. We conceive of space as existing throughout 
time and of the motion of things in space. Space may then 
be described as the totality of possibilities of relative position 
of things and phenomena. 

In the analysis of space the most important concept is that 
of the coincidence of points, which is based upon a succession of 
similar coincidences of point aspects. Coincidence is similarity 
with respect to position. 

We have seen that an aspect can be represented by a set of 
concepts of universals of which the aspect is an instance. An 
aspect belongs to a thing, and hence the concepts which represent 
the aspects can be employed to represent the thing. However, 
in constructing the concept of thing we recognize certain aspects 
as more essential than others. The real shape of a table is the 
shape of an aspect from a special point of view, the color of a 
table is the color of an aspect under certain conditions, so that 
our concept of a thing depends upon the characters of certain 
standard aspects. Essentially, our concept of thing is based 
upon tactual aspects. The spatial and temporal positions of 
things are fundamentally defined in terms of the relations of 
tactual aspects. 
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Thus the concepts of qualities and relations of aspects acquire 
the status of concepts of qualities and relations of things and 
phenomena; for example, we characterize a thing as long, hot, 
etc. The problem of natural science is to describe important 
particular things and to find correlations between characters. 
Now it has been found possible to correlate some characters with 
numbers. Numbers can be assigned by 

(1) The operation of measurement. 

(2) The determination of Gaussian coordinates. 

(3) Calculation. 

(4) Hypothetical assignment. 

The assignment of numbers by the operation of measurement 
is of fundamental importance; accordingly I introduce this topic 
by a discussion of the nature of quantity. 

2. QUANTITY AND MAGNITUDE 

A thing has properties such as qualities and relations. Some 
properties have the character that they are measurable, that is, 
it is possible to assign to the property a number which is the out- 
come of the operation of measurement. The physical properties 
of things are the fundamental measurable properties; indeed, 
Planck has defined physical reality as that which is measurable. 
Thus the discussion of physical properties leads to the theory of 
measurement. 

A thing considered merely from the point of view of physical 
properties will be called a body; that is, a body is something 
which has general measurable properties and relations. As a 
basis for the discussion I assume that we are able to recognize 
the existence of bodies and the coincidence of points of bodies. 
The concept of coincidence is fundamental in the theory of 
measurement. 

The relation of coincidence is such that if point P coincides 
with point Q, then Q coincides with P. Also, if P coincides with 
Q and Q coincides with i?, then P coincides with R. 

These propositions express that coincidence is a symmetrical 
and transitive relation. Now a symmetrical and transitive rela- 
tion is to be interpreted as indicating the possession of a common 
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property. We express this character of coincidence by stating 
that coincidence is similarity with respect to position. The 
propositions which assert that coincidence is a symmetrical and 
transitive relation express the formal characters of the relation ; 
in order to understand the concept of coincidence we must also 
apprehend the respect In which the points are similar, and this 
requires the apprehension of instances of coincidences. 

Let us have given two fixed points on a solid body; these 
two points determine a segment, A. We can construct another 
segment, B, such that the terminal points coincide respectively 
with the terminal points of By observ^ation one can then 
verify the following propositions. 

(1) If the terminal points of A coincide with those of B, then 
the terminal points of B coincide with those of A. 

(2) If the terminal points of A coincide with those of B, and the 
terminal points of B coincide with those of C, then the ter- 
minal points of A coincide with those of C. 

These propositions assert that the relation of coincidence of 
terminal points is a symmetrical and transitive relation. 

The foregoing propositions are approximately true for all 
orientations and positions of the segments and for all kinds of 
solids; we express the results of observation by saying that the 
segments are equal with respect to extension ; that is, the propo- 
sitions about coincidences are transformed into propositions 
about equality with respect to extension. Thus the concept of 
equality of two neighboring segments is an abstraction from 
observations of coincidences of points. The relation of equality 
of segments with respect to extension has been defined so that 
the relation is transitive and symmetrical. We employ the 
concept as if the equal segments had a common property, i.e., the 
same extension. 

The preceding discussion has assumed that the segments 
are adjacent. If we now separate the segments the concept of 
coincidence becomes inapplicable. By definition we determine 
that the segments are equal when separated, thus introducing 
the notion of equality at a distance by a pure definition. The 
concept of the equality of segments is explained, therefore, as an 
abstraction from experience plus a convention. 
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I next explain the inequality of segments; for this purpose I 
assume the concept of point in a segment. Now by definition if a 
terminal point of segment A coincides with a terminal point of 
segment B, and the other terminal point of A falls within B, 
then segment A is less than B with respect to extension. Con- 
versely B is greater than A, I further assume that the relations 
of greater than and less than hold for segments at a distance. 
The relations of greater than and less than of segments with 
respect to extension satisfy the following propositions. 

If A is greater than B, arid B is greater than C, then A is greater 
than C. 

If A is greater than B, and B is equal to C, then A is greater 
than C. 

If A is equal to B, and B is greater than C, then A is greater 
than C. 

We have thus seen that segments are entities which stand in 
the relations of equality, greater than and less than, with 
respect to extension. 

All the propositions about the equality and inequality of seg- 
ments can be derived from a set of eight propositions, ^ some of 
which have been stated above. These propositions may be 
transformed into postulates which implicitly define the proper- 
ties of the relations of equality, greater than and less than, with 
respect to extension. Similarly the postulates define segments 
to be entities which satisfy these relations. We can now empty 
the postulates of their specific reference to extension and thereby 
obtain a definition of the formal characters of the relations of 
equality, greater than and less than, with respect to any property 
whatsoever. 

Thus one may say that the Jaws for the equality and in- 
equality of segments are the basis of a definition which serves as 
a criterion of similar relations between other entities. 

The preceding account gives our first example of the trans- 
formation of a priori elements in knowledge. We initially 
defined the concepts of equality and inequality of segments 
with respect to extension upon the basis of experiences of coin- 
cidences; propositions which express facts about the relations 

‘ Russell, B., Principles of Mathematics. 
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were then discovered. The axioms of such a system of proposi- 
tions could then be transformed into postulates which consti- 
tute an implicit definition of the concepts. Finally one may 
deprive the postulates of all reference to extension and then obtain 
a set of abstract postulates which define the form of generalized 
equality and inequality. It then becomes an experimental 
fact that the equality and inequality of segments with respect 
to extension approximately satisfy the postulates. The abstract 
postulates constitute a formal element of knowledge which is a 
priori with respect to future experience. 

Let us now introduce the traditional distinction between 
quantity and magnitude: a quantity is a particular and a mag- 
nitude is a universal. Thus a segment is a quantity, whereas an 
extension is a magnitude. The proposition that two segments 
are equal with respect to extension is expressed by the proposi- 
tion that the two segments have the same extension. In general, 
the assertion that two particulars (quantities) are equal with 
respect to some property (magnitude) is equivalent to the asser- 
tion that the quantities have the same magnitude. Also, the 
assertion that a quantity is greater or less than another with 
respect to some property is equivalent to the assertion that the 
one quantity has a magnitude which is greater or less than that 
of the other. Magnitudes are characterized by the fact that 
they may be greater or less. 

A distinction has been made between the relational and 
absolute theories of magnitude. The postulates of the absolute 
theory express properties of the relations greater than and less 
than between magnitudes; the postulates of the relational 
theory express properties of the relations equality, greater than, 
and less than between quantities. At first sight it would appear 
that the relational theory avoids the problem of universals. 
However, inasmuch as the relations between the quantities 
hold with respect to a property (kind of magnitude), it appears 
to me that the theories are equivalent. For the most part 
mathematicians have employed the language of the absolute 
theory; I prefer the language of the relational theory. 

In general, quantities are characterized as particulars which 
may stand in the relations of equality, greater than or less than, 
with respect to a universal. Quantities may be further sub- 
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divided into extensive and intensive quantities, or in the lan- 
guage of the absolute theory, quantities with extensive and 
intensive magnitude. The discussion thus far applies to both 
kinds of quantity. 

3. THEORY OF EXTENSIVE QUANTITY 

I shall now consider the characterization of extensive quan- 
tities. A segment is an extensive quantity, or in the language 
of the absolute theory, a segment is an instance of an extension 
which is an extensive magnitude. The statement that a seg- 
ment is an extensive quantity may be explained as follows. 
Suppose that we have given a set of segments A, B, C. . . . The 
operation of adding a segment 5 to a segment A consists in 
placing B so that one of its terminal points coincides with a 
terminal point of A. The remaining terminal points deter- 
mine a segment which is called the sum of A and B-, we may 
symbolize this by 

A -b 5 = 5. 

Suppose we have given a set of equal segments; then the sum 
of two segments each equal to A is a segment B which is defined 
to be twice as great as A. The ratio of the segment B to the 
segment A is 2. We may symbolize B by 


B = 2A. 


In general, by adding equal segments together one obtains a 
segment which is a multiple of a given segment, 

S = nA. 

One can construct a segment which is defined to be a fractional 
multiple of a given segment. If the segment X is such that 

3X = 2A 

then the segment X is defined to be | as great as the segment A. 
I shall pass over the problem of incommensurable segments. 
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Thus we obtain a set of segments, A, B, C, etc., which are mul- 
tiples of a selected segment. In the language of the absolute 
theory one would say that the magnitudes of the segments 
A, B, C, are multiples of a unit magnitude. Our set of seg- 
ments will now be found to obey certain laws of operation; for 
example, if 

A =aU 
B = bU 

we find that 

aU + bU={a-\- b)U 
aU A-bU =-bU + aU, etc. 

The laws which are obtained by experiments upon segments 
can be derived from a selected group of them which we may call 
axioms. We shall consider these axioms for the theory of seg- 
ments transformed into a set of postulates of an abstract theory. 
These postulates then define the general concept of continuous 
extensive quantity, or continuous extensive magnitude. The 
postulates furnish a criterion which particulars must satisfy in 
order to be called quantities. 

A satisfactory set of postulates for extensive quantities has 
been given, for example, by Professor Huntington. It is an 
experimental fact that segments approximately satisfy the pos- 
tulates. Again, the real numbers are examples of extensive 
quantities, that is, the operations upon real numbers satisfy 
the abstract postulates. This renders possible the assignment 
of numbers to extensive quantities, in other words one can estab- 
lish a one-to-one correspondence between magnitudes and 
numbers. 

We may illustrate this by the case of segments. Let A, B, 
and C be segments ; then since segments are extensive quantities 
we can represent them as 


A = aU 
B =^bU 


C = cU. 
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Then A + B = C can be written 

aU + bU = cU 

(a + b)U = cU, 
a + b = c. 

A + B = C, 

Q b = c. 

In general, if the number a corresponds to the quantity A, and b 
corresponds to the quantity B, then a b = c corresponds to C. 
The correspondence is with respect to [/ as a unit quantity. If 
now A, B, C, etc., are expressed as 

A = aU 
B =-bU 
C = cU 

then a, b, c, are the measures of the quantities A, B, C, relative to 
the standard U, with respect to extension. Thus the measure 
is the ratio of a quantity to a standard quantity with respect to a 
magnitude. Employing the language of the absolute theory, 
one would say that a, b, c, are the measures of the magnitudes 
of the quantity with respect to the magnitude of the standard. 
To specify a measure one must state the ratio and the name of 
the standard. In the case of segments we express a segment 
A as 

A = nU 

where U is the standard segment, n is the ratio of the segment 
to the standard segment with respect to extension. Using the 
language of the absolute theory, one would say that n is the ratio 
of the extension of the segment to the extension of the standard. 
For example, a particular rod has an extension to which the 
number 2 is assigned; 2 is the ratio of the extension of the rod 


where 

Thus, just as 
so 
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to the extension of the standard meter. Thus we correlate a 
number with a magnitude and thereby a number is assigned to 
the body which has the given magnitude. 

The assignment of the number 2 to a rod is expressed by a 
proposition such as, the length of this rod is 2 meters. The 
physical concept of length is to be interpreted as the concept of a 
relation between a pure number and the body to which the 
number is assigned. Thus, the length of this rod is 2 meters, 
may be written 

^ is the length in meters of this rod 
S {length in meters) this rod. 

The preceding proposition asserts a relation of the form xRy, 
where the relation R is one-many. There are many rods to 
which the number 2 has the relation “ length in meters.” Now 
a one-many relation gives rise to a descriptive function; thus 
one may write 

X = R'y, 

X = the R of y. 


Applying this analysis ^ to the present problem one obtains 
2 = the length in meters ‘ this rod 


or 


the length in meters ‘ this rod = 2. 

If one does not wish to employ the symbolism of Principia 
Mathematica one may write 

2 = the length in meters of this rod. 


As remarked previously, there are many rods of which 
one can say that the length in meters = 2 ; of any one of these 
rods one can say that it has the relation of length in meters to 
the number 2. Hence the relation of length in meters to the 
number two is a universal; it is a relational property of which 
any particular rod is an instance. Thus we think of ” length in 
meters = 2 ” as a property of a particular rod. 


ipor this analysis I am indebted to R. Carnap. 
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However, the important part of this analysis is the result 
that a pure number may be denoted by a descriptive function. 
Thus 

2 = the length in meters of this rod. 

Similarly one would say 

2 = the coordinate in meters of this particle. 

Now, as the position of a particle changes, its coordinates change; 
consequently there is a variable, say x, which can be described by 

X = the coordinate in meters of this particle. 

The laws of physics are expressed by functional relations 
between variables which can be denoted by descriptive functions 
which arise from certain relations which are expressed by phys- 
ical concepts. Thus we say, if 

^ = the distance in meters passed over by a falling body, 
t = the time, 

0 = the initial time, 

0 = the initial distance, 

0 = the initial velocity, 

then 

^ = k/2. 

Let us now review the preceding discussion of extensive quan- 
tity. A segment was taken as an example of an extensive quan- 
tity; segments are additive; for example, A + B = C with 
respect to extension. In the language of the absolute theory, 
the extension of .4 + the extension of 5 = the extension of C. 
When w is a number and U is the extension of a standard, a 
given extension can be expressed as nU. As a consequence, to 
the addition of extensions corresponds the addition of numbers. 
In general, the addition of extensive magnitudes can be repre- 
sented by the addition of numbers; hence numbers can be 
assigned to extensive magnitudes and thereby to extensive 
quantities. In the case of a segment the number is described 
as the length '' of the segment. In the example of the segment 
there are the following factors: A particular segment is an 
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extensive quantity; the segment has extension, which is an 
extensive magnitude. When one assigns to the segment a 
number which arises from the operation of comparing the exten- 
sion of the segment with the extension of a standard, the state- 
ment of the length of the segment expresses a relation between 
the number and the segment. 

There is great confusion in terminology; for example, the 
word length is used in three senses. One says: 

(1) This segment is a length. 

“Length” is here used to denote the quantity, which is a par- 
ticular. 

(2) This segment has length. 

In this case “ length ” may be understood to refer to the mag- 
nitude, which is a universal. In the previous discussion I have 
employed the word extension to designate the magnitude. 

(3) The length in meters of this segment is 2. 

The expression “ the length ” is here used to denote the number. 
“ Length in meters is 2 ” is a universal in that it can be assigned 
to different particulars. Notice, however, that it is a universal 
which is quite different from the traditional magnitude. 

A similar confusion occurs in the use of the word mass. 
Thus one says: 

This body is a mass. (quantity) 

This body has mass. (magnitude) 

The mass of this body is 2. (number) 

Intensive quantities do not obey a law of addition, but they 
are characterized in terms of the relations of equality, greater 
than, or less than. In the language of the absolute theory inten- 
sive magnitudes are entities which may stand in the relations of 
greater than or less than. 

The magnitudes of intensive quantities can be measured, 
that is, a number can be assigned. This is rendered possible 
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by the definition of the measures of intensive magnitudes in 
terms of the measures of extensive magnitudes. Thus 

m = the mass of a body; 

V = the volume; 

p = the density; 

p = mlv, 

4. THE MEANING OF PHYSICAL CONCEPTS 

In contemporary physics the meaning of physical concepts is 
undergoing a transformation. Consequently one finds several 
meanings of the term physical quantity. 

In traditional physics a physical quantity is a particular 
which has a magnitude to which a number can be assigned ; for 
example, a segment has an extension to which a number can be 
assigned. Physics contains equations such as 

V = s/t. 

In traditional physics these equations express relations between 
magnitudes; speed is a magnitude which consists in the correla- 
tion of extension and duration ; the symbol of division symbolizes 
a rate. The fundamental concepts of physics are of extension, 
duration, inertia, etc.; the concepts of other magnitudes are 
defined in a manner exemplified in the concept of speed. 

In contemporary physics it is coming to be recognized that the 
essential thing is the number assigned to the magnitude. In 
practice we replace the concept of magnitude by that of number; 
thus when we use v = sjt we substitute numbers. Magnitude 
enters into our thought as something to which a number is 
assigned according to a specified rule. The empirical fact is that 
we assign numbers on the basis of space-time coincidences — the 
number substitutes for the magnitude. The change in point of 
view has resulted in a change of terminology. 

Professors Eddington and Swann apply the term physical 
quantity to the number instead of to the particular, the measure 
of magnitude of quantity of traditional physics thus becoming 
the physical quantity itself of contemporary physics. 
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In setting forth the conceptual apparatus of the traditional 
view of quantity I was careful to reserve the word “ length ” for a 
relation. This was for the purpose of setting up a relational 
theory of physical concepts. On this view physical concepts, 
such as the concepts of length, mass, temperature, electric 
charge, are the concepts of relations between a pure number and 
some physical object. These relations give rise to descriptive 
functions so that a number may be denoted by 

the length 
the mass 
the temperature. 

This appears to me to be the logical formulation of Bridgman’s 
theory of the operational nature of physical concepts. A phys- 
ical concept expresses a relation which is set up by an operation, 
and the concept is defined by the description of the operations. 

I shall employ the term physical quantity to designate the 
number which is denoted by a descriptive function which arises 
from the concept of the relation between the number and the 
object. 

According to traditional physics the laws of physics are 
functional relations between the magnitudes of variable physical 
quantities (particulars). According to the present formulation 
the laws of physics are expressed by functional relations between 
variable physical quantities (numbers). 

6. SCALARS, VECTORS, AND TENSORS 

We have already seen that physical quantities may be classi- 
fied as extensive or intensive. We shall now study the classifica- 
tion of physical quantities as scalars, vectors, and tensors. 

In order to discuss the nature of the various kinds of quan- 
tity I shall assume that we have given a rectangular Cartesian 
frame of reference, which consists of three mutually perpen- 
dicular rigid lines. The position of a point is specified by 
X, y, z, which are the perpendicular distances from the three coor- 
dinate planes, respectively. We shall allow a translation or 
rotation of the frame of reference. 
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A scalar is usually defined in the terminology of traditional 
physics as a quantity which has magnitude only. A better 
definition is that a scalar is a quantity whose magnitude is 
expressed by a number which- is unchanged by a transforma- 
tion of the frame of reference; thus a scalar is represented 
by an invariant. In accordance with our modified definition of 
a physical quantity a scalar is an invariant. The length of a 
segment, the mass of a body, are examples of scalars in classical 
physics. 

In order to define a vector I shall first introduce the directed 
segment of a straight line. The projections of the segment upon 
the axes of coordinates are called the components and are 
denoted by Ax, Ay, Az. Upon 
transformation of the frame of 
reference the components of the 
directed segment are transformed 
in accordance with a law which 
enables one to calculate the com- 
ponents in the new frame. 

A vector is defined in tradi- 
tional physics as a quantity which 
has magnitude and direction. A 
better definition is that a vector 
is a quantity which can be repre- Fig. 1. 

sented by the directed segment 

of a straight line, and which has components which are trans- 
formed according to the law for the transformation of the com- 
ponents of a directed segment. The vector A may thus be spe- 
cified by the three components, Axi Ay, Az. In accordance 
with our modified definition of a physical quantity a vector 
is a set of three numbers which transform according to certain 
laws. I shall use the phrase absolute value, instead of magni- 
tude, of a vector; the absolute value is represented by the 
length of a directed segment. The physical concepts of force, 
velocity, acceleration, give rise to descriptive functions which 
denote vectors. For example, we speak of the velocity of a 
body. 

An invariant representation of physical laws is one which is 
unchanged upon transformation of the frame of reference. For 
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example, the expression of a law is invariant in form if it states 
that two vectors are equal. Thus 

A = B 


where A and B denote vectors, Is Invariant, for this equation 
stands for three equations which assert the equality of the com- 
ponents of the vectors, 

= B* 

Ay = By 

A. = B,. 

Upon transformation of the frame of reference the components 
of both vectors are transformed according to the same law. 
Thus in the new frame the law is 

A’. = B'. 

A'y = B'y 

A'. = B'. 


which is the same in form as before. 

A tensor is exemplified by the stress at a point in an elastic 
medium. The stress is defined as the force per unit area acting 
across the surface between contiguous parts of the body. In 
order to specify the stress at a point we can consider three 
mutually perpendicular elementary surfaces, for example, sur- 
faces in the coordinate planes. Then the stress on each surface 
is resolved into three Cartesian components. X*, Tx, are 
the components of stress on the surface perpendicular to the x 
axis. Altogether there are nine components of stress. 


Xy = 


Xx TxZx 

Xy Yy Zy 

X. FxZx 

Fx, Xx = Fx = Zy. 


The stress at a point in an elastic body is a symmetrical tensor 
of the second rank. In accordance with our modified definition 
of physical quantity a tensor is a set of numbers, relative to some 
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frame of reference, which transform according to certain laws. 
If the components of one tensor are equal to the components of 
another in one system they are equal in all systems. Thus the 
expression of a physical law has an invariant form if it asserts 
the equality of the components of a tensor; likewise if it asserts 
that the components of a tensor are equal to zero. 

The various physical quantities may be described as kinds 
of tensor. I have given an example of a tensor of the second 
rank ; a vector is a tensor of the first rank, and a scalar a tensor 
of zero rank. 


6. THE ELEMENTS OF ANALYSIS 

Since the laws of physics are expressed by functional rela- 
tions between variable physical quantities (numbers), it is 
therefore desirable to define some of the fundamental concepts 
of mathematical analysis. 

A variable, x, is a symbol which may denote any one of a 
given class of elements ; the elements of the class are the values 
of the variable. Examples of variables are variable real num- 
bers. A variable y is said to be a single-valued function of x 
when if x is determined y is uniquely determined. We write 
y = For example, if x and y represent real numbers, 

y = 

is a function of x. 

X is called the independent and y the dependent variable. A 
function is said to be continuous if a small change in the inde- 
pendent variable gives rise to a small change in the dependent 
variable. More precisely, /(x) is continuous at x = o if 
lim /(x) =/(a). 

X — >a 

Let X and y be real variables, and suppose that y is a contin- 
uous function of x. Then the derivative of y with respect to x is 
defined by 

. lim ^ - lim -/(»)^ 

OX A*— >oAx >0 Ax 


The derivative is the rate of change of y with respect to x. Sup- 
pose that z is a function of two independent variables x and y, 
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z — f{x, y). Then — is the partial derivative of z with respect 
dx 

to X. The definition of the partial derivative assumes that y 
remains constant. The derivative is employed to define the 
velocity, the acceleration of a body, etc. 

The indefinite integral of y with respect to x is a function 
U{x) + C such that 

dU 


U(x) is denoted by 


^ ydx. 


Hence the Indefinite integral is 
^ ydx + C. 


Integration is thus the inverse of differentiation. 

Suppose that the range of the variable x between the values 
a and b is subdivided into n small intervals Axi. Let f{xt) 
be the value oif{x) at any point in the interval Hi^Xu Then the 
definite integral oiJ{x) with respect to x between the limits a and 
b is defined by 

lim {f{xi)Axi + f{x2)Ax2 + . . . . /(Xn)AXn}. 


Thus the definite Integral Is the limit of a sum. The funda- 
mental theorem of the integral calculus states that the value of 
the definite integral of/(x) between a and b is equal to the value 
of the Indefinite integral for x = b minus the value of the indefi- 
nite integral for x = a, i.e., 


The definite integral is denoted by 

J^f{x)dx. 

In physics the work done by a force is a definite integral. 
An ordinary differential equation is exemplified by 
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This special ecjuation describes a vibratory motion of a point 
along a straight line. A solution of the differential equation 
is a function x o{ t which satisfies the equation. The general 
solution of a differential equation contains arbitrary constants; 
for example, the general solution of the given equation is 

X = A cos {o)t + 5) 

where A and 5 are arbitrary. The arbitrary constants can 
be determined by the assignment of initial conditions. For 

dx 

example, the assignment x = xo and — = vo at t — Iq, 

dt 

yields a particular solution of the differential equation. 

A partial differential equation is one involving partial deriva- 
tives. Thus the propagation of a wave is described by 

_ J_ 3V _ Q 

0x^ 3y2 0^2 ^2 ’ 

where is a function of x, y, z and t. The general solution of a 
partial differential equation contains arbitrary functions. A 
particular solution is determined by the assignment of initial 
conditions and boundary conditions. 

The laws of physics are expressed by differential equations. 

7. VECTOR ANALYSIS 

A vector has been defined as a set of three numbers which 
are relative to a coordinate system. A special kind of vector 
consists of three numbers which are called the components of a 
directed segment. Some authors restrict the term vector to 
directed segments; in my terminology the directed segment 
is a particular which is represented by a vector which is a set 
of three numbers. Conversely, a directed segment may be 
employed to give a geometrical representation of a set of three 
numbers, that is, a vector. Thus we may use directed segments 
to represent the force, the velocity, the electric field, etc., such 
use expressing the fact that the set of three numbers consti- 
tuting a vector is a unity. The representation of vectors by 
directed segments is called the vectorial representation of phys- 
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ical quantities. In order to express the laws of physics vec- 
torially, a vector algebra and analysis have been developed. 

Let the symbols A and B denote directed segments. A 
segment A has length, direction and sense. The segment —A 
is defined to have the same length and direction as A, but oppo- 
site sense. If w is a real number, the seg- 
ment mk is defined to have the same direc- 
tion and sense as A and length m times the 
length of A. 

The sum of A and B is the segment which 
is formed by sliding B parallel to itself so 
that the origin of B coincides with the 
terminus of A. The segment which extends 
from the origin of A to the terminus of B is defined to be the 
sum of A and B. We write 

A -f B = C. 

The addition of segments obeys the commutative law 

A -f B = B -h A, 

and the associative law 

A -h (B -I- C) = (A + B) + C. 

It is to be emphasized that the operation applies to segments 
and not to numbers. 

The scalar product of two segments is defined to be a scalar 
equal to the length of A X the length of B X the cosine of the. 
angle between them. The scalar product is denoted by 

A B. 

The scalar product satisfies the commutative law 

AB = BA, 

and the distributive law 

A-(B 4- C) = A-B + A-C. 

The vector product of two segments is defined to be a segment 
whose length is equal to the length of A X the length of B X the 
sine of the angle between them, whose direction is perpendicular 
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to the plane of A and B and whose sense is in the direction of the 
thumb when the fingers of the right hand are curled in the direc- 
tion in which A must be rotated to bring it in the same line as B. 
The vector product is denoted by 


We have 


AX B. 


AXB=-BXA. 


We define the derivative of a segment with respect to a scalar 
variable / by a definition similar to the one for real variables. 
We write, 

dt 


Now the operations defined for segments correspond to 
operations on the vectors which represent the segments. Thus 
A-B corresponds to 

AzBx -f" AyBy -|- AzBt. 


Conversely, the operations on vectors can be represented by 
operations on segments. 

Wc have seen that physical vectors can be represented by 
segments; thus the operations on segments can be employed to 
represent the operations upon vectors in general; indeed the 
operations of the theory of segments have been defined in order 
to represent the important operations of physics. 

In physical theory the force is a vector Fx, Fy, F„ and the 
differential displacement is a vector dx, dy, dz. The work done 
by the force is 

Fzdx -f F^y -b F^z. 

This corresponds to the scalar product of two segments, and 
therefore the work can be represented by 


F-dr, 


where F is a segment which represents the force, and dr is a 
segment which represents the displacement. In this way we 
represent vectors by segments, and combinations of vectors by 
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operations upon segments. The advantage of this representa- 
tion is that a single symbol represents the vector. Further- 
more, the vectorial representation of physical laws is invariant in 
form, that is, it is independent of the position or orientation of 
the frame of reference. 

In my interpretation the segment represents the vector (three 
numbers). Another interpretation is based upon the definition 
of quantity as the particular reality. We may deprive the laws 
of the theory of segments of all reference to segments and view 
them as a set of postulates for an abstract theory. Then we 
may apply the operations to vectors, not defined as numbers, 
but as quantities in the traditional sense. This procedure has 
been expounded by R. C. Tolman. 

I shall make considerable use of the vectorial representation ; 
to that end I shall define two quantities which are important 
for physics. Let A be a segment which represents a vector 
Ax, A„, A*; for brevity we usually say that A is the vector. 

We introduce a scalar called the divergence cf a vector. 
If Ax, Ay, A, are the Cartesian components of A (a set of num- 
bers) then 


,. . dAx . dAy 

div A = 1 

dx by 


+ 


dAz 
dz ' 


In a fluid the rate at which matter flows out of an element of 
volume per unit volume is div (pv), where p is the density and 

V is the velocity. — — is the rate of decrease of matter per unit 
dt 

volume. The conservation of matter is expressed by 


div pV 


dt’ 


div pv H = 0. 

dt 

In a steady state div(pv) = 0, that is, the rate at which matter 
flows in through one part of the surface is equal to the rate at 
which it flows out through another part of the surface. 
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I now define the curl of a vector A. Curl A is a vector whose 
Cartesian components are 


d^z dAj/ 
dy dz 

dAx dAz 
dz dx 

dAy dAx 
dx dy 


A conservative field of force is such that the curl of the field 
is zero. Now if an electric charge is carried around a closed path 
in an electrostatic field the work done is zero. This is expressed 
by curl E = 0. 


8. STAGES OF PHYSICAL SCIENCE 

Having examined the basic concepts of physical theory such 
as space, time, body, quantity and magnitude, and having 
sketched the elements of mathematical analysis and vector 
analysis, we are now prepared to consider more specifically 
the problem of this book: the analysis of the concepts, prin- 
ciples and systems of physical theory. 

As I have previously noted, physical science is a union of 
inductive and deductive factors; in the course of its development 
physics becomes more and more deductive. Our experience of 
the physical order begins with the experience of particular 
aspects of reality. This is accompanied by the observation of 
relations between aspects, by the construction of concepts of 
sense qualities and relations, by the discovery of correlations 
between qualities and relations, and by the construction of con- 
cepts of bodies which are characterized by qualities and rela- 
tions. Quantitative physics begins when we correlate some 
qualities or relations with numbers; the number substitutes 
for the quality or relation. The assignment of numbers is based 
upon the observation of space- time coincidences; the number is 
denoted by a descriptive function, for example, 2 == the length 
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in meters of this rod. One then seeks functional relations 
between variable numbers; these functional relations are con- 
structed into a deductive system by the methods of pure math- 
ematics. 

In order to characterize the stages of physics I shall distin- 
guish between 

experimental physics 
theoretical physics 
mathematical physics. 

The data of experimental physics consist of space-time coin- 
cidences. The results are sets of assignments of numbers to 
descriptive functions. 

The data of theoretical physics consist of sets of assignments 
of numbers to descriptive functions. The results are the dis- 
covery of functional relations between variables the values of 
which are the numbers. 

The data of mathematical physics consist of functional 
relations between variables. The results are implications 
between these functional relations and others. 

I shall illustrate the preceding discussion by considering an 
experiment in which a ball is rolled down an inclined groove. 
In preparation for the experiment a coordinate system is 
constructed for the purpose of determining the position of the 
ball at different times. A standard meter rod is placed along 
the groove so that one end of the rod coincides with the top 
of the groove, to which the coordinate 0 is assigned, the 
point of the groove which coincides with the other end of the 
rod being given the coordinate 1. It is not necessary to describe 
further the construction of the coordinate system. There is 
also a clock which ticks seconds. 

The experiment is then as follows. We place the ball at the 
top of the groove, which has the coordinate 0, and release the 
ball upon hearing a tick of the clock, which we shall label 0. 
Thus the coincidence of the ball and the point marked 0 is simul- 
taneous with the tick of the clock. This space-time coincidence 
is a datum. We assign to the ball 

the coordinate of the ball = 0 
the time = 0. 
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The ball rolls down the incline and at the second tick of the clock 
we observe that the ball coincides with the point marked 1. 
We write down 

the coordinate of the ball = 1 
the time = 1. 

At the third tick one observes that the ball coincides with the 
point marked 4, etc. One records the observations in the fol- 
lowing table. 


t — the time in seconds 

0 

1 

2 

3 

4 

s — the distance in meters 

0 

1 

4 

9 

16 


This table records the assignment of numbers to descriptive 
functions on the basis of the observation of space-time coin- 
cidences. 

The preceding table is the datum for theoretical physics. 
One discovers that the numbers satisfy the relation 

where g is a constant. The theoretical result is expressed as 
follows : 

If 

5 = the distance oassed over, 
t = the time. 

then 

^ = w. 

The reference to physical reality is expressed by the conditions: 
if j = the distance passed over, etc. Using the terminology of 
Professor Swann, one would say that it is possible to assign 
numbers j and t such that s = is true. However, I have an 
even more sophisticated formulation: It was possible to assign 
numbers s and t such that j = \gt^ is satisfied. This formulation 
presupposes the validity of memory. I can not find a more 
skeptical interpretation, however, without risking the dissolu- 
tion of consciousness. In any case, my mode of expression 
avoids the rash predictions which are usually exemplified by 
that favorite of logicians, " The sun will rise tomorrow.” 
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The relation 5 = is a datum for mathematical physics* 
A result of mathematical physics is: If 


then 


^ 

d^s 


Nothing is said about the assignment of numbers. 


9. THE ORIGIN OF PHYSICAL CONCEPTS 

The occurrence in physical theory of concepts derived from 
•experiment, and the employment of the functional relations of 
pure mathematics, suggest the problem of the origin and nature 
of physical concepts. What are the respective contributions 
of experience and reason to their content? We are thus 
prompted to ask the question, are physical concepts abstractions 
from experience or are they invented? This question may also 
be phrased, are universals discovered or invented? 

All concepts are invented in the sense that if there were no 
mental activity of some sort there would be no construction 
of concepts. Using terms more precisely, I should say that 
some concepts are abstracted from experience and some are 
invented. 

Concepts of sense qualities are directly abstracted from 
experience. Consider, for example, the statement that a par- 
ticular aspect is an instance of the universal redness. This 
means that the aspect is similar to another in a certain respect. 
Hence the problem becomes, are similarities discovered or 
invented? If the point of view may be chosen arbitrarily 
then similarity is invented, but it appears to me that similarity 
is something found, because a question such as: are two tactual 
aspects of a table similar in color? is meaningless. The point of 
view must be appropriate to the particulars compared. Thus 
I think that fundamental concepts such as those of sense quali- 
ties are abstracted from experience. 

As previously defined, the concept of thing is an abstraction 
from experience; it is defined in terms of th^ obs^rv^d similarities 
^n 4 correlations of aspects, 
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The fundamental physical concept is that of the space-time 
coincidence of two points — the similarity of two points with 
respect to spatial position and temporal position. I assume 
that the concept of space-time coincidence is an abstraction 
from experience. It is with this concept that we test the appli- 
cability of a physical concept to the bodies given in experience. 

The assignment of numbers by the operation of measure- 
ment seems to be a process of invention. However, once the 
standard or coordinate system has been selected the assignment 
of the number is by the observation of coincidences. The con- 
cept of a relation between a number and an object is defined by 
an experiment and is abstracted from experience in a secondary 
sense. 

Some concepts, although grounded in experience, express a 
content which involves a conventional element. Thus the 
concept of length presupposes that the standard is unchanged 
upon displacement. 

Some concepts are definitely inventions. They are com- 
binations of concepts abstracted from experience or modifica- 
tions of these concepts ; for example, the concepts of the kinetic 
theory of gases and the general theory of relativity are invented. 
Initially, invented physical concepts are hypotheses to be 
tested for applicability to experience, applicability being ulti- 
mately determined by the observation of space-time coinci- 
dences. 

Concepts play a double role. Those concepts which have 
been abstracted from experience are descriptive of previous 
experience; they serve as principles of order for future experi- 
ence. Such concepts are a posteriori in their origin and a priori 
with respect to the interpretation of future experience. 

Concepts which are abstracted from experience, or which are 
definable in terms of concepts abstracted from experience, are 
approximate, their objects are not strictly invariable. Thus 
the concept of the space-time coincidence of two points, and all 
physical concepts of the assignment of numbers by measure- 
ment, are approximate. Hence experimentally determinable 
physical quantities do not exactly satisfy a definite functional 
relation between variables. 

The concepts of pure mathematics are concepts of objects 
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and not of assignments. Assuming that mathematical concepts 
are precise, one may then propose the view that mathematical 
concepts are inventions, or the apprehension of a Platonic realm 
of pure forms. Either the invention or apprehension is sug- 
gested in many cases by physical concepts. In objective terms 
one may say that the objects of pure mathematics may be viewed 
as ideal structures, which may be held to be constructed in 
pure intuition (Kant), or may subsist in a realm of pure forms. 
The properties of mathematical objects are definable by postu- 
lates which constitute an Implicit definition of the concepts of 
the objects. 

Some mathematical objects are assignable to experience 
approximately ; thus the real numbers are assignable to physical 
objects. Despite the approximate character of physical meas- 
urements we write the equations between the physical quanti- 
ties as if the values of the variables were not selected for the 
purpose of assignment to physical objects. Since the numbers 
are not assignable precisely they satisfy determinate functional 
relations approximately. 

In view of the preceding discussion it is convenient to dis- 
tinguish between three types of systematic physics. 

1. Theoretical physics consists of propositions of the fol- 
lowing kind : 


If = the distance of a particle from an origin and t = the time, 
then 


5 ? + " * ■ “• 


This is the equation of motion for a particle moving with simple 
harmonic motion. On account of the approximate character 
of the propositions of theoretical physics one conceives of an 
ideal theoretical physics. 

2. Ideal theoretical physics consists of propositions like the 
following: 

\ix — the distance as ideally measured with an ideal measuring 
rod, t = the time as ideally determined, then 

d^x 
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Ideal physics makes assertions about ideal particles, ideal rigid 
bodies, ideal fluids, etc. Classical theoretical physics may be 
viewed as ideal. The idealization of physical objects raises the 
problem of the metaphysical status of these ideal entities. 

3. Mathematical physics consists of propositions like the 
following: 

dx 

If X = XOf — Vo Sit t = 0 

dt 

and 


then 


dH 

d^ 


+ oy^X = 0 , 


/ I ^0 • / 

X — Xo cos co/ H sin co/. 

0 ) 


This proposition does not presuppose that the numbers are 
assigned. 


10. THE INDUCTIVE EXPOSITION OF PHYSICAL THEORY 

In order to analyze physical theory I have chosen the 
inductive method of building up the structure of theoretical 
physics. We shall see how physical theory arises out of observa- 
tion and experiment; how experimental physics furnishes the 
basis for theoretical physics. This method will enable us 
to study in detail the respective contributions of experience and 
reason in the constitution of physical science. 

Now the conscious development of science presupposes the 
crude concept of a world of real things in space and time. 
The initial phase in the construction of science is qualitative; 
one selects from the background of unreflective experience 
certain qualities of things which are made the objects of special 
study and examination. Thus a qualitative study of the 
physical order would be based upon the recognition that bodies 
are long or short, in motion or at rest, heavy or light, hot or cold, 
capable of attracting light bodies, capable of attracting iron. 
A phase of qualitative physics is the recognition that qualities 
are constant or variable. The qualitative investigation of 
physical objects originated in earliest antiquity, but the system- 
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atic attempt at a qualitative physics originated among the 
early Greek philosophers, who sought to explain manifold quali- 
ties as attributes of one or more substances. The qualitative 
phase of physics is an essential constituent of even the most 
highly developed system of physical theory, for the ultimate sig- 
nificance of physical concepts lies in their connection with imme- 
diate qualitative experience. Nevertheless, the significant fact 
about physical theory is that in the study of the physical order 
has been possible to supplement qualitative physics by quan- 
titative physics. 

Quantitative physics arises when we correlate some qualities 
or relations with numbers. A particular body may thereby be 
characterized by physical quantities, that is, the numbers 
assigned to its properties. Physical quantities are denoted by 
descriptive functions; for example, 

/ = the length in meters of this rod. 

The concept of length is that of a relation of a number to a 
property of a body with respect to the same property of a 
standard. In general, a physical concept is defined by the 
description of the operation of establishing the relation. The 
assignment of a number by direct measurement involves the ob- 
servation of space-time coincidences. The problem of the con- 
struction of physical theory is one of expounding 

(a) the definitions of fundamental quantities, 

{b) the definitions of derived quantities, 

{c) the laws and principles which are expressed by functional 
relations between variable physical quantities. 

Now the definition of fundamental quantities and the induc- 
tive discovery of functional relations between them can not be 
carried out wholly In a straightforward manner. All qualities 
are relative, for example, the redness of a thing Is functionally 
related to other properties. Similarly, the physical quantities 
which are assigned to physical objects depend upon accompany- 
ing conditions. The definition of a fundamental quantity, 
therefore, must proceed by successive approximation. We 
first define a quantity, that is, we describe a method of assigning 
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a number to a property, upon the assumption that conditions as 
estimated qualitatively are invariable. Then we discover laws 
correlating the physical quantity and qualities. These laws 
then enable us to define quantitatively to the first approximation 
the conditions under which the quantity is defined to the second 
approximation. For example, we may define the length of a 
body as the number obtained by an operation with a standard 
rod whose qualitative temperature is that of ordinary conditions 
on the earth. One then discovers a correlation between the 
length of a rod and its hotness or coldness. We may then 
define a scale of temperature in terms of the variations in length 
of some standard rod. This enables us to define quantitatively 
the conditions of temperature under which the standard of 
length is defined to the second approximation. 

Now in the development of a system of physical theory the 
definition of the fundamental quantities undergoes a change. 
The fundamental quantities are first defined independently, 
then laws are discovered which can be transformed into implicit 
definitions of the quantities. Thus for Archimedes force is 
defined in terms of the weight of a body. Newton constructed 
dynamics into a system based upon the three laws of motion; 
these laws may now be viewed as postulates which implicitly 
define the fundamental dynamical quantities. Again, the mag- 
netic field was first defined in terms of the force due to a mag- 
netic pole; but after the discovery of the law which correlates 
an electric current and the field, the field may be defined in 
terms of this law, which thereby becomes a definition. The 
temperature of a body was first defined in terms of a ther- 
mometer, such as a gas thermometer. Then the second law of 
thermodynamics was discovered and can be transformed into a 
definition of temperature. Thus in the construction of a physical 
theory there is a union of definition and experimental law. In 
order to improve the synthetic unity of a theory one is led to 
change the fundamental definitions so that experimental laws 
are transformed into definitions and definitions give rise to 
experimental facts. Fundamental and derived quantities may 
thereby change places. The ultimate goal of physical theory is 
the implicit definition of all fundamental quantities by a set of 
postulates. 
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Again, with the development of a more refined technique 
laws may be discovered to be only first approximations. Upon 
the approximate theories as a basis one may then build theories 
of higher approximation, for example, the theory of relativity 
and quantum theory. It must be emphasized, however, that 
the definition of the experimental conditions under which the 
classical theories are revealed to be Inadequate requires the 
applicability of the classical theories to the first approximation. 
Thus the verification of the general theory of relativity pre- 
supposes the employment of pre-relativistic physics in the 
construction of the apparatus, in the determination of the obser- 
vations, and in the calculation of the mass of the sun which is 
substituted in the formula. Likewise the definition of the 
experimental conditions for the verification of the quantum theory 
presupposes the approximate truth of the classical theories. 

In this book I propose to build up physical theory inductively 
by the method of successive definition and successive approxi- 
mation. Not only does this schematically reproduce the his- 
torical order of discovery, but it is also the order of proof. 
Furthermore, the proposed method reproduces the stages in 
which the contemporary student learns physics and would 
enable him to correlate the several methods of defining the 
fundamental concepts. 

We are now prepared to begin the systematic construction of 
physical theory. The fundamental empirical concept of physics 
is that of body, and the fundamental datum is the observation 
of the space-time coincidence of points. Ultimately the appli- 
cability of all physical concepts is tested by the observation of 
space-time coincidences. The problem of physical science 
might be described as the definition of the concept of the physical 
order, but this definition must come at the end of an inductive 
exposition. If I may borrow a phrase from Bosanquet, physical 
reality lies ahead, not behind. 
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CHAPTER II 


EUCLIDEAN GEOMETRY 

1. SPACE AND GEOMETRY 

The concept of space is one of the fundamental concepts 
employed in the description of the physical order. Bodies and 
phenomena are conceived to have position in space ; thus motion 
is described as change of position in space. In view of the 
generality of application of the concept of space its analysis 
will reveal a general character of an important part of 
reality. 

In the study of space we shall analyze the concepts and 
propositions of geometry, which is characterized as the science 
of the properties of space. It is more accurate, however, to 
say that geometry in the first instance is a study of the prop- 
erties of geometrical figures, that is, of constructions in space. 
A theory of space is based upon the relations exhibited by geo- 
metrical figures. A fundamental principle of classical physics 
was the proposition that space is Euclidean. The significance 
of this principle we shall determine from a study of Euclidean 
geometry. 

The definition of physical concepts proceeds by successive 
approximation. In order to define the concepts of geometry we 
must Initially assume that we can make qualitative estimates 
of accompanying conditions. Thus we presuppose the con- 
cept of body as something which persists in time; we assume 
that bodies remain at rest during our geometrical investiga- 
tion, except when they are displaced in an experiment, that the 
state of hotness, stress, electrification remains constant. On 
this basis we proceed to define the geometrical properties of 
bodies, to discover laws, and to introduce the concept of space. 
One can then define the conditions of geometrical experiments 
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quantitatively to the first approximation, and then define the 
geometrical concepts to the second approximation. 

Furthermore, the development of physical concepts is a 
process of successive definition. In this chapter I define space 
for bodies at rest with respect to the surface of the earth ; later 
I shall give a more general definition of space. 

I shall begin with a statement of some historical views 
about the nature of space. In Democritus, space is the void 
which renders possible the motion of the atoms ; in Descartes, 
extension is the defining attribute of matter; in Leibniz, space 
is the order of co-existence of things; in Kant, space is an a 
priori form of intuition. Each of these historical views reveals 
an essential element of the concept of space. Our theory of 
space must account for the following characteristics. 

(1) Space is the ground of the possibility of motion of bodies. 
Motion is change of position in space. 

(2) Space is the ground of essential characters of bodies in the 
physical world. An essential character of a body is its 
extension. 

From this point of view space appears to be a quality. 

(3) Space is an order of bodies. 

Thus bodies in a straight line have an order which may be 
expressed by the propositions, A is to the left of J5, B is to the 
left of C, C is to the left of D, etc. Space is thus the ground 
of relations between things in space. 

(4) Bodies in space are known through sensation. 

In the present exposition of space I shall assume that the 
most fundamental characteristic of space is expressed by the 
proposition that things have position in space. For example, 
the position of A is to the left of the position of 5. I therefore 
describe space as the manifold of positions. Now we must 
admit of positions that are not occupied at a given time. A 
more adequate description of space is therefore given by the 
following proposition: Space is the totality of possibilities of 
relative position of bodies and phenomena. The notion of possi- 
bility leaves open the possibility of empty space. 
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A theory of space may be an absolute theory or relational 
theory. An absolute theory conceives of space as a manifold 
of absolute positions; in a relational theory space is a mani- 
fold of relative positions. The difference between the two 
theories can be described In general terms as follows. Space 
may be said to be constituted of complexes of the form aRb\ 
such a complex consists of terms a and b standing in the rela- 
tion i?. Now the relation R presupposes the terms a and b, but 
the terms may or may not presuppose the relation. In an 
absolute theory the terms do not imply the relations between 
them; the concept of position does not presuppose relations 
to other positions. In a relational theory, however, the terms 
presuppose relations to other terms; the relations between 
positions are Internal relations, that is, the concept of position 
in space implies relations between them. I have adopted a 
relational theory of space and therefore have defined space 
as the totality of possibilities of relative position of things and 
phenomena. 

The preceding description of space ascribes no definite 
form to it — space thus far is an amorphous manifold. How- 
ever, we think of space as having a structure, for the very prob- 
lem as to whether the properties of space are described by 
Euclidean or a non-Euclidean geometry presupposes that we 
ascribe it a definite relational structure. 

The theory of the structure of space is based upon the prop- 
erties of a class of bodies in space. Specifically, the entity in 
terms of which the structure of space is defined is the solid body. 
Assuming that we have a crude concept of solid body — examples 
are an Iron rod, a block of stone, a piece of hard wood — we may 
state that the structure of space is determined by the possibili- 
ties of relative position of solid bodies. 

My analysis of the structure of space assumes, therefore, 
the concept of solid body. Solid bodies may stand In various 
relations; configurations of solid bodies have properties which 
are the subject matter of geometry. The general propositions 
of geometry express the properties of certain special figures, 
such as points, lines, surfaces, regular solids, etc. Points are 
exemplified by a dot or a pin point; lines, by a thin cord, a ray 
of light, a thin wire, the edge of some solid body. A surface is 
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exemplified by a thin sheet of paper; a regular solid is exem- 
plified by a die, the earth, etc. Thus in the first instance geome- 
try is a branch of physics. The subject matter of physical 
geometry is the general laws of the possibilities of relative 
position of solid bodies. 

Geometrical configurations embody different types of rela- 
tion. We may consider the following preliminary classifica- 
tion of geometrical properties into topological, projective and 
metrical properties. The topological properties do not presup- 
pose the concept of measurement and may be characterized 
as qualitative. For instance, the distinction that may be 
drawn between surfaces having one side and surfaces having 
two sides is topological. The topological properties of a geo- 
metrical figure are unchanged by a continuous point-to-point 
deformation, so that in topological geometry the concepts of 
straight line and length do not occur. The concept of projec- 
tive properties presupposes that of the straight line, but not of 
length. The projective properties are unchanged by a projec- 
tive transformation. Metrical properties presuppose the con- 
cept of length; Euclidean metrical properties are unchanged by 
a set of transformations which includes translation, rotation, the 
similarity transformation and reflection. The different types 
of property being the subject matter of different geometries, 
we may have topological geometry, projective geometry, metri- 
cal geometry, etc. I begin the discussion with an account of the 
fundamental concepts of metrical geometry. 


2. METRICAL GEOMETRY 

The construction of metrical geometry is based upon the 
properties of a special class of solid bodies, namely, practically 
rigid bodies, such as iron rods, blocks of stone, sticks of hard 
wood, etc. The meaning of the concept of practically rigid 
body will be exhibited in the following discussion. 

The formation of metrical concepts in geometry is undoubt- 
edly preceded by qualitative ideas, for one may declare a cer- 
tain rod to be long, another to be short, without having a metri- 
cal concept of length. Again, it is undoubtedly a primitive 
experience that upon displacement a rod appears to retain the 
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same spatial extension. It is to be expected that the metrical 
concepts will agree with our rough and unanalyzed comparisons. 

In order to explain the metrical concepts let us suppose 
that we have given a number of practically rigid bodies such as 
iron rods. Upon a rod A we mark two points between which 
there is a certain relation; upon a second rod B we mark two 
points which coincide respectively with the points on the first 
rod. The concept of coincidence is a fundamental concept 
whose meaning is to be understood only from the observation 
of two coincident points. We then observe that if the points 
on A coincide with the points on B, then the points on B coin- 
cide with the points on A. Also, if the points on A coincide 
with those on B, and the points on B coincide with those 
on C, then the points on A coincide with those on C; we 
express these results by the statement that the two pairs of 
points are congruent. Thus the relation of congruence is 
based upon a symmetrical and transitive relation between two 
pairs of points, and the principle of abstraction which asserts 
that such a relation is to be interpreted as the possession of a 
common property. Congruence is equality with respect to dis- 
tance and is an example of similarity with respect to a given 
property. The coincidence of two pairs of points is thus 
interpreted as the possession of a common distance — the dis- 
tance between the points of each pair is the same. I have chosen 
the concept of distance as fundamental in accordance with the 
relational theory of space. However, as previously explained, 
we may think of a pair of points as determining a seg- 
ment. A segment has an extension which is definable in terms 
of the distance between the two points; in this way we define 
extension as an attribute (Descartes) in terms of a relational 
theory of space (Leibniz). 

The preceding discussion explains distance or extension at 
a place; we must now extend the concept throughout space. 
The possibility of this extension is based upon the following 
experiments, in the description of which it is convenient to 
think of the pair of points as determining a segment. Suppose 
that the terminal points of the segments A and B coincide. If 
I change the orientation of the segments, or if I displace the 
segments, the coincidence is not disturbed. Next, suppose 
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that one segment is kept fixed, and the other Is displaced in 
any manner whatsoever and then brought back to Its original 
position; the terminal points are found to coincide again. To 
this fact of experience we now add a definition. We postulate 
that when two congruent segments are separated in space they 
remain congruent. Since the motion of a segment may be ana- 
lyzed into translation and rotation, we have postulated that the 
concept of congruence is invariant under a translation and rota- 
tion. One might ask whether distance or extension really 
remains unchanged during a translation or rotation. At this 
fundamental stage of the discussion, this is a meaningless 
question, for it presupposes that we have previously defined 
our metrical concepts In terms of which distance may be deter- 
mined. 

In order to measure the extension of any physical segment 
determined by points on a practically rigid body, it is necessary 
to choose some segment as a standard of extension, by com- 
parison with which the measure of extension of the segment 
may be determined. The operation of measuring extension 
consists In counting the number of times that the standard seg- 
ment can be laid off on the line. One terminal point of the 
standard segment Is brought into coincidence with one end 
point of the segment and the position of the other terminal 
point of the standard is marked on the body. The standard 
segment Is then displaced so that its first point coincides with 
the point marked on the body, and so on. We thus see that 
the measurement of an extension requires the observation of 
coincidences of points. The operation performed in measure- 
ment is a method of realizing the conditions under which one 
can observe congruence of a part of a segment with the stand- 
ard segment. The number which is obtained by the operation 
of measurement is called a physical quantity, and the outcome 
of the measurement is expressed by a statement such as: The 
measure of extension of this rod is 2 meters. In the preceding 
chapter I used the term length for the physical concept of exten- 
sion — thus the length in meters of this body is 2. I have used 
the concept of extension in order to designate the measurable 
property, and the concept of length to designate the relation 
between the number and the property. For other measurable 
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properties, however, this distinction In language does not 
occur. The word distance, for example. Is employed for the 
measurable relation which in some sense is given in experience, 
and also for the physical relation between the measure of dis- 
tance and the distance. 

With the exposition of the method of measuring extension 
we have completed our account of the physical concept of 
length. The concept of length is a concept of a method of 
assigning numbers to segments with respect to a standard. 
The choice of the standard Is determined partly by experience 
and partly by convention; the standard must be chosen from 
among the bodies which we know to have a definite length as 
determined by our empirical criterion, but the particular body 
chosen Is a matter of convention. The selection of some body 
given in experience as the standard of length has been called 
by Relchenbach a Zuordnung ’’ or correlation between some 
physical body and our concept. 

To summarize: we have seen that the fundamental con- 
cept of metrical geometry, that of length, is constructed by a 
definition based upon the experiences of the coincidences of 
points on practically rigid bodies. The concept of length is 
here described as an abstraction from experience plus the defini- 
tion that the character remains invariant during a motion. 

In the preceding account of the construction of a physical 
concept one must recognize the use of matching. The quali- 
tative concept of length is based upon an estimate of coinci- 
dence. However, the estimate of coincidence is also an estimate 
of similarity, but in this case the conditions are such that the 
problem Is more restricted and there is better agreement between 
consecutive estimates. Thus ultimately quantity is aefinable 
in terms of quality. 

The preceding discussion of length is only a first approxima- 
tion. It Is, however, adequate to the formulation of laws in 
terms of length. With the aid of the physical nieasure of length 
one can define the measure of temperature, the temperature, 
which is the physical quantity correlated with the hotness or 
coldness of a body as determined by our temperature sense. 
Assuming, then, that the standard of length is constant, one 
can discover the empirical proposition which expresses the 
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linear expansion of a rod as a function of the temperature. 
Then, by adding the condition that the standard of length is 
to be at a given temperature, one obtains the second approxi- 
mation in the definition of length. The standard of length in 
physics is the extension, called the meter, between two lines 
on a certain bar at zero degree Centigrade. One can further 
discover laws which reveal that the length of a body changes 
upon the application of force. Since the measure of force is 
usually defined in terms of the measure of length, the physical 
concept of force must not be used in the initial definition of 
length; as a higher approximation, however, we need to state 
that the standard of length is not to be subjected to external 
forces. 

The discussion of the definition of length illustrates the 
general procedure which must be employed in order to define 
a set of physical concepts. In the definition of the first physical 
concept one starts with a qualitative concept and a setting of 
conditions designated by hotness, force, etc., which are assumed 
to be reproducible. The definition of one physical concept 
enables one to define other physical concepts which serve to 
define the conditions under which the first concept is defined 
to a second approximation. 

On the basis of the concept of length we are now able to 
proceed to the building up of physical geometry. Our first 
task is to define a physical straight line. Physical lines are 
exemplified by wires, strings, rays of light, etc. I shall define 
a straight line as the line of shortest length between two points. 
\ hanging cord to which a weight is attached is an example; 
the length of the cord between two points is shorter than the 
length of any other cord. The most important example of a 
straight line is a ray of light in a homogeneous medium, indeed, 
we might define a straight line in terms of a ray of light. Prac- 
tically, comparison with a ray of light furnishes the test of a 
straight line, such as a straight edge. With the aid of the con- 
cept of straight line one can construct a plane surface; sur- 
faces are exemplified by the boundaries of solids. A plane 
may be defined as a surface such that if any two points on a 
straight line lie in the surface all points lie in the surface. If I 
place a straight edge on the table top, the straight edge is iii 
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contact with the table top at all points for all positions of the 
straight edge; hence the table top is a physical plane surface. 
Similarly we can construct a surface such that all points of the 
surface are equidistant from a given point. We need also the 
concept of angle. An angle is enclosed by two straight half 
lines which originate in a common point. The congruence of 
two angles is defined in terms of the coincidence of the lines 
enclosing them. A line which originates in a point dividing a 
straight line forms supplementary angles with the two half 
lines. An angle which is congruent to its supplement is defined 
to be a right angle. One can further define concepts for the 
measurement of areas and volumes. 

Limiting the discussion to the plane, we can construct such 
plane figures as triangles, circles, etc. If we measure the sides 
of a right-angled triangle we discover that the physical meas- 
ures approximately satisfy the Pythagorean theorem : the 
square of the length of the hypotenuse is equal to the sum of 
the squares of the lengths of the other two sides. Similarly, we 
discover that the sum of the angles of a triangle is equal to two 
right angles. By these methods one arrives at a set of proposi- 
tions, expressing relations between variable physical quantities 
(numbers), which constitute physical plane Euclidean geometry. 

3. SYNTHETIC AND ANALYTIC GEOMETRY 

The fundamental concepts of distance, length, angle, etc., 
having been set forth, there are two methods of procedure 
which may be employed for the further development of geome- 
try: the synthetic method and the analytic method. In the 
synthetic method the propositions of geometry directly express 
properties of geometrial figures: for example, the sum of the 
angles of a triangle is two right angles; the diagonals of a paral- 
lelogram bisect each other. I shall later point out that an ideal 
or abstract system of geometry in terms of the synthetic method 
is based upon a set of postulates patterned after Euclid’s JE/e- 
ments. 

A more powerful method in geometry is the analytic method, 
which employs a coordinate system. As an example I shall 
describe the rectangular Cartesian system of coordinates in 
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the plane. This system is based upon two straight lines at right 
angles to each other, called coordinate axes. The position of 
a point in the plane is described by its coordinates, which are 
the perpendicular distances of the point from the axes. One 
may also think of the coordinate system as a lattice of squares 
constructed out of unit measuring rods. The coordinates of a 
point are usually denoted by the symbols x and y, and different 
values of x and y represent corresponding points in the plane. 
Now a straight line is the locus of points whose coordinates 
approximately satisfy a certain linear equation. Similarly a 
circle is the locus of points whose coordinates approximately 
satisfy a certain equation of the second degree. Thus the prop- 
erties of geometrical figures can be represented by equations. 
The analytic method will be largely used in this book. 

4. GEOMETRICAL TRANSFORMATIONS 

By the employment of a coordinate system the analytic 
method introduces an extrinsic element into the analysis of 
geometrical figures. Hence a problem of the analytic method 
is the determination of those functions of the coordinates whigh 
express intrinsic properties of figures. A method for the solu- 
tion of the problem is offered by the theory of geometrical trans- 
formations. By way of introduction to the characterization of 
geometrical properties by means of transformations I shall 
consider the figures of Euclidean geometry. Suppose, for 
example, we displace a triangle so that it remains parallel to 
itself; in such a displacement, which is called translation, the 
lengths of the sides and the measures of the angles are not 
changed. Again, the translation of a parallelogram does not 
change the lengths of the sides and their parallelism. Another 
displacement which does not change the lengths of sides or the 
measures of angles is a rotation about a fixed point. Thus the 
metrical properties of Euclidean geometrical figures are not 
changed by translation or rotation. Let us now describe trans- 
lation and rotation analytically. The points of our figures are 
described by Cartesian coordinates, x, y, z. Translation or 
rotation transforms the points of a figure into other points of 
space; analytically expressed, the statement is that the point 
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x', y, 2 ' Is correlated with the point x, y, z where x\ y\ s' are 
functions of x, z. The setting up of such a correspondence 
between points is called a transformation: translation and 
rotation are thus transformations of the points of a figure into 
the points of another figure. Now the geometrical properties 
of figures are expressed in terms of functions of the coordinates 
of the points; for example, the length of a side of a triangle is 

5 = {(X 2 - .ri)2 + (^2 - yiY + (Z 2 - ZiY]^, 

where Xu yu and X 2 , 3 ^ 2 , 22 are the coordinates of the end 
points. In general, functions of the coordinates are changed 
by a transformation. In geometry, however, one is interested 
in those functions of the coordinates which are invariant under 
transformations. Thus the length of a line is invariant under 
translation and rotation. The geometrical properties of figures 
are best classified by finding the transformations under which 
they are invariant. I shall, therefore, describe some of the 
principal types of transformation. 

In a given set we may include the following four transfor- 
n\ations : 

(1) translation] 

(2) rotation about a fixed point] 

(3) reflection, in which a point with coordinates x, y, z is 
transformed into a point with coordinates —x, — y, — z; 

(4) similarity transformation, by which a figure is trans- 
formed into a similar figure. 

All these transformations are expressed by linear transforma- 
tions of X, y, z into x', y', z'. Euclidean metrical geometry may 
be characterized as the set of propositions which express prop- 
erties which are unchanged by such linear transformations; 
it is the invariant theory of these linear transformations. All 
non-invariant relations between coordinates do not belong to 
geometry; for example, the proposition that a point has coor- 
dinates 4, 5, 7 does not belong to geometry, but to a science 
which studies the points as individuals. On the other hand, 
th^ fungtipu gf thg goorcjin^tps whigh we c^ll thg distance 
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between two points is invariant under transformations 1 to v3, 
or is multiplied by a factor independent of the position of the 
point by the similarity transformation. A similar significance 
is possessed by the proposition that two straight lines form a 
definite angle. Thus we see that invariance under a certain 
set of linear transformations characterizes the analytical expres- 
sions which represent the geometrical properties studied in 
Euclidean metrical geometry. By considering other types of 
transformation we obtain other geometries. 

Let us next consider the affine transformation, in which 
x\ y\ z' are arbitrary integral linear functions of x, y, z. Thus 

x^ — diX "4“ biy -f- CiZ -f* di 

where ai, 6i, Ci, di are constants. The affine transformation 
contains as special cases the linear transformations which char- 
acterize metrical geometry. The affine transformation trans- 
forms a plane into a plane, a straight line into a straight line, 
a system of parallel straight lines into a system of parallels. 
In general, the length of a line and the measure of the angle 
between two straight lines is changed by the affine transforma- 
tion; thus a sphere is transformed into an ellipsoid. If we 
now select from the concepts and theorems of metrical geometry 
those which are unchanged by arbitrary affine transformations 
we obtain affine geometry, which is thus the invariant theory 
of the affine transformation. This geometry does not contain 
the concepts of distance and angle, and in it the distinc- 
"*on between the ellipse and circle vanishes. There remains 
the distinction between finite and infinite regions of space, and 
the concept of the parallelism of two straights. 

I next mention the projective transformation, which includes 
the affine transformation as a special case. The analytical 
definition is that x\ y', z' are fractional linear functions of x, 
y, z which have the same denominator. In a projective trans- 
formation the parallelism of two straight lines need no longer 
be maintained. Projective geometry may be now defined as 
the invariant theory of the projective transformations. 

Lastly, we may consider the most general transformation, 
one which establishes a one-to-one and continuous transfor- 
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mation of points. Such a transformation may be exemplified 
by the arbitrary deformation of a solid piece of rubber without 
tearing. The properties of figures which are unchanged by 
such general transformations constitute the subject matter 
of topological geometry, or analysis situs. An example of a 
topological concept is the distinction between a surface of one 
side and a surface of two sides. It is easy to construct a sur- 
face with only one side, and this property is unchanged by all 
continuous point-to-point transformations. Topology is the 
invariant theory of continuous point-to-point transformations: 
^ne may say that the subject matter of topology is the qualita- 
tive properties of geometrical figures. 

6. THE CONCEPT OF GROUP 

The foregoing discussion may now be completed by intro- 
ducing the concept of group. Suppose that we have given a 
set of translations a, &, c. We shall consider an operation upon 
translations in which a translation a is succeeded by a trans- 
lation 6, symbolized by aoh. The identical transformation i 
is the one which leaves a figure unchanged, and the inverse a' 
of a translation a is like the direct translation but opposite in 
sense. Then we can verify the following laws for the opera- 
tion upon translations: 

(1) If a translation is succeeded by a translation the result 
of the operation is a translation, 

(2) The operation upon translations obeys the associative 
law, ao(boc) = (aob)oc. 

(3) If a given translation is succeeded or preceded by the 
identical translation the result is the given translation, 
aoi = ioa = a. 

(4) A translation succeeded by its inverse yields the identical 
transformation, aoa' = i. 

The foregoing laws which hold for translations may now 
be transformed into a set of postulates which serve to define 
the formal properties of a group of elements with respect to 
an operation. In abstract terms, a set of elements forms a 
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group with respect to an operation, if the following postulates 
are satisfied. 

(1) The result of an operation upon two elements is an ele- 
ment of the group. 

(2) The operation obeys the associative law. 

(3) The identical element exists. 

(4) Corresponding to every element there is an inverse ele- 
ment. 

Now the various transformations which we have discussed 
always form a group. Thus the linear transformations which 
leave the metrical properties unchanged form a group, as do, 
respectively, the affine transformations, the projective trans- 
formations, and the continuous point-to-point transformations. 
For example. Euclidean metrical geometry is the invariant 
theory of the group of translations, rotations, reflections and 
similarity transformations. Affine geometry is the invariant 
theory of the affine group. Thus the interpretation of geometry 
as the theory of the invariants of groups of transformations 
affords a systematic method of classifying geometrical prop- 
erties. 

6. THE STRUCTURE OF SPACE 

In the foregoing discussion we have seen that physical 
geometry is the study of the properties of geometrical figures, 
exemplified by physical points, lines, surfaces, and solid bodies. 
The properties of practically rigid solid bodies are of especial 
interest; figures constructed of practically rigid bodies and 
..iCasured by a practically rigid measuring rod are described 
approximately by the propositions of Euclidean metrical 
geometry. To the question, what is meant by the statement 
that space is approximately Euclidean? we are now ready 
to give the answer that geometrical figures constructed out of 
practically rigid bodies and measured by a practically rigid 
rod have approximately the properties expressed by the propo- 
sitions of Euclidean geometry. The metrical structure of space 
is the structure of configurations of practically rigid bodies. 
Physical geometry reveals the fact that to the first approxi- 
mation space is Euclidean. 
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7. IDEAL GEOMETRY 

Because of errors of measurement and an element of inde- 
terminateness in the concepts, the propositions of physical 
geometry are approximate. However, geometry is also pur- 
sued as a branch of mathematics in which the propositions are 
assumed to be exact. I shall now explain the concept of ideal 
geometry as a branch of mathematics. Ideal geometry may 
be said to arise from physical geometry by the process of ideal- 
izing geometrical figures ; thus the geometrical elements become 
points which have no parts, lines which have no thickness, sur- 
faces without depth, etc. It is difficult to give a significant 
description of such entities; the dubious procedure of defining 
them as the limits of physical elements has usually been 
employed. In order to distinguish the elements of ideal geome- 
try from the corresponding ones of physical geometry I shall 
refer to them as ideal points, lines, surfaces, etc. The physical 
measurements are to be thought of as ideally carried out with 
the aid of ideal measuring rods. The propositions expressing 
metrical and other relations of this geometry are exact. 

We have already seen that there are synthetic and analytic 
methods in geometry. The application of the synthetic method 
to ideal elements leads to the development of a deductive sys- 
tem based upon a set of axioms which express the properties 
of the ideal elements and the relations between them. A model 
for such a deductive system was furnished by Euclid's Ele- 
ments. In the analytic method geometry Is based upon equa- 
tions involving the coordinates of ideal points which are 
assumed to be determinable with ideal accuracy. 

However, the employment of the adjective ideal raises the 
question of the kind of reality possessed by these objects. 
Having initially presupposed the existence of physical bodies 
there is no problem of the existence of physical figures. We 
do, however, have the problem of the existence of the entities 
whose relations are expressed by the exact propositions of ideal 
geometry. 

Two historically important theories of the mode of existence 
of ideal geometrical elements are rationalism and intuitionism. 
Rationalism is exemplified by the traditional interpretation 
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of the Platonic theory of ideas as a logical realism. Geomet- 
rical entities have being in a realm of pure forms which are 
objects of reason and not of sense. The structures of physical 
geometry participate in the pure forms and therefore approxi- 
mately exemplify the definite relations of ideal geometry. 
Thus, a theory of pure forms is an explanation of the possibility 
of ideal geometry. 

Intuitionism in geometry is best illustrated by the Kantian 
philosophy. According to Kant geometrical figures are con- 
structed in pure intuition; the necessity and universality of 
geometry is grounded in the fact that space is an a priori form 
of intuition. The theory of intuitionism has had many adher- 
ents; the language of the theory is in current use among mathe- 
maticians. 


8. ABSTRACT GEOMETRY 

In recent years two methods have been developed which 
offer solutions of the existence of the ideal elements. One is 
Mr. Whitehead’s construction of points and other entities by 
the method of extensive abstraction; the second is the elimi- 
nation of content from the propositions of ideal geometry and 
the resultant creation of abstract geometry. 

The method of extensive abstraction is designed for the con- 
struction of entities, having the properties of the ideal entities, 
out of entities that are actually apprehended in experience. 
Mr. Whitehead applies the method to the construction of the 
concepts of a four-dimensional space-time. However, the 
method can be applied to the elements of space alone and in 
t. is way has been used by Mr. Russell and Mr. Broad. A point 
may be constructed as follows. Suppose that we have given a 
set of concentric spheres which we say have the same point as 
center. Such a set of spheres is an abstractive set. Another 
abstractive set consists of a set of cubical boxes one contained 
inside the other, and all having the same point as center. The 
properties of these abstractive sets are defined by certain pos- 
tulates. Now the class of all such abstractive sets is defined 
to be a point. Mr. Russell gives an alternative definition in 
terms of partially overlapping spheres. It seems to me, how- 
ever, that this method does not obviate the necessity of assum- 
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ing ideal entities, for the abstractive sets which will serve to 
define a definite point are themselves ideal constructions. The 
objects of sense perception have indefinite boundaries; the 
elements of the abstractive sets must have definite boundaries. 
As a matter of fact the method of extensive abstraction is purely 
formal and never comes in contact with physical reality. Inas- 
much as the abstractive sets are defined by postulates, they 
are just as abstract as the points of an abstract geometry as 
expounded, for example, by Hilbert. 

The second method of solving the problem of the existence 
of geometrical entities is the creation of an abstract geometry. 
Consider first the creation of an abstract geometry out of ideal 
synthetic geometry. The propositions of geometry express 
relations between points, lines, planes, etc. The traditional 
interpretation of geometry was that the concepts of the geomet- 
rical elements had a meaning independent of the propositions 
described by the postulates. The abstract interpretation of 
geometry limits the meaning of the concepts to those proper- 
ties expressed by the postulates. Instead of the concept of 
point one uses that of element, and instead of the concepts of 
concrete geometrical relations one employs the concept of rela- 
tion. The postulates then express the formal properties of the 
elernents and the relations. The postulates are neither true nor 
false, but are blank forms. The problem of geometry consists 
in showing that the postulates imply the theorems. The pos- 
tulates acquire a meaning and become true or false when an 
interpretation is given to the elements and the relations. 

I have already explained the creation of an abstract theory 
by the example of the theory of groups. However, it is desir- 
able to illustrate the same process for geometry. As an exam- 
ple, consider a proposition about the order of points A, B, 
and C on a straight line. If A is to the left of B, and B is to the 
left of C, then A is to the left of C. According to the traditional 
interpretation of geometry we know what a point is and know 
the relation “ to the left of,” and recognize the proposition as 
evidently true. We obtain a proposition of abstract geometry 
when we empty our concepts of all content except that implied 
by the proposition. Thus the points become undefined ele- 
ments, and the relation ” to the left of ” becomes some unspeci- 
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fied relation. Our proposition then becomes: If the element A 
has the relation R to B, and B has the relation R to C, then A has 
the relation R to C. This proposition is neither true nor false. 
It constitutes an implicit definition of the specific content of 
the terms “ element ” and “ the relation R." The relation R 
is a transitive relation and the elements are such that they 
enter into such a relation. 

If the elements are points on a line and the relation is “to 
the left of,” the resulting proposition is true. 

If the elements are real numbers and the relation is “ less 
than,” the proposition is true. 

If the elements are persons and the relation is “ loves,” the 
proposition is sometimes false. 

A physical geometry is an approximately true interpreta- 
tion of a corresponding abstract geometry. 

The postulates of an abstract geometry may be said to 
define the form of a system of elements in relation, that is, a 
relational structure. One may now raise the problem of the 
mode of existence of this relational structure. It seems clear 
that the intuitionism of Kant can not be employed in a theory 
of the reality of the relational structure defined by the postu- 
lates. The relational structure is a complex universal which 
may be exemplified in various instances, and hence the problem 
of the reality of mathematical objects is that of the reality of 
universals. I shall not attempt to solve this problem in the 
present work. 

The foregoing exposition of abstract geometry assumed the 
synthetic method as a basis for discussion. I shall now con- 
sider the formation of an abstract analytic geometry. In ana- 
lytic geometry we choose a coordinate system and determine 
the positions of points by coordinates. If we use a Cartesian 
system the coordinates are the distances of the point from the 
coordinate axes. Geometrical properties are expressed by 
functions of the coordinates. In ideal analytic geometry we 
think of the coordinates as ideally determined by ideal measur- 
ing rods. 

The transition to abstract analytic geometry may occur in 
two steps. The first step consists in considering the point as 
merely a set of numbers («, y, z). In ideal analytic geometry 
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an equation in these variables represents a geometrical figure 
—thus X — y = 0 is the equation of a straight line through 
the origin and inclined at an angle of 45° with the positive 
direction of the x axis. If we consider x, y, z as merely a set 
of numbers then this equation will be neither true nor false 
but a functional relation between variable numbers which 
yields a true proposition for some numbers and a false proposi- 
tion for others. This is the level of the ordinary algebra and 
analysis of real variables. On this level true propositions are 
exemplified by: If — y = 0 then x = y. 

The final stage of abstraction is that in which we consider 
X, y, z as elements which satisfy certain postulates. Then, 
jc — y = 0 implies x = y, becomes a blank form. By these 
methods one is able to obtain an abstract theory of algebra 
and analysis which is identical with that for geometry. 

In this book we shall remain on the first level of abstrac- 
tion, that of the algebra and analysis of real variables. I shall 
call this pure analysis in order to reserve the term abstract for 
the final stage of abstraction. Then (jc, y, z) is a set of numbers. 
These sets of numbers constitute a number space. 

In the preceding chapter I distinguished between theoretical 
physics, ideal theoretical physics and mathematical physics. 
In the present chapter on geometry the general propositions of 
physical geometry belong to theoretical physics, the proposi- 
tions of ideal geometry belong to ideal theoretical physics, 
and the propositions of the algebra and theory of functions 
of real variables belong to mathematical physics. I have 
not considered a physics which belongs to ultra abstract 
mathematics. 

The outcome of the previous discussion is that we need to 
consider only physical synthetic and analytic geometry, and 
pure analytic geometry In the sense of pure algebra and analy- 
sis. Physical synthetic geometry is an approximately true 
interpretation of some abstract set of postulates. An algebra 
of real variables furnishes an exactly true interpretation of 
some abstract set of postulates. Physical analytic geometry 
furnishes an interpretation of real variables in virtue of which 
undetermined functional relations between variables become 
approximately true. In general, assuming the work of experi- 
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mental physics, we need only theoretical physics and mathe- 
matical physics. 

9. CONCLUSIONS 

Let us now review the results of the preceding discussion. 

About space one may say that things in space can be known 
in sensation, hence space is a character of experience. Space 
was defined as the totality of possibilities of relative position 
of things and phenomena. This definition provides a basis for 
a relational analysis of space. One can define the concept of 
extension as a quality in terms of the relation of the end points 
of a segment. In our study of space we utilized the motion of 
bodies, and thus space is a frame for motion. 

One also ascribes a structure to space. My view is that 
the structure of space is merely the relational structure of con- 
figurations of practically rigid bodies. In this way geometry, 
which is the study of the spatial properties of configurations, 
describes the structure of space. In order to develop metrical 
geometry we define the concept of congruence and postulate 
that a specified rigid rod is to have unit length. The measure- 
ment of configurations of practically rigid bodies then shows 
that their metrical properties are expressed approximately by 
the propositions of Euclidean geometry. We express this 
result by the statement that physical space is Euclidean. 

It must be emphasized, however, that this experimental 
result is relative to a definition, namely, that a rigid rod retains 
the same length (measure number) upon displacement. This 
a natural definition in that it agrees with our qualitative esti- 
mates of extension. Strictly speaking, however, it is a priori 
for the present stage of the discussion. Later, it will become 
desirable to revise the definition in order to take account of 
changes of temperature, etc. Thus our a priori is an empirical 
one; it is subject to revision. Once the definition has been laid 
down, the experimental results are based upon the experiences 
of coincidences of points. It is an experimental fact that the 
properties of practically rigid bodies with respect to congru- 
ence are expressed by the propositions of Euclidean geometry. 

In order to express this result we may employ the proposi- 
tions of the synthetic method, or we may use the analytic 
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method. In analytical terms the proposition that space is 
Euclidean means that it is possible to construct a physical Car- 
tesian system of coordinates, that is, we can build up a cubical 
lattice out of unit measuring rods. The distance between two 
points is then given by 

52 = (X2 — Xi)2 -f (y2 — yiY + (22 — 2l)^ 

where the values of the variables are numbers obtained from 
the observation of coincidences of the points with points of the 
lattice. This function of the coordinates is invariant under a 
translation and rotation, that is, a certain linear transforma- 
tion. The Euclidean properties of figures are unchanged by 
such a transformation — thus a straight line is transformed into 
a straight line. The proposition that the sum of the angles of 
a triangle is two right angles is invariant under the transfor- 
mation. Thus Euclidean geometry includes the theory of the 
invariants of the group of transformations under which the 
distance between two points is invariant. 

The discussion thus far has been in terms of physical geome- 
try. Now Euclidean geometry can be based upon a set of 
axioms from which all the other propositions can be deduced 
as theorems. We obtain abstract synthetic geometry when 
we transform the approximate axioms into exact postulates 
which define the formal properties of the elements and rela- 
tions. Let us suppose this to have been done. Then the pos- 
tulates of Euclidean geometry define the concept of rigid body. 

At the beginning of the analysis of geometry I assumed a 
concept of practically rigid body. Our concept of rigid body 
was partially expressed by the concept of congruence which 
in turn was expressed by the propositions which assert that 
congruence is a symmetrical and transitive relation. Then 
we discovered Euclidean geometry. Experimentally discov- 
ered Euclidean geometry is now transformed into a set of 
abstract postulates which define the formal content of the 
concepts of rigid body and congruence. The course of develop- 
ment is that special propositions define a concept which gives 
rise to more general propositions which are then employed to 
define the concept independently of the special subject matter. 
Thus the postulates of Euclidean geometry define the formal 
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properties of rigid bodies. This, however, is not enough for 
physics — we must also have contact with bodies given in experi- 
ence, and so we point to a concrete body which serves as a 
standard. Thus our physical science of the positional relations 
of practically rigid bodies contains two factors: (1) A formal 
factor, i.e., the postulates of Euclidean geometry. These pos- 
tulates define the formal characteristics of rigid bodies. (2) 
A material factor. We point to a concrete thing and declare 
that it is a rigid body of length L Then the postulates serve 
as a criterion for the recognition of other things as rigid bodies. 
All those things which have the relation to the standard 
expressed by the postulates are rigid bodies. It is an empiri- 
cal fact that there is a system of things which approximately 
have the properties expressed by the postulates. 

Let us now consider the analytic formulation. Adopting 
Euclidean geometry initially as an induction from experience, 
we can express it by saying that it is possible to construct Car- 
tesian coordinates so that 


^2 = (^2 xiY + (y2 - yiY + (22 - Zi)2. 


If we deprive these variables of physical significance, we get 
our pure analytic geometry. We then build up a theory of 
invariants under a group of transformations which leave the 
foregoing function invariant. 

The physical definition of rigid body now contains two 
factors : 

(1) The formal factor is the proposition that 


52 (^2 - xiY + { y 2 — yiY + (22 21)2 

is to be invariant under certain transformations. 

(2) The material factor, is that the values of the variables 
are to be determined by this standard rigid body. Space 
is Euclidean means: It is possible to assign numbers x, y, z 
by operations with a rod and the observation of coincidences 
such that 

= {X2 — XiY 4* . . . 


is invariant under certain transformations. 
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In the chapter on Riemannian geometry we shall need to 
assume that the continuum is Euclidean to the first order in 
the immediate neighborhood of a point. For this purpose we 
express the Euclidean structure of space in differential form 
by 

+ dy^^ + dz^. 


ds is the differential of distance along the arc between the points 
(x, y, z) and {x dx, y dy, z + dz). 

10. GEOMETRICAL OPTICS 

The application of Euclidean geometry to geometrical 
optics is important. Among the things given in experience 
are some which we characterize as visible. For example, 
before me on the table is a piece of white paper, which is an 
example of a visible body. Visible bodies are characterized by 
the property that they are capable of being seen. Now we 
observe that the visibility of bodies is largely dependent upon 
the existence of other visible bodies. Thus I enter a dark room 
with a lighted candle, and thereupon other bodies in the room 
become visible; I remove the candle and the bodies in the 
room can no longer be seen. A lighted candle is an example of 
a class of bodies which may be called luminous; the sun 
and the stars are luminous bodies. On the basis of experiments 
such as that with the candle we call the luminous body the 
cause of the visibility of surrounding bodies. Inasmuch as 
luminous bodies illuminate bodies in the vicinity, we conceive 
of something propagated from the luminous body to neighbor- 
ing bodies, thereby illuminating them, that is, rendering them 
visible. Also an illuminated body may in turn illuminate other 
bodies. In physics the term light is applied to the physical 
condition which is propagated from a luminous body to other 
bodies. 

The concept of a condition of visibility that is propagated 
from a luminous body to another body expresses empirical 
laws. The experimental basis is that there are certain observ- 
able relations between visible bodies which may be expressed 
by the statement that a luminous body is the origin of the con- 
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dition which renders other bodies visible. The concept of the 
propagation of light is thus based upon verifiable empirical 
laws. Using only the criterion of condition of visibility these 
laws may readily be established. 

A fundamental law is expressed by the proposition that to 
the first approximation light travels in straight lines. Observ- 
ing that if one places an opaque body between a luminous body 
and a screen, an approximately sharply defined shadow of the 
opaque body is formed on the screen, one is able to conceive 
of light as propagated along straight lines in rays. 

Another law relates to the reflection of light. If a ray of 
light strikes a smooth surface it is reflected so that the angle 
of incidence is equal to the angle of reflection. 

If a ray passes from one medium into another the direction 
of the ray is changed; this is called refraction. Experiment 
shows that the ratio of the sine of the angle of incidence to the 
sine of the angle of refraction is constant for given media. One 
then defines a physical quantity, called the index of refraction, 
by this ratio. By convention the angle of incidence is measured 
in air. 

The study of the propagation of light in rays, and of the 
reflection and refraction of rays is the subject matter of geomet- 
rical optics, a science which contains a minimum of hypotheses. 

Geometrical optics may be based upon Fermat’s principle 
of least time, namely, that the path of a ray of light between 
two points is determined by the condition that the time of 
propagation along the natural path is less than along an adja- 
cent path. Initially, the concepts of geometrical optics are 
bwsed upon the epistemological priority of tactual over visual 
aspects, as was clearly recognized by Berkeley in his New 
Theory of Vision. The laws of geometrical optics are formu- 
lated in terms of the tactual aspects as standard for the deter- 
mination of position in space. The visual aspects belonging 
to a body are related to the tactual aspects by the laws of per- 
spective and other laws of optics. The stick in the water 
appears bent, but is “ really ” straight because the straight 
tactual aspect is unchanged by the water. The distinction 
between a real image and a virtual image is that a real image 
can be formed on something tangible, whereas the virtual 



74 


EUCLIDEAN GEOMETRY 


image can not. Once the laws of optics have been obtained, 
optical methods may be employed to make geometrical meas- 
urements. Indeed, one may say that the concept of space is 
redefined in terms of geometrical optics. 
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CHAPTER III 


THE THEORY OF TIME 
1. THE CONCEPT OF TIME 

The concept of time is a fundamental concept of physics. 
Thus physical processes are said to take place in time; in par- 
ticular, motion may be described as change of position in space 
with time. Physical bodies have the characteristic that they 
persist in time. 

Among the historical statements concerning time one finds 
the following. 

(1) Time passes. Time is the quality of passage. 

(2) Leibniz described time as the order of succession of phe- 
nomena. 

(3) According to Kant time is an a priori form of intuition. 

In the present discussion I shall base the theory of time 
upon the concept of event; an event Is a brief physical process. 
Events are distinguished by the fact that they stand in the 
relations of simultaneity or succession. I describe time as the 
totality of possibilities of relative temporal position of events. 
L.ike space, time is a manifold, but a one-dimensional manifold : 
this means that in the analytical description of the temporal 
position of events only one number is necessary to specify the 
position of the event relative to some origin and unit of time. 

With regard to temporal position one may hold either an 
absolute theory or a relational theory. I shall adopt the rela- 
tional theory and thus our definition agrees with the view of 
Leibniz that time is the order of succession of phenomena. 
The boundary events of a process are related as earlier and 
later, and the process as a whole may be thought of as pos- 
sessing the quality of passage. Thus a process has duration 
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which we define in terms of a relation between the beginning 
and end of the process. Physical events which have position 
in time are apprehended in sensation, and thus time is a 
character of experience. 

The preceding metaphysical description of time will afford 
a basis for the discussion of time in physics. The physical 
problem is one of the method of measuring time. In order to 
discuss the problem of time in physics it is desirable to dis- 
tinguish between (a) time at a place, local time, and (b) time 
throughout space, extended time. I shall first consider the 
measurement of time at a given place. 

As a starting point we shall assume the concept of event. 
A fundamental relation of events is that of simultaneity; two 
events may be simultaneous, such as the sounding of a whistle 
and the starting of a light signal. This meaning of simultaneity 
is based upon a direct experience of the simultaneous occur- 
rence of two events. The estimate of simultaneity is based 
upon an observation of temporal coincidence which is analogous 
to the observation of coincidence of points in space. As in the 
case of space, the quantitative concepts of time are based upon 
a matching or estimate of similarity of qualities; simultaneity 
is similarity with respect to temporal position. 

In addition to the concept of simultaneity of two events we 
also have the concept of the relation of succession of two events. 
Thus I assume that one knows the meaning of the proposition, 
ball B is projected vertically upwards after ball A, A tem- 
poral process is marked out by two events, the beginning 
and the end, of which the first is earlier and the second is 
later. 

We have experiences of various processes that are going 
on in time. The distinguishable processes are simultaneous 
in the sense that events in one process are simultaneous with 
events in other processes. Thus we may experience simulta- 
neously the process of breathing, the pulse beat, the rumble of 
a passing train, the passage of an airplane overhead. The 
concept of interval of time or duration is the result of abstrac- 
tion from these simultaneously occurring processes. On the 
qualitative level we also have crude comparisons of the inter- 
vals between events or the durations of processes — thus the 
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interval of time between the rising and setting of the sun is 
long in comparison with the interval between two pulse beats. 

When we seek to construct a metrical theory of time we 
come upon the problem of the structxire of time. Now time in 
itself has no definite structure; the structure of time is the 
relational structure of certain processes. An example of such 
a process is the swing of a pendulum. The beginning of the 
swing may be chosen as the time when the pendulum bob is 
at one end of its path; the end of the swing is the time when 
it first returns to this position. Suppose that we have two 
pendulums of equal length; then they will swing together. If 
A swings together with B then B swings together with A, 
Furthermore, if A swings together with S, and B with C, then 
A swings together with C. Thus there is a symmetrical and 
transitive relation between the pendulums which swing together. 
We express this by the proposition that the pendulums are 
synchronous; by the principle of abstraction we ascribe to the 
synchronous processes a common relation, the same interval 
of time. In this way a swing of a pendulum is characterized 
by an interval of time which is a relation between the begin- 
ning and end of the process. One can also ascribe a duration 
to the swing as a whole. Hence a given process may be charac- 
terized by a relation^ interval of time, or by a quality, duration. 
Interval of time, and duration, are measurable properties. 

2. THE MEASUREMENT OF LOCAL TIME 

The synchronous motion of two pendulums may be the 
basis of the physical concept of time interval. The vibrations 
of two synchronous pendulums are equal in interval of time, 
which may be expressed by the proposition that the vibrations 
are isochronous. Thus we represent the concept of equality 
with respect to interval as an abstraction from the experience 
of the synchronous motion of pendulums of equal length. 
Then we further make the assumption that successive vibra- 
tions of a pendulum are isochronous, that is, equal in time. This 
is a definition concerning which it is meaningless in the present 
stage of discussion to ask whether or not it is correct. The 
assumption, however, agrees with a qualitative estimate of 
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the temporal similarity of successive vibrations of a pendulum. 
We have the further problem of the equality in time of vibra- 
tions of pendulums separated in space, but this will require a 
special discussion. 

Historical accounts of the measurement of time reveal the 
fact that various physical processes have been employed to 
define an interval of time. The interval between successive 
full moons, the interval between seasons, the interval of one 
rotation of the earth about its axis, the time required for sand 
to run out of an hour glass, the interval between pulse beats, 
the time required for a certain amount of water to escape from 
the opening of a vessel — these are among the different stand- 
ards of time which have been employed. Galileo, for example, 
by means of his pulse beat, determined that the swings of a 
pendulum take the same time. It is a remarkable fact that 
all these standards of time agree approximately in the defini- 
tion of isochronous intervals. This agreement corresponds to 
the agreement of the coincidence of practically rigid bodies 
in space. We may therefore maintain that we conceive of 
time to have a structure which is that of certain isochronous 
processes. 

In order to measure any interval of time we need to choose 
some time interval as a unit. The unit of interval is embodied 
in the rhythmical process of some mechanism, called a clock, 
which is subject to the same conditions as estimated qualita- 
tively. Successive processes of the standard clock define equal 
intervals of time; the measure of time of any process is obtained 
by counting the number of standard intervals during the 
process. Thus one notes the position of the indicator of the 
standard clock which is simultaneous with the beginning of the 
process, and then counts the number of intervals of the clock 
until the end of the process. Hence the measurement of the 
duration of a physical process is based upon the observation 
of coincidences in space and time. The unit of time employed 
in physics is defined by the rotation of the earth; it is called 
the second and is 1/86,400 of the mean solar day. 

In the discussion of length I distinguished between extension, 
a measurable property, and length. The expression the 
length ” denotes a physical quantity, that is, the measure 
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number which is assigned to extension. It is more difficult 
to distinguish between the measurable property and the physi- 
cal quantity in the case of time. We need to distinguish 
between interval of time as a measurable relation and “ the 
interval of time ” which is a physical quantity. We may also 
distinguish between the duration of a process and “ the time ” 
of a process. 

Upon the adoption of a unit of time interval one can meas- 
ure the duration of physical processes and thereby discover 
laws. Thus obtaining the laws of motion enables one to con- 
trol the conditions to which the clock is subject, and then one 
is able to define the unit of time to a higher approximation. 
Now as a first approximation the unit of time is defined by 
the rotation of the earth. But it follows from the laws of 
motion that the angular velocity of the earth is decreasing on 
account of tidal friction. Hereupon we seem to fall into a 
contradiction, because the concept of a unit implies that it 
remains constant. The contradiction is resolved by orders of 
approximation: to the first order the angular velocity of the 
earth is constant; to the second order the angular velocity is 
decreasing slowly. This means that the second approxima- 
tion in the definition of the unit of time is by means of the laws 
of motion. The other quantities entering the laws of motion, 
for example, mass, are measured on the assumption that the 
unit of time defined by the rotation of the earth remains con- 
stant. 

Having chosen a unit of time interval we can measure the 
interval of time between two events by counting the number 
oi unit intervals between the earlier and later events. The 
interval of time is expressed by a proposition such as: The 
time in seconds of this process is 2. In the representation of 
temporal properties one may use either a synthetic method 
or an analytic method. Using the synthetic method, one 
expresses the time interval between two events directly; for 
example, the time interval between the emission of light from 
the sun cmd its arrival at the earth is 8 minutes. Using the 
analytic method, one expresses the dates of events with respect 
to some origin. The time interval between two events is the 
difference of the dates: thus the light was emitted by the sun 
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at 12:00, and it arrived at the earth at 12:08. In the analytic 
method one chooses a certain event as the origin from which 
to measure time. Time is homogeneous and hence the tem- 
poral properties of processes are invariant under a transforma- 
tion of origin. The general character of a physical process is 
independent of the initial time. 

3. PHYSICAL THEORY AND ABSTRACT THEORY 

In the theory of space I distinguished between physical 
geometry, ideal geometry and abstract geometry; I shall make 
a similar distinction for the theory of time. Thus far I have 
presented a physical theory of time in which the concept of 
event is fundamental. In the measurement of time intervals 
the fundamental process is the determination of simultaneity. 
The observation of simultaneity, which is similarity with respect 
to temporal position, is usually combined with the observation 
of coincidences. Like the physical point, the event lacks 
precision of character. The indefiniteness of the points and 
events which occur in the physical theory of time renders 
inexact our physical measures of time. In order to construct 
an exact theory of time the physical concepts have been re- 
placed by concepts of ideal entities. Events thus become 
instants which have neither parts nor magnitude ; instants have 
been defined as the limits of events. Moreover, the physical 
measures are thought of as ideally determined by means of 
ideal clocks, and the propositions expressing metrical and other 
relations in time are exact. However, as in the case of space, 
the use of the adjective ideal raises the problem of the kind of 
reality possessed by instants, ideal simultaneity, etc. 

One method of solution of the problem of ideal time is that 
of Mr. Whitehead. He constructs instants out of finitely 
extended durations by the method of extensive abstraction. 
But this method does not solve the problem of the reality of 
the ideal entities, because the abstractive sets, which will 
serve to define a definite instant, are themselves ideal con- 
structions. 

A second method of solving the problem of the existence 
of ideal temporal entities and relations is the creation of an 
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abstract theory of time. The propositions about time express 
relations between instants. In the ideal theory the concept 
of instant has a meaning in addition to the formal properties 
expressed by the propositions. In the abstract theory of 
time the meaning of the concepts is limited to formal 
properties; one replaces the concept of instant by that of 
element, and instead of the concepts of concrete temporal 
relations one employs the general concept of relation. The 
propositions express the formal properties of the elements and 
relations; they are blank forms which become true or false 
when an interpretation is given to the elements and the rela- 
tions. In the physical theory of time we have the proposition: 
If event A precedes event B, and event B precedes event C, then 
event A precedes event C. 

In the abstract theory this proposition becomes: 

ARB • BRC implies ARC. 

This abstract proposition defines the relation i? to be a transi- 
tive relation. \{ Ay B and C are physical events and the rela- 
tion R is the relation of earlier and later, then the proposition 
is approximately satisfied. The abstract theory of time is that 
it is a one-dimensional continuum. In the traditional abstract 
theory of time one interprets the elements directly as physical 
events. In Mr. Whitehead's theory, however, the elements 
with the relations described by the postulates are to be inter- 
preted as extended processes. In either case the sets of postu- 
lates are only approximately satisfied by empirical entities, 
^"^r. Whitehead's theory is an abstract theory with a new set 
of indefinables and postulates. 

There is also a pure analytic theory of time, similar to pure 
analytic geometry, in which an instant of time is represented 
by a real number, and the one-dimensional manifold consti- 
tuting time is represented by the continuum of real numbers. 
The relations between the numbers are satisfied approximately 
by the physical measures of time. From the pure point of 
view time is the independent variable in the equations of 
dynamics. 

Thus for physical time we need only a physical theory and 
a pure analytic theory. The physical theory is based upon 



82 


THE THEORY OF TIME 


the concept of physical event, and the concepts of the simul- 
taneity and succession of events. The pure theory is the 
theory of the continuum of real numbers; an instant of time 
is represented by a real number. In view of the theory of 
physical quantities as numbers which are assigned by opera- 
tions, it seems clear that the pure theory is sufficient. 

I have distinguished between abstract synthetic theory and 
a pure analytic theory. The abstract synthetic theory carries 
the process of abstraction one step beyond the pure analytic 
theory, for the correlation of instants with real numbers is 
already an interpretation of an abstract theory. The rela- 
tional structure of the continuum of real numbers is identical 
with that of time as abstractly conceived. However, the pure 
analytic theory is abstract with respect to the interpretation 
of the numbers as physical measures. 

The relational structure of time may be represented graph- 
ically. The space of a line is a manifold of one dimension 
which has the same relational structure as time; in this way 
time may be represented by a line. The analytic representa- 
tion of points on the line in terms of distances from an origin 
corresponds to the representation of time in terms of intervals 
measured from an origin. 

In concluding this section I recall that we have been con- 
sidering only local time, that is, time at a place. In experi- 
mental physics, which furnishes data to theory, a place is a 
region which is small in comparison with other regions which 
may be considered. Expressed in terms of an ideal space, 
local time is time at a point. We have seen that this is to be 
expressed in purely analytic terms. 

4. EXTENDED TIME 

I have now to complete the account of time by a theory 
of time throughout space. Prior to the theory of relativity 
physicists were hardly aware of this problem; it was assumed 
that we knew, for example, the meaning of simultaneity 
throughout space. I think that in classical physics both our 
metaphysical concepts and mathematical theory outran our 
physics. The metaphysical concept of absolute time seemed to 
offer a clear conception of simultaneity extending throughout 
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space; in the mathematical theory the coordinates of sepa- 
rated particles were expressed as functions of an independent 
variable /, and since the mathematical problem consisted in 
the solution of differential equations the question of the meas- 
urement of t did not arise. In physics, however, the concept 
of time throughout space must be defined in such a way that 
we know how to compare the times of events at separated 
points. 

In order to extend time throughout space we may conceive 
of similar clocks located at the various points at which we may 
wish to know the time of events. At a given place we know 
the meaning of simultaneity; the time of an event is indicated 
by the position of the hand of the local clock simultaneous 
with the event. By comparing the readings of the clocks for 
different events one can determine the temporal relations of 
the various separated events. However, we must first syn- 
chronize the clocks. 

There appear to be two methods of synchronizing clocks: 
the method of transport and the method of signaling. Sup- 
pose that at a given place we have two similar clocks that run 
synchronously. One may extend the time at the given place 
to another place by moving one of the clocks there, thereby 
postulating that the rate of the clock is not changed by the 
motion. When the captain of a ship determines the time by a 
chronometer, which was set at the port of sailing, he is employ- 
ing the method of extending time throughout space by the 
transport of a clock. Similarly the locomotive engineer 
extends a time system along the railroad track by transport 
ot his watch. This procedure is possible in physics. 

The second method of synchronizing clocks is that of signal- 
ing. Given clocks at points A and J5. Suppose that at time 
Ia a signal is sent from A to By where it is immediately reflected, 
and returns to A at time /'a. One can then synchronize the 
two clocks by the postulate that 

Ia + t^A 

This is equivalent to the assumption that the average speed 
of the signal from ^4 to B is the same as the average speed of 
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the signal from B to Ay which is a natural assumption in view 
of the isotropic character of space as determined from experi- 
ments on practically rigid bodies. If the speed of the signal 
is infinite then ts ~ Ia — 

The preceding definition enables us to say that an event at 
A is simultaneous with an event at B if Ia = Ib. 

The problem of extending time throughout space does not 
seem to have been realized by the classical physicists. In 
many instances they undoubtedly transported their clocks 
with the tacit assumption that the rate remained the same; 
in other cases they used the method of signaling and assumed 
that the speed of the signal was infinite. Thus when Galileo 
measured the time in which a ball rolls down an inclined plane 
he had only one clock, his water clock. He started the clock 
when he released the ball and stopped it when he observed 
that the ball had arrived at the foot of the plane. For the 
small space in which the experiment took place he assumed 
that the time was determined by his single clock — or, if one 
wishes to be more rigorous, one may say that the time at the 
top of the plane and the time at the bottom of the plane were 
obtained from the time at the clock by light signals whose 
speed was so great that it was assumed to be infinite. It seems 
clear that the classical physicists did not have a standardized 
procedure for the extension of time throughout space; they 
thought in terms of a metaphysical concept of absolute time, 
and transported clocks and used signals in an uncritical 
fashion. 

The problem of time was made central in physics by Ein- 
stein. His method of extending time throughout a space 
resulted in the conception of time as relative to a frame of 
reference. 
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KINEMATICS 
1. KINEMATICS OF A POINT 

In the preceding chapters we have considered the concepts 
of geometrical properties, especially the concepts of geometrical 
quantities such as the measure of distance, angle, etc., and 
further the concepts of temporal properties and of temporal 
quantities such as the measure of time interval. In the gen- 
eral sense these are all physical quantities: they are measure 
numbers which are assigned to measurable characters. The 
quantities are referred to as: the distance, the angle, the x 
coordinate, the time. In the present chapter we shall take up 
the concepts of quantities which serve to describe motionr 
The subject matter of this chapter is kinematics, which may 
be characterized as the description of motion. Inasmuch as 
motion Is change of position in space with time, the quantities 
of kinematics are to be defined in terms of geometrical and 
temporal quantities. 

The fundamental condition for the description of motion 
‘s the choice of a frame of reference. The representation of 
the motion of any body depends upon the frame of reference 
employed, as can be seen from a simple example. Suppose 
that a train is moving along a straight track, and a man in the 
train drops a stone out of the window. What is the path of 
the stone? The man in the train would use the car as a frame 
of reference, and relative to this frame the stone moves in a 
straight line. An observer on the ground would choose the 
surface of the earth as a frame of reference, and relative to it 
the stone moves in a parabolic path. Relative to a frame 
attached to the sun the path would be still different. Thus 
the description of motion presupposes the selection of a frame 
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of reference. The most frequently employed frame consists 
of three mutually perpendicular planes like the three sides of 
a box, or sometimes it is convenient to use curved surfaces, 
and in the general theory of relativity flexible surfaces are per- 
missible. Frames of reference are physical coordinate axes. 
The frame must be thought of as constituted so that it does 
not interfere with the motion of bodies. A system of reference 
is a frame provided with measuring rods and clocks; we may 
also think of a system of reference as a lattice system of 
coordinate lines to the points of which clocks are attached. 

In order to introduce the concepts of kinematics I shall 
define them for the simplest possible case, the motion of a 
point in a straight line. We begin with the concept of the 
position of a point on the line; the relative position is deter- 
mined by assigning the measure of distance, the distance from 
a fixed point, the origin. In this case the frame of reference 
reduces to a line. I shall denote the distance from the origin 
by s. The result of a motion of the point is a change in the dis- 
tance from the origin : let us represent the distance passed over 
by Ai, and the time of the motion by At. As and At are 
increments of ^ and t, respectively. Average speed is now 
defined as 

As 

The question now arises, what is the significance of this defini- 
tion? From the traditional point of view the symbol of divi- 
sion represents a rate. Average speed is average rate of change 
of distance with respect to time. Average speed is a magni- 
tude which is a correlation of the magnitudes distance and 
interval of time. According to the point of view adopted in 
this book, the preceding equation defines the measure of aver- 
age speed as the measure of distance divided by the measure 
of time. We express this by the statement that the average 
speed is equal to the distemce divided by the time. 

Thus far we have considered only characters of the motion 
as a whole. In order to describe the instantaneous characters 
of a motion we define the concept of instantaneous speed at 
time t. Let A/ be a time interval extending from time t, and 
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As be the distance passed over during the time At. The average 
As 

speed is — . Now let At approach zero as a limit* then 
At 

also approaches zero as a limit. — approaches a finite 

At 

limiting value. The instantaneous speed at t is defined as the 
As 

limit of — when A< approaches zero as a limit. 

Here again we are confronted by the difference between 
the traditional and contemporary interpretation of equations. 
There is a difficulty in the conception of the limiting process. 
Whether we define instantaneous speed as the limit of a rela- 
tion between two magnitudes, or as the limit of a ratio between 
two measures, we are confronted by the difficulty that we can 
not actually arrive at the limit for a concrete motion. There 
is a finite limit to the qualities which we apprehend and the 
numbers which we assign. This suggests the distinction between 
physical kinematics, ideal kinematics, and pure kinematics. 
Physical kinematics is a description of the motions of physical 
points, etc., in terms of physical measures made with material 
measuring rods and clocks. Like physical geometry physical 
kinematics is inexact. Ideal kinematics is an exact descrip- 
tion of the motion of ideal points in terms of ideal measures. 
The problem of the reality of these ideal entities renders this 
sort of kinematics unsatisfactory. In pure kinematics we deal 
with variable numbers which may be interpreted as the physi- 
cal measures of geometrical and temporal quantities. Thus 
•om the pure point of view we have given a variable number ^ 
as a function of another variable t ; 

^ =/(f). 

We assume that the function is continuous and has a deriva- 
tive 

ds As 

— = lim — . 
dt At 

The differential calculus is the study of derivatives independ- 
ently of whether they can be employed to represent characters 
of motion. 
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Classical physical kinematics is now characterized by the 
following physical assumption. If 5 is the measured coordinate 
of a physical point at the measured time t, an instantaneous 

/\ y ^ 

speed at t is defined by — where the interval is made as small 

as is technically possible. A functional relation ^ = J{t) is 
approximately satisfied by the measured values of j and /, 
ds 

and the number — is the more closely approximated to by 
dt 

the instantaneous speed the smaller Ai is taken. 

Thus I concede the difficulty in the conception of a physical 
derivative, but employ a mathematical representation of physi- 
cal objects and processes which admits of exact deductions. 

In the remainder of the book we shall use the symbolism 
of analysis. 

Finally I define the acceleration of a point as the rate of 
change of speed, 

_dv _ d^s 
^ dt dfi 

I now repeat the preceding discussion for the general cur- 
vilinear motion of a point. The position of a point may be 
determined with respect to a Cartesian frame of reference by 
the three Cartesian coordinates of the point (x, y, z). Con- 
sider a line drawn from the origin of coordinates to the point; 
this directed line, then, determines the position of the point. 
The components of this line, x, y, z, are the components of a 
vector, hence the position of a point is determined by the 
vector (x, y, z) which we symbolize by r. We can now describe 
the motion of the point in terms of the changes of the position 
vector. This is the vectorial representation of kinematics. 

The displacement of a point is its change of position; it 
Is a directed line running from the initial point to the final 
point. I here use “ displacement ” for a particular process. 
In the traditional" physics a displacement would have been 
called a vector. However, I am using the term vector for a 
set of three physical quantities. The displacement in the 
above sense may be represented by three numbers, which are 
the respective changes In the components of the position 
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vector. Thus Ar is the physical quantity displacement in 
the sense of three physical quantities. The physical quantity 
displacement is to be distinguished from the distance meas- 
ured along the path of the motion. 

Suppose that the displacement is Ar in time A^. Then 
we can define the average velocity by 

Ar 

V = — . 

At 

The instantaneous velocity is defined by 

dr Ar 

V = — = hm — . 
dt A«— ^oA^ 

The acceleration is defined by 

_dv __ dH 
dt dtp' ' 

A vector equation ^ ~ ^ stands for three scalar equations 


Vz = 


dx 

dt 


Vy = 


dy 

dt 


Vz 


dz 

di' 


The application of these concepts in physical kinematics is 
based upon physical assumptions similar to the one previously 
formulated for motion in a straight line. 


dx 

I remark that we frequently write x for — ■ and x for 

at 


d^x 
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2. APPLICATIONS OF KINEMATICS 

Thus far I have merely stated definitions; we must now 
examine some processes to which the concepts are applicable. 
As a first example of the applicability of the concepts of kine- 
matics for the description of motion we may consider motion 
in a straight line with constant acceleration, such a motion 
as is exemplified approximately by a freely falling body and 
by a ball rolling down an inclined plane. The latter motion 
was the subject of Galileo’s classical experiments. The motion 
is described by the differential equation: 

d?s 

that is, the absolute value of the acceleration is constant. 
Now acceleration is an instantaneous property of the motion. 
We do not measure the acceleration directly, but determine 
for a whole motion the character which flows from the instan- 
taneous property. Thus we assume that the differential equa- 
tion holds throughout the motion. By integration we obtain 

^ = ^0 + vot 

Assuming that the body starts at rest from the origin at time 
t = 0, 

Thus if the instantaneous property expressed by the differ- 
ential equation holds throughout the motion, the distance 
passed over varies as the square of the time. 

The preceding example illustrates how an instantaneous 
property of a motion is described by a differential equation. 
The hypothesis is made that the differential equation holds 
throughout an interval of time, and a solution expressing ^ as 
a function of t is obtained by integration. The quantities ^ 
and t can be measured directly, hence the hypothesis can be 
tested by testing deductions from it. 

An important kind of motion is simple harmonic motion, 
that is, the vibration of a point along a straight line such that 
the ac^ieleration is directed towards the center of the path and 
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is proportional to the distance from the center, 
ential equation is 



The differ- 


An important kinematical problem is the description of 
the motion of the heavenly bodies. The concepts for the 
motion of a point are sufficient for a description to the first 
approximation. It is clear that the description will depend 
upon the frame of reference employed. In the Ptolemaic 
astronomy the origin of the frame of reference was the earth, 
whereas in the theory of Copernicus the origin was the sun. 
Upon the basis of the Copemican frame of reference Kepler 
discovered three laws which determine the motions of the 
planets in elliptical orbits around the sun. It is of interest to 
note that, like the solution of the differential equation for fall- 
ing bodies, these laws are expressed in terms of quantities which 
characterize the motion as a whole. Newton subsequently 
discovered the differential equation which describes the instan- 
taneous character of the motions of the heavenly bodies. 

From the standpoint of pure theory the Ptolemaic and 
Copemican frames of reference are equally permissible. The 
Copemican frame, however, rendered possible a simpler kine- 
matics and furnished the basis for a simple celestial mechanics. 


3. TRANSFORMATION OF SYSTEM OF REFERENCE 

The description of motion depends upon the system of 
reference. Now if a motion is referred to a given system we 
may wish to find the description relative to some other system. 
I shall therefore discuss briefly the transformation of systems 
of reference in the classical kinematics; by a system of refer- 
ence I mean a frame of reference provided with measuring 
rods and clocks. 

Given a system of reference (K). in which one can deter- 
mine the Cartesian coordinates x, y, z of a point and the time t 
of an event. Let K' be a second system in which one can deter- 
mine the Cartesian coordinates x', y', z', and the time t'. With 
respect to K the coordinates of the origin of K' are xo, yo, 3o. 
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I shall further assume that the x', y', z' axes are parallel to the 
X, y, z axes, respectively. 

Assume first that K' is at rest with respect to K. Then 
the transformation equations are 

jc' = X — XO 

y' = y - yo 

z' = Z — Zq 

t' = t. 

Thus if a motion is described in terms of the variables x, y, 2 , t 
we can find its description in terms of the variables x', y', z' , t' . 

Let us now suppose that K' moves with uniform rectilinear 
motion in the positive direction of the x axis. For simplifica- 
tion I assume that the directions of the x and x' axes coincide. 
Then 

Xo = ut 
yo = 0 
2o = 0. 

It is assumed that at / = 0 the origins of K and K' coincide. 
In classical kinematics it was assumed that 

x' = X — ut 

y' = y 

z' = z 
t' = t. 

These equations define a Galilean transformation. 

The classical equations are based upon physical assump- 
tions of which physicists did not become aware until Einstein. 
Before stating these assumptions it must be postulated that 
the time of an event relative to isT is / as determined by a clock 
at rest in K, and the time of the same event relative to K' is 
t' as determined by a clock at rest in K'. Furthermore, the 
coordinates x, y, 2 are determined by measuring rods at rest 
in K, and x', y', z' are determined by measuring rods at rest 
in K' . The clocks of both systems are similar in the sense that 
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if they are all at rest in a given system they run synchro- 
nously. Similarly the rods are all equal in length in a given 
system. Now, the Galilean transformation was based upon 
two assumptions, of which the first was that /' = /; the sec- 
ond, that the length of a rigid segment is the same relative to 
K and K\ Thus suppose that there is at rest in K' a rigid 
segment, of which one point coincides with the origin of 
and the other point has coordinates x, y, z at time t relative 
to K. The length of the segment relative to -K is — ut. 
The length relative to is x'. In classical kinematics it was 
assumed as self evident that x' = x — ut. The criticism in terms 
of the theory of relativity, however, has shown that the classi- 
cal conclusion is not true. The classical result undoubtedly 
was obtained by an uncritical use of the geometrical imagina- 
tion, which may be traced to the belief that the propositions 
of metrical geometry express relations between properties 
which are independent of the observer instead of functional 
relations between measures assigned by an observer. How- 
ever, the Galilean transformation is correct to the first approxi- 
mation. 

The Galilean transformation is fundamental in classical 
dynamics. A set of these transformations constitutes a group. 
The time t of an event and the length / of a rigid rod are invari- 
ant under the Galilean group. 

One may interpret the transformation equations as defin- 
ing time and space to be common to the two systems. It is an 
empirical fact that the measures made with rods and clocks 
satisfy the relations to the first approximation. 

4. WAVE MOTION 

Thus far I have defined the fundamental concepts for the 
description of the motion of a point. In order to give a com- 
plete account of the subject it would be necessary to. define 
additional concepts for the kinematics of rigid bodies and of 
continuous media such as fluids and elastic bodies, but it is 
beyond the scope of this book to expound these further details. 
However, I shall explain an important concept for the kine- 
matics of continuous media, the concept of wave motion. 
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Let ^ be a function of x, y, z and /. I suppose that <p satis- 
fies the equation 

_ 1 9V 
dx^ df 

A particular solution of this equation is 

^ = r sin 2x^4; ~ “ 

\r X 

An interpretation of ^ is that it is the y component of the dis- 
placement of a point having the coordinate x at the time t in 
an elastic medium. At a given point, say x = 0 

<p = r sm — t. 

T 

This equation states tliat the y component of the displacement 
is a periodic function of the time. That is, at a given point on 
the X axis a point in the medium executes a simple harmonic 
vibration with period T. At a given time, say / = 0, 

. lir 

<p = — r sm — X. 

X 

This equation states the ^ is a periodic function of the coordi- 
nate X with period X. This means that if we take an instan- 
taneous view of the process we see that values of <f> are repre- 
sented by a sine curve. The distance between two crests is X. 
The original particular solution of the differential equation 
describes the propagation of a plane sine wave in the positive 
direction of the x axis with velocity c. 

If the medium starts vibrating at a point the motion is 
communicated to neighboring parts of the medium, which in 
turn transmit the process. The propagation takes time so 
that a certain phase of displacement at a given point is attained 
by a distant point at some later time. 
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6. CONCLUSION 

One may say that the equations of pure analytical kine- 
matics constitute an implicit definition of the formal proper- 
ties of space, time, and motion. In order to endow the equa- 
tions with physical significance one must point to a standard 
rod and a standard clock which are employed in assigning num- 
bers to spatial and temporal properties. 
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DYNAMICS 
1. INTRODUCTION 

We have seen how one can describe motion in terms of the 
concepts of space and time. Now the sort of motion that 
occurs depends on the characters of the moving body and of 
external bodies. Dynamics is the study of the conditions of 
motion. In order to describe the conditions of motion it is 
necessary to add to the concepts of the geometrical and tem- 
poral quantities employed in kinematics two new fundamental 
concepts: those of force and mass. The physical quantity 
mass is assumed to represent some intrinsic character of a 
body. Force is often defined as the cause of changes of motion, 
and dynamics is said to be the study of the action of force upon 
material bodies. If kinematics is characterized as the descrip- 
tion of motion, dynamics may be characterized as the descrip- 
tion of the conditions of motion. Thus one may say that 
dynamics offers an explanation of motion, meaning by explana- 
tion, however, the determination of empirical conditions. 

The first step in the construction of dynamics is the selec- 
tion of a frame of reference. In classical dynamics one chooses 
as a first approximation a rigid frame attached to the earth. 
One may then define concepts and discover laws which very 
accurately determine the motions of bodies with respect to the 
earth. However, there are motions with respect to the earth 
which do not conform to the laws of dynamics, such as the 
rotation of the plane of vibration of a pendulum, the deflec- 
tion of the trade winds to the right in the northern hemisphere, 
the difference in the weight of a body at the poles and the 
equator other than that due to the difference in distance from 
the center of the earth, etc. One may account for these facts 
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either by changing the laws or by changing the frame of refer- 
ence. In classical dynamics the laws were retained and a more 
satisfactory frame of reference was chosen. As a second approxi- 
mation one chooses a frame with origin at the center of mass 
of the solar system and having axes with directions fixed with 
respect to the fixed stars. The phenomena on the earth which 
do not conform to the laws of dynamics are then attributed to 
the rotation of the earth with respect to the proper frame of 
reference for classical dynamics. Newton held that the proper 
frame of reference was absolute space. However, when one 
applies dynamics to actual motions one always chooses a frame 
consisting of observable bodies. 

Sometimes it is convenient to use the earth, or some other 
body rotating with respect to a permissible frame, as a frame 
of reference even for precise description. In that case one 
modifies the laws of dynamics by adding “ fictitious ” forces. 

The field of dynamics is usually divided into two parts, 
statics and kinetics: the study of the conditions of equilibrium, 
and the study of the conditions of changes of motion, respect- 
ively. Correspondingly two methods may be employed in con- 
structing the foundations of dynamics: one may first build up 
statics, thereby choosing the concept of force as fundamental, 
and then go on to kinetics; or one may start with kinetics, in 
which the concept of mass is fundamental, define force, and 
then obtain statics as a limiting case. In order to illustrate 
the construction of physical concepts I shall start with statics, 
and by the method of successive definition finally arrive at a 
kinetical formulation, my method of exposition corresponding 
approximately to the historical order of development. 

2. THE STATICAL CONCEPT OF FORCE 

Statics may be defined as the study of bodies in equilibrium. 
When the forces acting upon a body balance each other, the 
body is in a state of equilibrium. The concept of force, there- 
fore, is fundamental in statics. The first stage of the exposi- 
tion will achieve a statical definition of force. The concept of 
rigid body as defined by the postulates of Euclidean geometry, 
and the designation of a standard of length, form the founda- 
tion of the discussion. 
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An exposition of the physical concept of force presupposes 
an understanding of the primitive concept of force. Now the 
primitive concept arises from experiences of our own exertions; 
hence the concept of force is anthropomorphic in origin. 
Observing that when we exert a force upon a body its state of 
rest or motion tends to be changed, we conceive of force as 
the cause of chauiges of motion. From the direction in which 
bodies move when we exert forces upon them one recognizes 
the directional aspect of force. One also has experience of 
forces which annul each other, for example, if I press upon a 
body with both hands the body may remain at rest because two 
oppositely directed forces balance each other. The primitive 
concept of force is of something which produces changes of 
motion and which may be balanced by an equal and opposite 
force. The propositions that equal and opposite forces main- 
tain a body in equilibrium and that an unbalanced force pro- 
duces motion constitute an implicit definition of the primitive 
concept of force. I shall choose the principle of equilibrium 
as the basis for the building up of a physical concept of force 
in statics. 

Suppose that I lift a body and hold it at rest; then I know 
from experience that I am exerting a force upon the body. 
Since the body is at rest the principle of equilibrium must be 
satisfied. Apparently, however, the only force acting upon 
the body is the force which I exert with my hand, hence it 
seems as if the principle of equilibrium were violated. How- 
ever, I retain the principle of equilibrium and extend the con- 
cept of force. I conceive of weight as a force which acts down- 
wards upon a body and is balanced by the force which I exert. 
Thus I have the concepts of muscular force and of weight. I 
have qualitative estimates of muscular force, and weight may 
be estimated by the muscular force required to balance it. 
One is thus able to estimate the equality of different bodies 
with respect to weight by lifting them. 

One may now perform experiments with a lever. Suppose 
I have given a lever in the form of a straight rigid rod sup- 
ported at the middle by a fulcrum. If at each end of the lever 
I attach bodies whose weights are the same, as estimated by 
my muscular sensations, I then discover that the lever remains 
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horizontal, that is, it is in rotational equilibrium. I further 
discover that if two bodies maintain the lever in equilibrium at 
one time, they will continue to do so at all other times and 
places, and also that the balancing of a lever by two bodies is 
independent of the total length of the lever, the material, the 
color, etc., the only requirement being that the two bodies be 
at the same distance from the point of support. Now the bal- 
ancing of a lever can be determined accurately by the method 
of coincidences, hence an exact relation between two bodies is 
definable in terms of the lever. The relation is symmetrical 
and transitive. If A balances B, then B balances A. If A 
balances B, and B balances C, then A balances C. We there- 
fore define a physical concept of equality in weight by the prin- 
ciple of the lever with equal lever arms. The principle of 
abstraction permits us to assert that two bodies which main- 
tain an equal-arm lever in equilibrium are equal with respect 
to weight. Thus equality with respect to weight is similarity 
which is definable in terms of the similarity of coincident 
points. 

Thus the special principle of the lever defines the equality 
of bodies in weight. It is a fact of experience that bodies deter- 
mined to be equal in weight by the principle of the lever are 
approximately equal when estimated by muscular experiences. 

Inasmuch as the definition of equality in weight by the 
principle of the lever recognizes weight as the typical force, we 
proceed to build up a scale for measuring weights by use of the 
equal arm lever. Let us suppose that we have given a set of 
equal weights, that is, a set of bodies equal in weight. A weight 
which, attached to the end of one arm, balances two equal 
weights attached to the end of the other arm will be defined 
to have twice the weight of either of the other two weights. 
Similarly we can construct weights three, four, etc., times as 
great as the individual given weights. Thus if we select a 
given weight as a standard to which we assign the number 1, 
we can construct weights to which we assign the numbers 2, 
3, 4, etc. The method of assigning the numbers defines the 
weight of a body to be an extensive quantity. We may define 
the unit of weight as the weight of a standard body at an 
assigned point on the surface of the earth. 
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Assuming the definition of weight by the principle of the 
lever, the ratio of two weights is independent of time and place. 
It is now natural to postulate that the weight of a single body 
is unchanged upon displacement. This assumption was made 
in the early history of the subject, and even now it is abstractly 
possible. We shall not make the assumption because the laws 
of dynamics would then depend upon the gravitational field; 
instead we preserve the generality of dynamical laws by the 
assumption that weight depends upon position. 

One may now extend the concept of force by introducing a 
spring balance. I observe that when a weight is replaced by a 
spring balance, for a certain extension of the spring the lever 
remains in equilibrium. I therefore extend the concept of 
force and conceive of the spring balance as exerting a force 
which balances the weight at the end of the other arm. With 
the aid of my set of weights I discover that the force exerted 
by a spring is proportional to the extension; this is Hooke’s 
law. I now postulate the law of force of the spring to be inde- 
pendent of position and this gives me a means of extending a 
given measure of force throughout space. 

With the aid of the concepts which have been explained we 
are able to express laws. An important law is the parallelo- 
gram law for forces. If two forces F\ and F2 act on a point, 
they can be replaced by a single force, the resultant of the two 
forces. Experiment shows that if Fi and F2 are represented by 
the adjacent sides of a parallelogram such that the lengths of 
the sides are proportional to the absolute values of the forces, 
respectively, and the angle between the sides is equal to the 
angle between the forces, then the resultant of Fi and F2 is 
represented by the included diagonal of the parallelogram. In 
the traditional terminology, force is a vector quantity. In 
accordance with the symbolic point of view of this book one 
would say that the concept of force is the concept of a method 
of assigning a set of three numbers to certain physical 
conditions. The three numbers are the components of a 
vector. 

We are able to formulate general conditions of equilibrium 
for bodies. The condition of equilibrium of a point subject 
to several forces is that the resultant of the forces be zero. In 
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view of our definitions this principle can be verified experi- 
mentally. 

We have used the principle of the lever for equal arms as 
a definition of force; it is now possible to verify experimentally 
the principle of the lever for unequal arms. The general prin- 
ciple of the lever states that if Fi has lever arm h, and F 2 has 
lever arm h, then in equilibrium 

Fill = F2l2‘ 

One "may formulate a general principle of moments for 
rigid bodies; I shall state the principle for forces in a plane. 
The moment of a force about a point is the value of the force 
multiplied by the perpendicular lever-arm, that is, the perpen- 
dicular distance of the line of action of the force from the point. 
Moments which tend to produce a counter-clockwise rotation 
are positive; those which tend to produce a clockwise rotation 
are negative. The principle of moments states that the condi- 
tion of rotational equilibrium is that the sum of the moments 
about any point be zero. 

In general, there are two conditions of equilibrium for a 
rigid body; the condition that there be translational equi- 
librium is that the resultant of the forces be zero ; the condition 
that there be rotational equilibrium is that the sum of the 
moments about any axis be zero. 

The conditions of equilibrium for special cases are all con- 
tained in a very general principle, the principle of virtual dis- 
placements. In order to state this principle we must first 
define the work of a force. Suppose that a point moves a dis- 
tance 5 in a straight line under the action of a constant force. 
If the direction of the force makes an angle 9 with the direc- 
tion of motion, then the work done by the force is defined by 

W = Fs cos 6. 

If the motion is along a curve and the force is variable the ele- 
ment of work done in an elementary displacement is 


AW = FAs cos 9. 
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Using the vectorial representation the work done is the scalar 
product of the force and the elementary displacement : 

AW = F-Ar. 


We may consider that a finite displacement is made up of a 
large number of successi\'^e steps, Ar. We then form the sum 
of the products: 

ZF-Ar. 

As the subdivisions Ar approach zero as a limit the sum 
approaches a limit. We now make the physical assumption 
that we can express F as a continuous function of r, and that 
the smaller the physical intervals Ar, the more accurately is 
the sum obtained from measurements given by 




F-* 


Thus one expresses the definition of work by 




F-* 


In Cartesian coordinates the work is defined by 

(Xdx + Ydy + Zdz) 


/< 


where X, Y, Z are the components of F. It is to be noted that 
we use the concepts of pure analysis to express a physical 
definition. 

In order to introduce the principle of virtual displacements 
I shall consider a simple case, the equilibrium of a small body 
resting on a frictionless inclined plane of angle of elevation 0. 
In order to keep the body in equilibrium we apply a force P 
parallel to the plane. Then we say that the body is acted upon 
by the given forces, P and Q, where Q is the weight. If we 
investigate the equilibrium of this body by the previously 
stated condition for a particle, we assume that a third force 
acts on the body, the reaction of the plane. Thus the body 
is in equilibrium under the action of P, Q and the normal reac- 
tion. By application of the principles we find 

P = Q sin d. 

This result is verifiable by experiment. 
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Let us now suppose that the body is given an elementary 
virtual displacement, that is, one which is consistent with the 
constraints. In the present case a virtual displacement is a 
motion of the body up or down the plane. Now a calculation, 
based upon the previous experimental result and a definition, 
shows that in the present example the work done by the given 
forces is zero. This result is an instance of the principle of 
virtual displacements. Let 6s be the value of the displacement 
up the plane. Then the work done by P is 

P6s. 

The work done by Q is 

— Q 8s sin 0. 

The total work done by the given forces is 

P8s — Q8s sin 6, 

Since P = 0 sin 0, the work done by the given forces is equal 
to zero. It is important to note that the work done by the 
normal reaction is zero, because the direction is at right angles 
to the direction of motion. 

The principle of virtual displacements, which has been 
demonstrated for the given simple case, may now be expressed 
in the following general form. The necessary and sufficient 
condition for the equilibrium of a system which is subject to 
internal connections and constraints and to the actions of given 
forces Fi, F 2 , etc., is that, in a virtual displacement whose 
value is a small quantity of the first , order, the total virtual 
^ork done by the given forces is equal to zero to the first order 
of small quantities. A virtual displacement is one which is 
consistent with the connections and constraints at a given 
time. Analytically 

2F*5r == 0 

or 

^{X8x + Y8y + Z8z) = 0. 

From this principle one can deduce all the conditions of equi- 
librium for special cases, such as the equilibrium of points, 
rigid bodies, etc. Accordingly we shall accept it as the fundamen- 
tal principle of statics. 
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Relative to our definition of force the principle of virtual 
displacements is a well-founded generalization from experience. 
We may now transform the concept of force. We may trans- 
form the principle of virtual displacements from a generaliza- 
tion, relative to certain definitions of force, into a definition of 
force, i.e., force is now to be defined by the principle of virtual 
displacements. This is a physical definition since we have a 
physical concept of rigid body. I remark that the definition is 
of the concept of given force; we can include forces due to con- 
nections and constraints by removing the condition that the dis- 
placement be compatible with the connections and constraints. 

Our new concept of force is applicable to experience, since 
weights, the tension in spring balances, etc., are instances of 
the physical quantity force. We may express our result this 
way. It is possible to assign numbers T^i, F 2 , etc., such that 
the principle of virtual displacements is satisfied. 

The principle of virtual displacements gives a definition 
of force which is not bound to weights, spring balances, etc. 
We thus achieve complete emancipation from the original 
anthropomorphic definition of force. Muscular force is an 
approximate example of our present definition. 

We may summarize statics as follows. 

(1) The postulates of Euclidean geometry define the con- 
cept of rigid body, 

(2) A designated standard of length gives physical signifi- 
cance to the concept of rigid body, 

(3) On the basis of the physical concept of rigid body the 
principle of virtual displacements defines the concept of 
force. 

(4) A definite number is assigned to the standard of force^ 
for example, a weight in a given position. It is an experi- 
mental fact that weights, the tension of spring balances, 
and muscular forces satisfy the definition of force approxi- 
mately. 

3. THE KINETICAL CONCEPT OF FORCE 

In the preceding section we have defined force in terms of 
its character as exhibited in equilibrium. We recall, however, 
that the primitive concept of force implies the power to pro- 
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duce motion. We must therefore complete our discussion by 
considering the kinetical aspects of force. 

In this exposition we adopt the statical definition of force 
and then assume that when a force is not balanced it retains 
its character as a force. Thus I attach a spring balance to a 
body and measure the tension in the spring by the weight which 
it balances. Next I attach the spring balance to a body resting 
on a frictionless plane and produce an acceleration, and assume 
that although the spring balance is now in motion the same 
extension indicates the occurrence of the same force as in the 
statical case. This process involves an extension of the physi- 
cal concept of force which is expressed by the propositions set 
forth in the following discussion. 

Let us suppose that an unbalanced force acts on a body. 
As long as the force acts the body is accelerated, that is, the 
acceleration is a function of the force. 

( 1 ) 

This proposition expresses Newton’s First Law of Motion, 
which states that every body continues in its state of rest or 
of uniform motion in a straight line unless compelled by 
impressed force to change that state. The significance of 
equation 1 is that momentum is a function of velocity. We 
shall say that when a body is accelerated it acquires a momen- 
tum which is a function of the velocity. The vector momen- 
tum Is therefore expressed by 

I = /(v). 

The concept of momentum is now further defined by 

I - lo = r ^dt (2) 

Jto 

where lo Is the initial momentum at the time to and I is the 
momentum at the time /. 

j-pdi is called the impulse of the force. Thus change of 
momentum is defined to be equal to the impulse of the force. 



106 


DYNAMICS 



Since the measures of F and t have been assumed, I can be cal- 
culated by the preceding equations. Thus the concept of force 
is of something which generates momentum. If we assume that 
the process is continuous 



(20 


Equation 2 expresses Newton’s Second Law of Motion. 

We need further to consider the forces between interacting 
bodies, for example, the forces exerted upon each other by two 
colliding billiard balls. Suppose that the hooks of two spring 
balances are attached together and the springs are extended. 
The one balance then indicates the force exerted upon the 
other, and the other balance indicates the force exerted upon 
the first one. Experiments based upon the statical definition 
of force show that the two forces are equal and opposite. We 
assume that this property of force holds when the bodies are 
accelerated . Hence 

Fi = F2. (3) 

This Is Newton’s Third Law of Motion. 

From this law we can deduce for two Interacting bodies 

r - To = ~(P - Po) 

r + p = 1^0 + Po. (4) 

that Is, the total momentum after the interaction is equal to 
the momentum before the interaction. This is the principle 
of the conservation of momentum, which is thus explained as a 
deduction from an experimental law and a definition. 

The preceding discussion defines the concept of momenttim. 
The equations also extend the concept of force; force, which 
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was initially defined statically, is exhibited as generating 
momentum. We now transform our concept of force; force 
and momentum are implicitly defined by the fundamental 
equations of dynamics (1 to 3). When F = 0 the momen- 
tum and hence the velocity is constant. Rest is a special case 
of constant velocity. Now the essential feature of equilibrium 
being that the velocity of a body is constant, the statical con- 
cept of force is a limiting case of the complete concept as 
defined by the fundamental equations. 

It is not precise to say that we may begin with a statical 
definition of force, for force and momentum are defined com- 
pletely by the three fundamental equations. However, in order 
to make measurements we must start somewhere. The spirit 
of the preceding discussion is that we obtain a measure of force 
in the limiting case of statics; then we calculate momentum. 
However, we may make momentum the first measured quan- 
tity and then force is calculated as the rate of change of 
momentum. 

In order to use this new method 1 begin with the statement 
that a moving body has momentum; the momentum of the 
body is a vectorial function of the velocity. 

I =/(v). 

Let us now suppose that two bodies (1) and (2) move towards 
each other in the same straight line with constant velocities 
such that upon collision they interlock and both come to rest. 
By definition the momentum of the two bodies is equal in 
value and opposite in direction, so that the total momentum 
jf the two bodies is zero. The equality of bodies with respect 
to momentum is a symmetrical and transitive relation. We 
can readily define equality in momentum in the same direc- 
tion. Let two bodies having the same momentum in the same 
direction collide with another body moving with constant 
velocity in the opposite direction so that upon collision all the 
bodies are brought to rest. By definition, the value of the 
momentum of the latter body is twice that of either of the two 
bodies having the same momentum in the same direction. 
In this way one can determine when a body has a momentum 
whose value is two, three, etc., times as great as another. We 
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thus have a definition of momentum in terms of the principle 
of the conservation of momentum; a more detailed discussion 
would explain how one takes account of the vectorial character 
of momentum. We may state our first equation 

+ P = constant. (1) 

It is possible to assign vectors Ib P, such that the principle of 
conservation of momentum is satisfied. 

The second proposition states that force is a function of 
acceleration 

This expresses Newton’s First Law. We now express the 
character of force more definitely by the following equation 



Assuming continuity, we get 

- f • 


The principle of conservation of momentum for two bodies is 


Ji -f. p = constant. 
Assuming continuity, we deduce 


dt dt 


(4) 


dt dt 

Fi = - Fz. 

This is the third law of motion. The present development 
explains the third law as a deduction from an experiment and 
a definition. The equations 1 to 3 constitute an implicit defini- 
tion of force and momentum. We do not avoid the concept of 
force in starting with momentum, for the experiments by which 
we define bodies with equal momentum require the interaction 
of the two bodies, and this is merely another name for force. 
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Thus a proper description of the experiments employed to 
define momentum employs the concept of force. 

It is frequently stated that 


F 


dt 


is the kinetical definition of force. In my opinion it is only 
part of it; one must also have Fi = — F2. The statement that 
force is defined by the Newton’s Second Law alone is equiva- 
lent to the statement that the commutative law alone is ade- 
quate to define addition. 

The fundamental equations define force and momentum 
implicitly. We may use either a statical unit of force or a 
kinetical unit of force. 

As stated thus far our equations apply only to free bodies; 
we must also consider systems which are subject to internal 
connections and constraints. For example, if two particles 
are connected by a rigid rod and also are constrained to move 
in a circular groove, the problem is to set up a dynamical prin- 
ciple for the motion of such a system when certain forces are 
given as impressed forces. In order to solve the problem we 
think of the connections and constraints as giving rise to forces 
of constraint, or reactions, N. Assuming that the system is 
constituted of n material particles, each of which is acted upon 
by given forces and forces of constraint, then for each particle 
we can write the equation of motion 


F + N = — 

dt 


F - 


dt 


-N. 


However, we do not know the forces of constraint. Now, we 
saw that statics could be based upon the principle of virtual 
displacements, which states that, if the system is in equilibrium, 
the virtual work of the given forces in an elementary virtual 
displacement is zero, the principle depending upon the assump- 
tion that the work done by the forces of constraint is zero. 
We now assume that even when the system is not in equilib- 
rium, the work done by the forces of constraint is zero in an 
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elementary virtual displacement carried out at a certain time. 
Then 

s(f - • 5r = - SN- 5r = 0 

where the summation sign indicates the addition of the ele- 
ments of work for all the particles. In Cartesian coordinates 
the equation is 

2{(^ - f )** + (>' - f )*^ + (^ - f - “• 

This equation reduces to the principle of virtual displacements 
when the momentum of each particle is constant. Under cer- 
tain conditions the equation yields the principle of conserva- 
tion of momentum. 


4. CLASSICAL DYNAMICS 


Experiment reveals that the absolute value of the momen- 
tum of a body is approximately proportional to the absolute 
value of the velocity. Thus 



m. 


This factor of proportionality is called the mass of the body. 
We then have 

I = mv. 


Hence 


F 


dl dv 

— = m — 
dt dt 


m 


d^ 

dfi 


In Cartesian coordinates the equations are 

dH 

X = m — 
df 


Y = m 


d^y 

dt^ 


dH 

Z = m — . 
dt^ 


These are called the equations of motion for a particle. 
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Now experiment shows that if a body is allowed to fall 
freely the acceleration is constant. The force acting, F = mg, 
is the weight of the body. Furthermore, g is the same constant 
for all bodies. Thus we arrive at the result that the ratio of 
the weights of two bodies is proportional to the ratio of the 
masses, which is the basis of the measurement of mass by 
means of the beam balance. We postulate that the mass of 
the standard is constant and independent of position. In 
physics the standard of mass is the kilogram. This is by defini- 
tion the mass of a particular material body which is kept in 
the vaults of the International Bureau of Weights and Meas- 
ures. A gram is 1/1000 of a kilogram. The kinetical unit 
of force, called the dyne, is defined as the force which gives a 
mass of one gram an acceleration of one centimeter per second 
per second. 

The mass of a body is the fundamental invariant of classical 
dynamics; in traditional physics mass is the measure of a 
property, inertia. The classical physicist thought that he had 
a clear conception of inertia as an attribute of material sub- 
stance. However, the status of inertia as a property is very 
dubious; it seems evident that we are not acquainted with 
inertia in the sense in which we are acquainted with redness, 
extension, etc. It is true that we appear to have direct acquaint- 
ance with inertia when we touch a body and start it in motion. 
However, my interpretation of this experience is that it con- 
sists of sensations of effort. The property of inertia is ascribed 
to a body in order to represent the results of experiments on 
the body. We are acquainted with the phenomena in the 
experiment, and know the measure which we assign to the body, 
but we do not appear to be acquainted with the property 
ascribed to the body. The late introduction of the concept 
of inertia by Newton further indicates that inertia is not a 
character with which we are directly acquainted. 
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6. THE CONCEPT OF ENERGY 


Suppose that a force F acts on a particle through a dis- 
placement dr. The work done by the force is equal to 


f- 


(fjr 

F-dr = m — dr = d{\mv^) 
dt 

F-di = — \mvo^. 


\mv^ is called the kinetic energy in classical dynamics. The 
gain in kinetic energy is defined as equal to the work done on 
the body. Conversely, if a body is brought to rest by the 
resistance of an obstacle, the work done against the obstacle is 
equal to the loss in kinetic energy, in this case, the initial kinetic 
energy. The kinetic energy of a body is thus equal to the work 
which the body can do in virtue of its motion. 

Suppose that there is a function of position Vix,y,z) so 
that 

dx 


X = 


Y = 

Z = 


ay 

dz ' 


The force is then called a conservative force, for we have 

J^F-dr = — J'dV = — ^mvo^. 

Then 

Fo - V= T - To 

where T = 


Thus we get 

r + F = To + Fo. 

In this case the quantity T + F is a constant of the motion. 
Although the kinetic energy T changes, the change in F is 
such the sum of the two remains constant. In order to have 
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a theorem of the conservation of energy we call V the poten- 
tial energy. Hence when a body moves in a conservative field 
of force the total energy remains constant. The earth’s gravi- 
tational field, an electrostatic field, etc., are examples of a con- 
servative field of force; the tension in a spring is a conserva- 
tive force. 

Suppose, for example, that a body is projected upwards 
from the surface of the earth with a given initial kinetic energy. 
As it rises it loses kinetic energy but gains an equal amount 
of potential energy. Neglecting friction, the total energy 
remains constant. 

6. APPLICATIONS OF CLASSICAL DYNAMICS 

The equations of classical dynamics constitute an implicit 
definition of force and mass, so that dynamics furnishes us 
with a general schema. In order to apply dynamics to physical 
phenomena, one must know F as a function of other physical 
quantities. Now it is possible to determine the motion of 
interesting systems by comparatively simple assumptions 
about F, such as: 

(1) F = —kx, for a particle attached to the end of a spring. 

(2) F = G'm'm/r’^ for a particle of mass m in a gravita- 

tional field due to a particle of mass m' at a distance r 
from the given particle. 

An equation such as —kx = ma is the law of motion for the 
given system. 

In the study of elastic bodies it is possible to express stress 
as a function of strain, and by substituting this function in the 
differential equations of the theory of elasticity one obtains 
equations which describe the propagation of elastic waves. 
The concepts of dynamics serve to define elastic properties of 
bodies. The empirically discovered constant ratios of stress to 
strain are called modtili of elasticity. 

7. THE PRINCIPLE OF RELATIVITY 

In the preceding account of dynamics I have assumed that 
a proper system of reference has been employed, for example, 
a system with origin at the center of mass of the solar system 
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and oriented with respect to the fixed stars. In such a system, 
which may be called fixed, the laws of dynamics have a simple 
form ; moreover, they have the same form in a system which is 
moving with uniform rectilinear velocity u relative to the 
fixed system. That is, the form of the equations is invariant 
under a transformation from the fixed system to a system mov- 
ing with uniform rectilinear motion. If x, y, 2 ?, / are the coordi- 
nates and the time in the fixed system, and x\ y', z\ t' are the 
coordinates and the time in the moving system, then the trans- 
formation equations of the Galilean group are, as previously set 
forth, 

— X — ui 


Now 



X = mx is transformed into X' = mx\ (The symbol x is 

^ d^x \ 
written for — I 
/ 

Thus the laws of classical dynamics are invariant under 
the Galilean group; this is the principle of relativity of uni- 
form motion in classical dynamics, and it is based upon the 
following assumptions: 

(1) The distance between two points on a rigid body is the 
same in the fixed system and in the moving system. Thus 
the several systems have the same space in common. 

(2) The time of an event is the same in the two systems. Thus 
the several systems have the same time system in common. 

(3) The mass of a body is the same in all frames. 


The experimental import of the principle of relativity in 
classical dynamics is that it is impossible to detect, by a 
dynamical experiment, a uniform rectilinear motion of a sys- 
tem of reference. 

Thus classical dynamics presupposes the existence of a set 
of privileged systems of reference, moving relatively to each 
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other, in which the laws of dynamics have a simple form. In 
accelerated systems, a rotating system, for example, there are 
characters of motion which do not conform to classical dynamics. 
Newton assumed that such phenomena revealed acceleration 
with respect to absolute space. Sometimes it is convenient 
to use an accelerated system of reference, in which case one 
changes the laws of dynamics by the addition of fictitious 
forces, for instance, centrifugal forces. 


8. THE FUNDAMENTAL PRINCIPLE OF DYNAMICS 

We have seen that the fundamental principle of dynamics 
can be written 



dt 


\bx + 



dj, 

dt 


5y + Z - 



= 0 . 


In classical dynamics, Ix = wx, etc. Hence in Cartesian coordi- 
nates the fundamental principle of classical dynamics is 

— mx)bx + (F — my) by + (Z — mz)bz] = 0. 

This is Lagrange’s form of d’Alembert’s principle. 

An important step in advance was made by Lagrange, 
who transformed the fundamental principle from Cartesian 
coordinates into generalized coordinates. Thus far we have 
used 3n Cartesian coordinates to specify the configuration of a 
system of n particles. Now on account of the connections and 
constraints these Cartesian coordinates are not in general inde- 
pendent. It is then possible, however, to specify the configura- 
tion of the system by a set of / independent quantities of which 
the 3n Cartesian coordinates are functions. Thus 


= /i(2i •••?/, t)y etc. 

The independent quantities gi . . .j/ are called generalized 
coordinates, and for so-called holonomic systems, to which 
we shall restrict ourselves, the number of generalized coordi- 
nates is equal to the number of degrees of freedom of the sys- 
tem. The employment of generalized coordinates introduces 
a great simplification. For example, the configuration of a 
rigid body, which consists of countless particles, can be speci- 
fied by six coordinates: three to determine the position of a 
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point, two to determine the direction of an axis through the 
point, and one to specify an azimuth with respect to rotation 
about the axis. Lagrange succeeded in transforming d’Alem- 
bert’s principle from Cartesian coordinates to generalized 
coordinates. Lagrange’s equations in generalized coordinates 
are 



OT 

zqk 


= Q, k = 


T is the kinetic energy. 

Qt is the generalized component of force. 

In dynamics one is most interested in conservative systems 
for which the given forces are derivable from a potential V, 


Q,=- 


dqt 


It is then possible to define a function 

L = T-V 


such that Lagrange’s equations become 

^ = 0 
dt dqk dqk 


A new form of the equations for a conservative system was 
found by Hamilton. Introducing 


we get 



JI — Hipkqk — L 



pk=- 


dqk 


where is a function of j*, pt and t. These are Hamilton’s 
canonical equations. 

For a conservative system we have the interesting result 
that if a single function is known for the system the motion 
can be determined. We may choose as the single function the 
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Lagrangian function qky /), or the Hamiltonian function 

H{qky pky t). 

Another form of the fundamental dynamical principle can 
be stated in terms of the calculus of variations. We may 
represent the momentary configuration of a conservative sys- 
tem by a point in an / dimensional space of which the coordi- 
nates are 2 . . . A motion of the system is represented by 
a curve traced in this space. Consider the integral 

Ldt 

for the actual motion of the system. We may consider this 
integral evaluated along the path described by the point dur- 
ing an actual motion of the system. Suppose that we compute 
the integral for an infinitely near motion which has the same 
initial and final configuration and the same initial and final 
time. Then the form of L is such that to the first order of 
small quantities the integral is the same for the varied path as 
for the actual path. This is Hamilton's principle of stationary 
action; it is written 

k b ^ Ldt = 0. 

The principle may also be expressed by the proposition that 
for the actual motion the integral 




is an extremum, that is, a maximum or a minimum. 

The most elegant form of the fundamental dynamical prin- 
ciple is the statement: It is possible to find a function L{qky Qky t) 
such that 



Ldt = 0. 


9. REVERSIBILITY 

The principles of dynamics are especially designed to 
describe the motion of conservative systems, in which the given 
forces are functions of position and are derivable from a poten- 
tial energy which is a function of position. The differential 
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equations of the system are ordinary linear differential equa- 
tions of the second order with the time as the independent 
variable, and their solution describes a reversible motion, that 
is, if the time is changed in sign the solution still satisfies the 
differential equation. For example, for small vibrations the 
differential equation for the motion of a simple pendulum is 

e + je = 0. 

The solution is 

6 = A sin 

Another solution is obtained if one replaces t hy — t. Thus 
there is no distinction between the direct motion of the pendu- 
lum and the reverse motion, and therefore for a conservative 
system there is no distinction between the forward and back- 
ward direction of time. 


10, CONCLUSIONS 

The equations of dynamics are functional relations between 
the physical quantities, the time, the distance, the mass, the 
force. We may view the analytical equations as constituting 
an implicit definition of the formal properties of space, time, 
mass and force. The definition becomes physical if we point 
out a rigid rod, a clock, and a material body, which respectively 
embody units of length, time and mass. A common space and 
time for a set of priviliged systems is defined by the Galilean 
transformation. It is an experimental fact that the concepts 
thus defined are applicable, that is, it is possible to assign /, Xy 
y, Zy niy Fy such that the equations of dynamics are satisfied. 
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CHAPTER VI 


ELECTRODYNAMICS 

1. ELECTROSTATICS 

We shall build the theory of electricity and magnetism upon 
the definition of force given in dynamics. 

As early as the time of Thales it was known that if a rod 
of amber is rubbed it will attract light bodies, such as small 
bits of paper. Bodies consisting of other substances also pos- 
sess this property ; if one rubs the hard rubber barrel of a foun- 
tain pen on a piece of cloth it will attract light bodies. Bodies 
which exhibit these properties are said to be electrified, or to 
have the property of electrification. Thus we ascribe elec- 
trification to a body when it is the condition of an accelera- 
tion, in some other body, which is not directly describable in 
terms of gravitation, mechanical pressure, etc. We say that 
an electrified body is the origin of a field of force which is 
ascribed to the vicinity of the body in virtue of the accelera- 
tions experienced by bodies in the field. Speaking uncriti- 
cally, we may say that the property of electrification is defined 
in terms of the effects of electric action. Electrification is not 
a property which is immediately apprehended like color, sound, 
’"otness, etc.; the state of electrification is attributed to bodies 
in order to describe observable interactions with other bodies. 

Simple experiments reveal that electrified bodies exert 
forces on each other which are either forces of attraction or 
repulsion. From experience we obtain laws of the attraction 
and repulsion of electrified bodies, and then transform these 
laws into postulates which implicitly define the concepts of 
similarly electrified and dissimilarly electrified bodies. By 
definition two bodies are similarly electrified if they repel each 
other; dissimilarly electrified, if they attract each other. It is 
obvious that these concepts are applicable to experience: an 
electrified glass rod is said to be positively electrified; a body 
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which is attracted by an electrified glass rod is said to be 
negatively electrified. 

Some bodies have the capacity to conduct an electrical 
condition from one point to another, whereas other bodies 
do not have this property. Thus one may distinguish between 
conductors and non-conductors. 

The early investigators attributed the electrified state of a 
body to the presence of a substance, called electricity, which, 
in view of the fact of conduction, was thought of as a fluid. 
There were two theories of the nature of electrical fluid : accord- 
ing to the two-fluid theory there were two kinds of fluid 
corresponding to the two kinds of electrification; Franklin 
proposed the one-fluid theory, ascribing positive electrification 
to an excess of fluid and negative electrification to a deficiency 
of fluid. We need, however, only the concept of a state of 
electrification which is ascribed to bodies on the basis of observ- 
able phenomena. 

We must now introduce concepts of physical quantities to 
be assigned to electrified bodies. The initial definitions pre- 
suppose that we have an estimate of the constancy of a state 
of electrification, which is based upon an estimate of constancy 
of effects. 

Let us suppose that we have given an electrified body at a 
point in air (strictly speaking in free space). We assume that 
the body has constant electrical properties. Let a small elec- 
trified body (1) be placed at the point Q-, then there is a force 
of attraction or repulsion upon (1), Fi. If we replace (1) by 
another similarly electrified body (2), the force upon it is F 2 . 
Fi and F 2 are in the same line and the ratio of their values may 
be written F 1 /F 2 . Suppose that the bodies (1) and (2) are 
such that the forces are equal; then if we vary the position of 
Q the forces upon the bodies vary, but are always equal. Thus 
the two bodies are similar with respect to the action of force; 
the relation between them is symmetrical and transitive. We 
express the facts by the statement that the bodies are equal 
with respect to electrification. Since the force is a physical 
quantity we assign to the two bodies the same number, the 
electric charge. Then the ratio F/F„ where F, is the force on a 
unit charge, will serve to define the charge of any body in terms 
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of the unit. We may define the unit charge as the charge which 
repels an equal like charge with a force of one dyne at a dis- 
tance of one centimeter in free space. In this way we define 
the physical qucuitity, electric charge. The electric charge 
may be positive or negative. In traditional physics electric 
charge is the measure of quantity of electricity ; in our termi- 
nology quantity of electricity is electric charge which is a num- 
ber assigned on the basis of measurements of force. We postu- 
late the unit of charge to be invariable upon displacement. 

Suppose that at a given point in the field of a charged body 
one brings up charges ei and €2 in succession. The ratio of the 
forces on these charges is F1/F2. The forces vary with the 
position of the test bodies, but the ratio remains the same. 
We may describe the facts by analyzing the force into two fac- 
tors, E and e, so that p _ 

F 2 — EC2. 


E depends upon the charge of the body which excites the field 
and also upon the position of the test body. The electric field 
E is defined as the force on a unit charge. 

The electric flux through a surface over which the field is 
uniform is the product of the normal component of the field 
and the area of the surface. If the field is variable the flux is 

The flux through a surface may be represented by 
lines through the surface. 

We introduce a new physical quantity, (p, called the poten- 
tial. The potential at a point is the work which must be done 
aj,ainst the forces of the field in order to bring a unit positive 
charge from infinity to the point. The electric field is the nega- 
tive maximum rate of change of the potential function with 
respect to change of position. Thus if, ^ is a function of 



E,=- 

£,=- 


dy 
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One can experimentally verify Coulomb’s law of force between 
point charges: 

F = — 

■ 


For a point charge the value of the field at a distance r is 
E = elr^, and the potential is ^ = e/r. 

From Coulomb’s law of force one can deduce Gauss’ 
theorem, which states that the electric flux through a closed 
surface is equal to 4rle, where is the sum of the charges 
within the surface, 

^E-dS — 4irSe. 

If there is a continuous distribution of charge we use the charge 
density p, which is the electric charge per unit volume. Then 
Gauss’ theorem becomes 


^ E • dS = pd'T. 


Gauss’ theorem Is an integral law. 

If we assume that it holds as we allow a volume element enclos- 
ing a point, X, y, z to approach zero as a limit, we obtain 


div E = 47rp 


that is, the electric flux which diverges from an element is 47 rp 
per unit volume. Thus the space rate of change of the field is 
functionally related to the charge density at the point. 

In Cartesian coordinates: 


dEx 

dx 


93 ’ 


dEx 

dz. 


In empty space 

div E = 0. 


47rp. 


From the inductive point of view we begin with Coulomb’s 
law, an integral law. It states a functional relation between 
finite forces, charges, and distances. On the assumption that 
properties throughout a region hold as we proceed to the limit, 
we deduce a differential equation which expresses a functional 
relation at a point. Physically we are not able to obtain exact 
differential equations. However, we express the differential 
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equations of physics in the language of pure analysis for which 
the concept of limit is precisely defined, and we employ the 
operations of pure analysis. Since the definiteness of analysis 
outruns that of physical quantities we are satisfied with a 
sufficiently approximate solution. 

Again, we may carry a charged body around a closed path 
in an electrostatic field and discover that the total work done 
is zero. ^ 

(b Ee-dr = 0. 

By a transformation arid the assumption of homogeneity as 
we proceed to the limit we obtain 

curl E = 0. 

The fundamental equations of electrostatics are 

div E = 47rp 
curl E = 0. 


These differential equations may be made the basis of a deduc- 
tive theory from which one can deduce the observable proper- 
ties of the electrostatic field. Now a theory based upon differ- 
ential equations partakes largely of the nature of hypothesis, 
but it gives a more detailed analysis of physical states and 
processes. On the assumption that conditions at a point hold 
throughout a finite region one can deduce directly verifiable 
laws, for example, Coulomb’s law. 

Thus far we have considered electric charges and electric 
^elds in free space. Let us now suppose that the medium is a 
aielectric, that is, an insulator. Coulomb’s law of force between 
two point charges becomes 

P _ ^1^2 

er^ 


where e depends upon the medium. Gauss’ theorem no longer 
holds for the electric field in a dielectric. Hence we introduce 
a new vector D such that 


/- 


D*JS = 47r2e 


- 4 ^/, 


pdr 


D is called the electric displacement. 
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We deduce 


div D = 47rp. 


It is an experimental result that when the dielectric is isotropic 

D = eE. 


€ is the dielectric constant of the medium. 

2. PERMANENT MAGNETISM 

It was known to the ancients that certain minerals have 
the power to attract iron; bodies having this property are 
called lodestones. If a piece of steel is brought in contact with 
a lodestone the steel acquires the property of attracting iron. 
Bodies which exhibit this power of attracting iron are called 
permanent magnets. A magnet is thus characterized by the 
fact that it is the condition of an acceleration, in a piece of 
iron, which is not directly describable in terms of gravitation, 
mechanical pressure, etc. We may say that a magnet is the 
origin of a field of force which is ascribed to the vicinity of the 
body in virtue of the acceleration experienced by a piece of 
iron within the field. The essential property of a magnet 
may be called a state of magnetization. Speaking uncritically, 
we may say that the property of magnetization is defined in 
terms of the effects of magnetic action. Magnetization is not 
a property which is immediately apprehended, like color, sound, 
hotness, etc. The state of being magnetized is attributed to 
bodies in order to describe specific observable interactions with 
iron. 

If a piece of iron is placed successively near different parts 
of the magnet one finds that the parts exert different attractive 
forces, i.e., the property of magnetization is possessed most 
strongly by certain regions of the magnet. These seats of 
magnetic action are called the poles of the magnet; a magnet 
always has at least two poles. Out of a long slender rod of 
steel one can construct a magnet with the special property 
that it has two poles which are located approximately at the 
two ends. In the present discussion of magnets we shall assume 
that they are of this type. 

One may next study the mutual action of magnetic poles. 
Assuming as a first approximation that the poles may bo 
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viewed as isolated, we find that two poles exert forces on each 
other which are either forces of attraction or repulsion. Laws 
which are inductions from experience are then transformed into 
postulates which constitute implicit definitions of like and 
unlike poles. By definition, two poles are similar with respect 
to magnetization if they repel each other and dissimilar if 
they attract each other. If a magnet is pivoted so that it can 
swing in a horizontal plane it takes a position in which the axis 
is in a north and south line. The pole in the direction of the 
north pole of the earth is called the north or positive pole of the 
magnet; the other pole is called the south or negative pole. 

We must now introduce concepts of physical quantities. 
I first define pole strength, or quantity of magnetism, on the as- 
sumption that the magnets are in free space. By a procedure 
which is exactly the same as that employed in electrostatics, 
one defines the physical quantities pole strength m, magnetic 
field H, magnetic flux, magnetic potential, and verifies Cou- 
lomb’s law of force. If m is the pole strength, then Coulomb’s 
law is 

p ^ mini2 

fZ 

3. THE ELECTRIC CURRENT 

It has already been pointed out that some material sub- 
stances, notably metals, are able to conduct an electrical con- 
dition from one point to another. This process is called the 
flow of an electric current through the conductor. It is obvious 
that the conventional terminology is a relic of the theory that 
electric action is caused by a fluid, called electricity. We 
must now define a physical quantity which will serve to describe 
an electric current. 

Suppose that we have given a condenser, the plates of which 
carry electric charges + e and — e, respectively. If we con- 
nect the two plates with a wire, the charges on the plates 
decrease to zero ; we then say that a current has flowed through 
the wire. I define the strength of the current by 


de 
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Suppose that the current which discharges the condenser 
is allowed to flow through an electrolytic cell which consists 
of a solution of silver nitrate and two silver plates. Then we 
find that silver is removed from the plate at which the current 
enters and is deposited on the plate at which the current leaves 
the cell, the mass of the silver deposited being proportional 
to e. If we perform this experiment for different values of e, 
we find that the proportionality of mass to charge always 
holds. The deposition of silver by a current thus offers a sim- 
ple and accurate method of measuring the electric charge 
which flows through the cell. If equal masses are deposited 
in equal times the current is stationary. Suppose that a cir- 
cuit is made by joining two wires of different materials. If 
the two junctures are kept at different constant temperatures a 
stationary current flows in the circuit. 

We now have the physical quantities which are needed to 
set up Ohm’s law. Suppose that a stationary current flows 
through a homogeneous wire from a point at potential <pi to a 
point at potential <p 2 - Let J be the strength of the current. 
Then it is an experimental result that the difference of poten- 
tial is proportional to the current: 

— ^2 = RJ. 

The factor of proportionality is constant for a given length 
of wire, and is defined to be the measure of the property of 
electrical resistance which is ascribed to the wire. Thus the 
physical quantity electrical resistance is defined by the above 
equation. In this way Ohm’s law is explained as an experi- 
mental result which is the basis of the definition of a new 
physical quantity. 

The foregoing statement of Ohm’s law expresses it as an 
integral law. One can derive a differential form of the law on 
the assumption that it continues to hold as the wire becomes 
vanishingly small in length and area. For an isotropic con- 
ductor . _ 

1 = <tE, 

where a is the conductivity and i is the current density, the 
absolute value of which is the current per unit area of cross- 
section. 
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In an isolated, perfectly homogeneous, closed circuit no 
current flows. However, if there is a battery in the circuit, or 
junctures of different metals maintained at different tempera- 
tures, a current flows. We say that there is an impressed elec- 
tromotive force in the circuit which is defined by 

E‘ = JR. 

We thereby extend Ohm’s law to the complete circuit and use 
it to define electromotive force. 

4. THE FIRST EQUATION OF THE ELECTROMAGNETIC FIELD 

We are now prepared to describe the relation between elec- 
tricity and magnetism. In 1820 Oersted discovered that if a 
wire carrying a current is placed above a compass needle and 
parallel to it, the needle is deflected. This experiment indi- 
cates that an electric current excites a magnetic field. A pic- 
torial description is that a magnetic field encircles a conductor 
carrying a current. Biot and Savart discovered that if a con- 
stant current flows through a straight wire the magnetic field 
is determined by a law which can be expressed by 

cr 

where c is the velocity of light and r is the distance from the 
wire. This is an integral law between quantities which have 
been defined independently. The integral law correlating the 
magnetic field and the current can be expressed in the form 

y'n-dr = ^ 

for a closed path encircling the conductor. The integral is the 
work done by the field on a unit positive pole which is carried 
around the conductor in a closed path. If the path does not 
encircle the conductor the work done is zero. 

We can now derive a differential equation on the assump- 
tion that the law continues to hold as the circuit becomes 
vanishingly small. By a transformation one obtains 

curl H = — . 

c 
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This is an hypothesis which is justified by the verification of 
deductions from it based upon the assumption of homogeneity. 

We initially defined H in terms of permanent magnets. 
We now transform our concept. H Is to be defined as a vector 
such that 

curl H = 


4iri 


Thus an hypothesis based upon experiment is transformed 
into a definition. The foregoing equation is called the first 
fundamental equation of electromagnetism. However, the 
equation applies only to a stationary current in a closed con- 
ducting circuit. Such a current is characterized by the equation 

div i = 0. 

This is the equation of continuity, which states that the rate 
at which charges are entering an element of volume is equal to 
the rate at which they are leaving it. In the traditional termin- 
ology one would say that div i = 0 expresses the conservation 
of electricity. 

The preceding discussion has been restricted to stationary 
currents In a closed conductor. Another type of current is 
that which flows during the discharge of a condenser. For this 
current the equation of continuity does not hold. For example, 
electric charge is flowing from the positively charged plate and 
nothing Is flowing in to take its place. Before Maxwell a fun- 
damental distinction was drawn between closed and open cur- 
rents. Maxwell extended the concept of current by introduc- 
ing the displacement current. We have previously defined 
the electric displacement by 

div D = 47rp. 

The density of the displacement current is defined by 

47r 0/ 

Now, if the charged plates of a condenser are connected by a 
wire, a conduction current flows in the wire from the positively 
charged plate to the negatively charged plate. The current is 
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where e is the changing charge on the plates. Now, when the 
charge on the plate of a condenser is changing, the displace- 
ment also is changing. Hence during the flow of the current 
the electric displacement within the medium between the plates 
is changing. The variable displacement is correlated with 
the variable density of charge on the plates. Maxwell’s hypoth- 
esis was that the conduction current in the conductor is 
continued by the displacement current in the dielectric between 
the plates. The displacement current is a current in the sense 
that it excites a magnetic field. If a medium is partly a con- 
ductor and partly an insulator, the density of the total current 
is 


, 1 aD 

k = 1 -I — . 

47r Zi 


It is true for the total current that div k = 0. It Is as if there 
were an indestructible fluid whose rate of flow through a sur- 
face per unit area is measured by the total current. The 
equation of continuity expresses the fact that the charge which 
enters an element of volume replaces the total electric dis- 
placement outwards through the boundary. 

The first fundamental equation of the electromagnetic field 
now becomes 


curl H = 


4xk 

c 


4x1 

c 


1 ^ 
c dt 


for bodies at rest. For Maxwell this equation was an hypothe- 
sis which was later verified by the discovery of electromagnetic 
waves. 


6. THE SECOND EQUATION OF THE ELECTROMAGNETIC FIELD 

Thus far we have seen that an electric current gives rise 
to a magnetic field ; we have now to describe the phenomenon 
of electromagnetic induction whereby a changing magnetic 
field induces a current. It was Faraday who first discovered 
that If a conducting circuit is In a changing magnetic field a 
current is Induced in the conductor. The variable magnetic 
field may be excited by a variable current in a neighboring 
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conductor, by relative motion between the conductor and a 
magnet, etc. A good experimental arrangement is one in 
which a secondary coil in which the current is induced is wound 
around a primary coil which is in an electric circuit which may 
be made or broken. In order to investigate the induced cur- 
rent, one places In the secondary circuit a ballistic galvanom- 
eter, whose throw depends upon the total electric charge 
which flows in the circuit. We have 



If a bar of soft iron is inserted in the primary coil the effect is 
greatly increased. 

We define a new quantity B, the magnetic induction, in 
terms of quantities which measure observable effects. Assum- 
ing that initially there was no magnetic field we set 

— J^BJS == cRe 

where e is the total electric charge that flows through the cir- 
cuit and R is the resistance of the circuit. The quantity on 
the left-hand side is the sum of the products of the normal 
components of B and the elements of area of a surface bounded 
by the circuit, whereas the right-hand side of the equation is 
independent of the surface. Hence the total induction is the 
same through all surfaces with the same boundary. We may 
express this by 

div B = 0. 

Thus B is defined by these two equations. Experiment shows 
that except for ferromagnetic substances 


B = mH, 


where /x is a constant which is called the permeability. 

The equation by which we introduced magnetic induction 
is an integral law. From it one can obtain a differential equa- 
tion. We put 




‘f- 


B‘dS 
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Then 


-i^i = . ji/. 

c at at 


is called the induced electromotive force. Using 

c dt 

Ohm’s law in the differential form, and the formula for the 
resistance in terms of the conductivity, one obtains 


1 ^ 
c dt 


-f 


E-dT. 


For a conductor at rest one obtains 


1 

cj dt 


•dS = 






This integral law is Initially based on experiments with linear 
conductors. It is verified for any circuit within a bodily con- 
ductor. Upon the assumption of homogeneity one obtains the 
differential equation. 


1 ^ 

dt 


= curl E. 


This is the second fundamental equation of electromagnetism. 
A pictorial representation is that a variable magnetic induc- 
tion is encircled by an electric field. Maxwell assumed that 
this equation holds not only in conductors, but also in Insula- 
tors. His hypothesis was verified by the discovery of electro- 
magnetic waves. 


6. CONCLUSIONS 

The fundamental equations of the electromagnetic field are 

I eurlH.i= + l^ 

c c dt 

II - i ^ = curl E. 

c dt 


These equations constitute a general schema. 
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Now it is an experimental fact that in an isotropic body 
with dielectric constant e and conductivity cr, for the electro- 
static field 

D = €E, 


and for a stationary electric current Ohm’s law holds, 


Furthermore, 


i = (tE. 


B = mH, 


except for ferromagnetic bodies. 

Maxwell’s theory of electricity and magnetism assumes 
that these relations, which are verified for statical and station- 
ary fields, hold also for rapidly alternating fields. Introducing 
these experimental assumptions into the equations, one obtains 


I 

II 


€ aE 
c dt 


curl H ~ 


Aiira 

C 


E 


M 9H 
C dt 


curl E. 


If the momentary distribution of the magnetic and electric 
field is given, the two differential equations determine the rates 
of change of the fields throughout space. One can therefore 
calculate the sequence of states which originates in a given 
initial state. 

I remark that arguments may be adduced for the use of 
the vector B, instead of H, in the equations. 
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CHAPTER VII 


THERMODYNAMICS 
1. TEMPERATURE 

In the chapter on dynamics we introduced the physical 
quantity mass, which serves to represent many things in the 
world given in experience. Things which have mass are called 
material bodies. In the chapter on electrodynamics we saw 
that material bodies are also described as electrified, magnet- 
ized, conducting, etc. In thermodynamics we introduce 
another character of material bodies — that which we express 
when we call them hot or cold. Bodies are thus characterized 
in terms of hotness and coldness. Frequently occurring phe- 
nomena are connected with variations in hotness and coldness, 
for example, expansion, change of state, transfer of heat, per- 
formance of work, etc. We must fashion concepts of physical 
quantities in order to describe the phenomena correlated with 
the thermal properties of bodies. 

I first consider the concept of temperature and shall begin 
with a qualitative analysis. The original qualitative basis of 
this concept is the sensation of hotness or coldness: we touch 
a body and declare it to be hot, warm, cold, etc. I first explain 
the concept of equality of two bodies with respect to hotness. 
At first glance it might appear that the concept of equality with 
respect to intensity of heat could be based upon the experience 
that two bodies appear equally hot to touch. This basis is 
unsatisfactory because the sensation depends upon the kind 
of material, hence the criterion would lead to contradictions. 
Our concept of temperature will be defined in such a way that, 
of two bodies at the same temperature, one may appear colder 
to the touch than the other, as for example, steel and wood. 

We shall base the definition of equality with respect to hot- 
ness upon the empirical fact that it is possible to bring two 
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bodies into contact and experience no change in hotness in 
either body. The relation between the bodies is symmetrical, 
if body A is as hot as B, then B Is as hot as -4. The relation 
is also transitive, for, if A is as hot as J5, and B is as hot as C, 
then A Is as hot as C. In virtue of this symmetrical and tran- 
sitive relation between the two bodies we ascribe to them a 
common character, the same temperature. Thus the concept 
of temperature Is defined on the basis of generalization from 
experiences of equally hot bodies. By definition, two bodies 
have the same temperature If, when they are brought Into con- 
tact, no change in the hotness of either body Is experienced. 

One body is hotter than another. If on contact the first cools 
and the second becomes warmer. This process will continue 
until both bodies are at the same temperature. We can arrange 
bodies according to a scale of hotness: very hot, hot, warm, 
lukewarm, cool, cold, very cold. Temperature is a non-additive 
property: If one joins two bodies equal in temperature, one 
obtains a body of the same temperature. 

The discussion thus far has yielded a concept of tempera- 
ture, but one which Is not satisfactory because of the impossi- 
bility of making discriminating and reproducible estimates 
of temperature by our temperature senses. A physical con- 
cept of temperature is based upon the empirical fact that as a 
body changes in hotness certain correlated measurable proper- 
ties change; for example, the volume of a body generally 
increases upon heating. Hence one can define changes of tem- 
perature in terms of the changes of some more accurately 
measurable property. An instrument which embodies a defini- 
tion of temperature in terms of some measurable property is 
called a thermometer. The first thermometer was Galileo’s air 
thermometer, which consisted of an Inverted bulb with a stem 
whose open end was in water. The air ih the bulb was at less 
than atmospheric pressure, so that the water rose in the stem 
above the level In the outer vessel. Changes in hotness of the 
air in the bulb were indicated by a change in level of the water 
in the stem. Such a thermometer defines the physical quantity 
temperature in terms of changes in volume of air. 

There are various possible definitions of temperature in 
terms of different thermometers. In order to construct a 
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thermometer one must choose: (a) a substance, (b) a prop- 
erty which varies with hotness and coldness, (c) the zero of a 
scale, (d) the standard unit of a scale. The international 
standard thermometer is the constant volume hydrogen ther- 
mometer. Temperature is defined in terms of the pressure of 
hydrogen gas at constant volume. Defining the temperature 
of a mixture of water and ice under a pressure of one atmos- 
phere as 0° Centigrade, and the temperature of steam over boiling 
water under a pressure of one atmosphere as 100° Centigrade, 
fixes the zero and the standard unit of the scale. One cali- 
brates the thermometer by noting the pressure of the gas for a 
given volume at these two fixed points. In determining the 
fixed points of the thermometer one must wait until tempera- 
ture equilibrium is established between the gas and the medium 
in terms of which the fixed points are defined. The meaning of 
this procedure is based upon our initial definition of tempera- 
ture and the empirical law that if a hot body and a cold body 
are placed in contact they gradually come to the same tem- 
perature. The definition of the physical quantity temperature 
is thus based upon a law the meaning of which depends upon a 
qualitative definition of temperature. Furthermore, the defini- 
tion of a fixed point depends upon the fact that the pressure 
of the gas is always the same at the ice-point and steam-point. 
The definition of the ice-point as 0° C and the steam-point as 
100° C is possible in virtue of the fact that ice has a definite 
melting-point and water a definite boiling-point. Temperature 
as a physical quantity may now be defined by the equation 

^ _ Pt- Po 
PlOO Pq 
100 

where Po is the pressure of the hydrogen gas at 0° C, 

Pioo is the pressure at 100° C, 

Pt is the pressure at some temperature t which is to be 
determined. 

In order to measure temperature we must establish tem- 
perature equilibrium between the hydrogen gas and the body 
whose temperature is to be determined. From the initial dis- 
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cussion of temperature we know that we must wait until equal- 
ity in temperature is established. The pressure of the hydrogen 
gas is then measured. From the pressure coefficient of hydro- 
gen one can determine the temperature at which the pressure 
of hydrogen gas would be zero, if the properties of the gas did 
not depend upon the conditions. This temperature is approxi- 
mately — 273° C and is called the absolute zero of tempera- 
ture. If a temperature is assigned relative to the absolute zero 
it is symbolized by T. 

Thermometers based upon other properties and other sub- 
stances are also used, but they must be calibrated in terms of 
the standard thermometer. One can discover laws corre- 
lating the temperature and other quantities, for example, the 
law of radiation according to which the rate at which energy is 
radiated from a black body depends upon the fourth power of 
the absolute temperature. Very high temperatures are defined 
by the extrapolation of this law beyond the limits within which 
it has been verified. We shall later employ the concept of 
temperature to set forth the second law of thermodynamics; 
thereupon the second law will be transformed into a definition 
of temperature. 


2. QUANTITY OF HEAT 

The second fundamental concept in thermodynamics is 
that of quantity of heat. In the first part of the discussion of 
this concept I shall assume that substances which are heated 
or cooled remain in a given state, that is, remain in the solid, 
liquid, or vapor state. Let us now suppose that we have two 
bodies of different materials and at different temperatures, for 
example, a bar of Iron and a vessel of water. If we bring the 
bodies into contact, for example, plunge the Iron Into the vessel, 
the hotter body is cooled and the colder body is heated until 
the two bodies are at the same final temperature. Let A/i be 
the decrease in temperature of the hotter body, and A /2 the 
increase in temperature of the colder body. If the masses of 
the bodies are mi and W 2 , respectively, then we find by experi- 
ment that 

WiA/i , 

= k. 

m2^t2 
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Assuming heat insulation, which will be explained later, this 
constant is independent of time, place, and the masses of the 
materials entering into the thermal interaction. It does 
depend upon the temperature, but as a first approximation we 
may neglect this fact. We may write the equation 

WiA/i __ ^2 

m2A/2 

A similar experiment with bodies of substances (1) and (3) 
yields 

WiA/i _ ^3 

W 3 A /3 ^ 1 * 


We may arbitrarily choose a value for and thus our experi- 
ments yield a set of constants 5i, 52 , ^ 3 , . . . which characterize 
the substances (1), (2), (3), etc. These constants are defined 
to be the specific heats of the different substances. One arbi- 
trarily posits the specific heat of water as 1. For the best pos- 
sible precision one must specify the temperature range for 
which the specific heat of water is 1. 

Returning now to the equation 


we obtain 


miM\ _ S2 
1712^2 

= ni2S2^t2> 


Thus, whenever two bodies at different temperatures are 
brought into contact, the final common temperature is such 
that the decrease in ms^t for one is equal to the increase in 
ms^t for the other. It is therefore useful to introduce the con- 
cept of quantity of heat which is defined by 

q — msAt, 

Thermal interaction between two bodies which results in a 
common final temperature may be described by the proposi- 
tion that the heat lost by one body is equal to the heat gained 
by the other body. In general, if a body of mass m and specific 
heat s experiences a change of temperature At, the heat 
gained or lost is given by 


msAt, 
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We thus define quantity of heat so that in experiments on 
bodies in thermal contact the heat lost by the one body is 
equal to the heat gained by the other body. 

The concepts of specific heat and quantity of heat were 
fashioned during the eighteenth century, when the theory was 
held that heat is an imponderable, indestructible substance, 
called caloric, the physical quantity insist being a measure of 
the amount of caloric which entered or left a body. The a 
priori concept of heat substance undoubtedly guided the selec- 
tion of msM as a measure of the quantity of this substance. 
However, in the preceding account we discovered ms^t to be 
a quantity which satisfied the equation 

'ZmsAt = 0 

in a thermal exchange between two bodies. Although it is not 
necessary to interpret this empirical result as grounded in the 
indestructibility of a substance, yet our terminology reveals 
the influence of the concepts of the caloric theory, and so we 
continue to speak of the heat gained or lost by a body as if 
there were some substance which entered or left the body. 
The empirical fact, however, is that it is possible to assign num- 
bers sif S 2 , etc., such that ^msAt — 0 under certain specified 
conditions. We shall see later that in contemporary theory 
msAt is interpreted as change in energy. 

Our definition of quantity of heat was a first approxima- 
tion based upon crude experiments. We may use this concept 
to explain lack of agreement in repeated trials as a consequence 
of loss of heat by radiation, conduction, etc. We recognize 
then that if two bodies interact thermally we must insulate 
the system carefully or else correct our calculations for losses. 
These precautions render it possible to define more precisely 
the conditions of the experiments on the basis of which the 
fundamental quantities are defined for the description of 
thermal phenomena. 

In the discussion of exchanges in heat between two bodies 
we have thus far presupposed that each body is unchanged in 
state by the process. Let us now perform the experiment of 
placing 1 gram of ice at 0° C in 1 gram of water at 80° C. The 
result will be 2 grams of water at 0° C. In accordance with 
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our definition of quantity of heat the 1 gram of water has lost 
heat in being cooled from 80° to 0° C. We should expect that 
the 1 gram of ice would gain an equal amount of heat. How- 
ever, this case is not included in our definition, because the 
temperature of the ice remains unchanged. Thus our prin- 
ciple that heat lost is equal to heat gained appears to be vio- 
lated. The problem is solved by generalizing the concept of 
quantity of heat so that changes of heat are not restricted to 
changes in temperature. Accordingly, we interpret the process 
of fusion as one accompanied by an absorption of heat: the 
heat required to change unit mass of a solid at the melting- 
point into a liquid at the same temperature is called the heat 
of fusion. In our experiment, in which 1 gram of ice at 0° C 
and 1 gram of water at 80° C resulted in 2 grams of water at 
0° C, the heat lost by the water in cooling from 80° C to 0° C 
is equal to the heat absorbed by the ice in melting without 
change of temperature. Conversely, upon solidification heat 
is given out. Thus the principle, heat lost is equal to heat 
gained, is a defining character of the physical quantity heat. 
One can readily see that the concept of heat of fusion would 
be required by the demand to interpret thermal phenomena 
in terms of an a priori concept of indestructible substance. 
In the light of the mechanical theory of heat, heat of fusion 
measures the change in potential energy per unit mass of a 
substance when it changes from the solid to the liquid state or 
vice versa. 

Again, in changing from the liquid state to the vapor state, 
heat is absorbed without change of temperature. The con- 
cept of heat of vaporization is then introduced on the basis 
of the defining principle that heat lost is equal to heat gained. 

An alternative method of defining heats of fusion and vapori- 
zation is the following. Suppose that a given mass of water 
is in contact with a flame. The temperature of the water will 
gradually rise and we describe the process as one in which 
the flame supplies heat to the water. We now replace the 
water by a mass of ice and there occurs melting of the ice with- 
out change of temperature. We assume that the flame now 
supplies heat to the ice and that the absorption of heat mani- 
fests itself in a change of state. With this method of defining 
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heat of fusion we can verify experimentally the principle that 
heat lost is equal to heat gained by mixing water and ice and 
measuring the masses and temperatures. 

The unit of quantity of heat in physics is the heat required 
to raise 1 gram of water 1 degree Centigrade. In precise work 
one must specify the degree. 

3. THE MECHANICAL THEORY OF HEAT 

In describing thermal interaction between bodies which 
do not change in state we found that a physical quantity 
defined by msM was of general application. This physical 
quantity was called quantity of heat and has the property that 
the heat lost by one body is equal to the heat gained by the 
other body. In order to describe thermal phenomena involv- 
ing change of state, we extend the concept of heat to include 
quantities such as heat of fusion which is applicable in the 
description of change of state. 

The caloric theory of heat was based upon the assumption 
that the ground of these quantitative relations was a weight- 
less, indestructible substance. The permanent character of 
heat substance was expressed by the principle that the heat 
lost by one body is equal to the heat gained by the other. The 
caloric theory was rendered unplausible by a series of experi- 
ments which have been interpreted in terms of a mechanical 
theory of heat. 

Some pioneer experiments for the mechanical theory of 
heat were performed by Count Rumford in 1798. While 
engaged in the boring of cannon he noticed that there was a 
continued and apparently unlimited production of heat. This 
result was contrary to the principle of the conservation of 
heat as expressed by the concept of an indestructible sub- 
stance. Rumford expressed the inadequacy of the caloric 
theory in the following words: “ It is hardly necessary to say 
that anything which any insulated body, or system of bodies, 
can continue to furnish without limitation cannot possibly be 
a material substance; and it appears to me to be extremely 
difficult, if not quite impossible, to form any distinct idea of 
anything capable of being excited and communicated in the 
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manner the heat was excited and communicated in these experi- 
ments, except it be motion/* 

About the same time Sir Humphry Davy rubbed two blocks 
of ice together and thereby melted the ice. This experiment 
and other experiments in which heat was produced by friction 
were interpreted in terms of the mechanical theory of heat. 

However, the mechanical theory of heat was not generally 
accepted until the middle of the nineteenth century. The 
decision in favor of the mechanical theory was largely deter- 
mined by Joule’s measurement of the mechanical equivalent 
of heat. He discovered experimentally that a given amount 
of mechanical work always produces the same amount of heat. 
A typical experiment was one in which water was heated by 
stirring it up by paddle wheels. Joule measured the work done 
and the heat produced, and from a set of experiments obtained 
a fairly consistent set of values for the mechanical equivalent 
of heat, that is, the mechanical energy required to produce a 
unit of heat. It is essential to distinguish the experimental 
result that heat and mechanical work are proportional from 
its interpretation in terms of the mechanical theory. Einstein 
has stated the principle that when two physical quantities arc 
always proportional they are essentially identical. Thus the 
theory that heat consists of mechanical energy affords a sim- 
ple interpretation of the experimental discovery of the equiva- 
lence between work and heat. Then the thermal quantities 
such as msM, heat of fusion, etc., measure, not substance, but 
mechanical energy. 

Now the heating of a body does not appear to be accom- 
panied by an increase in motion. Hence the mechanical 
theory of heat requires the assumption that a visible and tangi- 
ble body is constituted of smaller particles whose energy con- 
stitutes heat. Thus the mechanical theory introduces atom- 
istic, microscopic concepts into physics. 

We have now been introduced to the notion of the trans- 
formation of mechanical work into heat. Conversely, heat 
may be transformed into mechanical work by a heat engine. 
Furthermore, the application of dynamical concepts in elec- 
trodynamics is the basis of the concepts of electrical and mag- 
netic energy. Electrical and magnetic energy can be trans- 
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formed into heat, and vice versa. The general theory of trans- 
formations in which the thermal properties of bodies are con- 
sidered constitutes thermodynamics. 

4. THERMODYNAMICS 

Thermodynamics is the study of transformations of sys- 
tems in which thermal properties participate. A system con- 
sists of material bodies and other entities which may be the 
object of physical investigation. Thus electromagnetic radia- 
tion within a space unoccupied by matter may constitute a 
system. The state of the system is defined by the values of 
certain physical quantities. In thermodynamics the physical 
quantities employed are restricted to macroscopic quantities, 
which are directly measurable or definable in terms of directly 
measurable quantities. For example, in the thermodynamic 
study of a gas the quantities which determine the state of the 
gas are the pressure, volume, and temperature. The tempera- 
ture can be directly measured with a thermometer, the pressure 
can be measured by a manometer, and the volume is readily 
calculable from direct measurements. A relation between the 
variable physical quantities which characterize a system is 
called an equation of state. Thus for a gas the equation of 
state is approximately PV == RT. A system is said to be in 
equilibrium if the variables which define the state of the system 
are constant in value. A change in the state of a system is 
called a transformation. The transformation takes place by 
means of a process during which there is a change in the values 
of the variables which define the state. We distinguish between 
reversible and irreversible processes. A reversible process is 
one in which the system is always infinitely near to equilibrium 
conditions. If a certain mass of gas at a given pressure and 
temperature is enclosed in a cylinder by a piston, subject to an 
external pressure equal to that of the gas, the system consist- 
ing of the gas and piston is in equilibrium. In order to ex- 
pand the gas reversibly one must keep this external pres- 
sure on the piston infinitesimally less than the equilibrium 
pressure. The gas will then expand infinitely slowly and the 
state of the system will always be infinitely near to equilibrium. 
The process is reversible in the sense that an infinitesimal 
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change in pressure will cause the process to go in the opposite 
direction through states infinitely near to equilibrium. Thus 
in a reversible process the direct and reverse processes pass 
through the same series of states of the system. In this respect 
reversible processes in thermodynamics are similar to reversi- 
ble processes in dynamics. There is the difference, however, 
that reversible processes in thermodynamics do not involve 
the time, or in other words involve the time to the zero order, 
whereas the reversible processes in dynamics are governed by 
differential equations of the second order with respect to the 
time. An irreversible process is one in which the state is 
always at a finite distance from equilibrium. Thus, in the 
illustration of the gas enclosed by a piston, if the external 
pressure were kept equal to one-half of the equilibrium pres- 
sure, the expansion would proceed at a finite rate and the sys- 
tem would pass through states which differ by a finite amount 
from equilibrium conditions. A finite change in conditions 
would be necessary to change the direction of the process. 
The direct and reverse processes would not pass through the 
same series of states. 

In thermodynamics use is made of special processes. An 
isothermal process is one carried out at constant temperature. 
An adiabatic process is one in which no heat is added to, or 
subtracted from, the system. A cycle is a process in which 
the final state is the same as the initial state. An important 
cycle is the Carnot cycle, which consists of the following series 
of processes: reversible isothermal expansion with absorption 
of heat and the performance of external work, reversible adi- 
abatic expansion with performance of external work and drop 
in temperature, reversible isothermal compression in which 
work is done on the system and heat is rejected by the system, 
reversible adiabatic compression in which work is done on the 
system and the temperature is raised. The Carnot cycle is 
the basis of an ideal heat engine and is useful in deducing 
consequences from the principles. 

Classical thermodynamics is based upon two principles, 
the First and Second Laws of thermodynamics. In recent 
years a third law has been set forth, but I shall confine my 
attention to the first and second laws. 
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6. THE FIRST LAW OF THERMODYNAMICS 

I begin the exposition of the First Law with a statement of 
presuppositions. We have a definition of the physical quan- 
tity heat. In the standard case the heat received or given 
out is msM, Then we have a definition of energy or work; if 
a force acts through a distance work is done by the force. I 
shall employ the term mechanical work for the work done by 
gravitational forces and elastic forces such as occur in the con- 
tact of two bodies. 

The experimental basis of the First Law Is the proportion- 
ality between heat on the one hand, and mechanical work or 
other forms of work or energy, on the other. For example, 
if mechanical energy is used up in doing work against friction, 
a definite amount of heat is produced. Accordingly, Q, quan- 
tity of heat, can be expressed in energy units, and in the fol- 
lowing I shall assume that this has been done. 

The functional relation between heat and work suggests 
the mechanical theory of heat, according to which (2 is a meas- 
ure of molecular mechanical energy. This in turn offers a 
basis for a general principle of the conservation of energy. 
Energy which is lost is transformed into molecular energy 
which is manifested as heat. The principle of the conserva- 
tion of energy gave rise to the First Law of thermodynamics. 
Indeed, the First Law is often said to express the conserva- 
tion of energy. However, in the present discussion I shall 
formulate the First Law independently of the mechanical theory 
of heat. In the following formulation of the First Law I use 
only the proportionality of heat and work. 

I begin with the experimental fact that if energy in any 
form is lost, a corresponding amount of heat is gained. Thus 
in Joule’s experiment a body loses mechanical potential energy 
and a mass of water gains heat. If a current flows in a wire 
electrical energy is lost and there is an evolution of heat. The 
experimental fact is the functional relation between heat and 
energy. 

Suppose, to consider a concrete case, we have a gas enclosed 
in a cylinder by a piston. The gas is in a given state (1) which 
is determined by the pressure, volume and temperature. If 
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we add heat Q to the gas and do work W upon it the gas is 
changed to state (2). Now it is an experimental result that 

Q + W 

is a function of the initial and final states alone. Since Q and 
W have been defined we are able to verify this result. A gen- 
eral verification consists in the fact that li Q -{■ W were not 
independent of the path, it would be possible to construct a 
perpetual motion nachine. The past failures to construct 
such a machine are evidence of the truth of our proposition. 
Thus the experimental result is that there is a function of the 
state, E, such that 

E-2 - El = Q + W. 

E is called the internal energy of the system. Thus the increase 
in the internal energy is equal to the dynamical equivalent of 
the heat added plus the work done on the system. In differ- 
ential form our equation becomes 

dE = q -\- w, 

where q and w are infinitesimal. Our experimental result is that 
g -|- w is a perfect differential. 

We may express the First Law by the statement that 
q w is a perfect differential. An equivalent statement is 
that there is a function of the state, the internal energy, such 
that the increase in internal energy is equal to the dynamical 
equivalent of the heat added plus the work done on the system. 
Conversely, the decrease in internal energy is equal to the 
dynamical equivalent of the heat given out plus the work done 
by the system. The total internal energy, which is defined 
except for an arbitrary constant, is the sum of the dynamical 
equivalent of the heating effect plus the total external work 
which a system can do. 

If in the equation dE = q w, 

we interpret q as molecular energy, then we arrive at a general 
principle of conservation of energy. In anticipation of this 
result the function of the state was called internal energy. 
Then the external environment loses or gains energy as the 
system gains or loses energy. 
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It Is desirable to compare the general principle of con- 
servation of energy with the principle of energy in dynamics. 
Suppose that we have given a mechanical system of particles 
subject to the action of forces which are functions of the posi- 
tions of the particles. We can then derive an equation, called 
the equation of energy, which states that the kinetic energy 
plus the potential energy is a constant. Now in real systems 
there is a gradual decrease in the mechanical energy of the 
system on account of frictional forces. For example, a vibrat- 
ing pendulum will gradually be brought to rest by the resist- 
ance of the air. Thus a general principle of the conservation 
of energy seemed impossible in physics. However, the mechani- 
cal theory of heat rendered possible the formulation of a gen- 
eral principle of energy. Experiment shows that there is a 
function of the state E such that 

dE q + w. 

If we interpret q as molecular energy, E becomes the internal 
energy of a system and we obtain the principle that in a trans- 
formation the total change in energy is zero. 

dE — (g + ^) =0. 

The interpretation of the First Law as the principle of the 
conservation of energy involves an extension of the concept 
of energy. To macroscopic energy we add molecular energy. 

Thus the First Law has been explained as the definition of 
internal energy upon the basis of experimental results. We 
may now transform the law. Suppose that in a problem we 
know the change in internal energy and W, Then the First 
Law can be interpreted as a definition of heat. It is from this 
point of view that heat is, to borrow a phrase from Professor 
Bridgman, a waste-basket concept. 

6. THE SECOND LAW OF THERMODYNAMICS 

The First Law expresses a functional relation between 
heat and energy, but it gives no clue to the direction of iso- 
lated processes. If in a machine mechanical energy Is trans- 
formed into heat by friction, the First Law states that the 
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decrease in mechanical energy is proportional to the increase 
in heat, but the First Law does not indicate whether the process 
goes in the direction of transforming mechanical energy into 
heat or vice versa. The direction in which processes go when 
left to themselves is prescribed by the Second Law. 

Suppose that a hot body and cold body are joined by an 
iron rod. Then we know from experience that heat will be 
conducted through the rod from the hot to the cold body until 
a state of equilibrium is reached in which both bodies are at 
the same temperature. The process is irreversible; at the 
beginning the conditions vary by a finite amount from equi- 
librium and the process goes on at a finite rate; as equilibrium 
is approached the process goes more and more slowly. Now 
an essential characteristic of irreversible processes is that the 
system can not be returned to the initial state without some 
change in the surroundings. It is possible to transfer heat 
from one body to another so that their temperatures are the 
same as at the beginning of the process of conduction which 
has just been described, but this reestablishment of the initial 
state of the two bodies requires the employment of an engine 
the operation of which involves a change in the surroundings. 
The Second Law of thermodynamics can be expressed by the 
statement that natural processes are irreversible. 

Specific formulations of the principle were first given by 
Clausius (1850) and Kelvin (1851). Clausius stated: It is 
impossible for a self-acting machine to convey heat from one 
body to another at a higher temperature. Kelvin’s statement 
was: It is impossible by means of any continuous inanimate 
agency to derive mechanical work from any portion of matter 
by cooling it below the lowest temperatures of its surround- 
ings. Thus one can not propel a ship across the ocean by trans- 
forming the heat of the water into mechanical work. 

From either of the preceding statements of the Second 
Law one can deduce a theorem which was first stated by Carnot. 
One must first remark that heat is transformed into work by 
means of an engine, which may be assumed to be a Carnot 
engine, which takes in heat Qi at a given temperature 7i and 
gives out heat Q 2 at a lower temperature T 2 . By the First 
Law the heat transformed into work is Qi — Q 2 . The work. 
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done divided by the heat taken in is called the efficiency of the 
engine, 


e = 


Qx -g2 
Cl 


Carnot’s theorem states that all reversible engines working 
between the same temperatures have the same efficiency, 
and no irreversible engine working between the same tempera- 
tures can have a greater efficiency. Thus the efficiency of a 
reversible engine is independent of the working substance and 
the pressures; it is a function of the temperatures alone. That 

Qx -Q'z 
Qi 


depends only on the temperatures Ti and 7^2 . 

Q2/Q1 therefore depends only on the temperatures. Kel- 
vin then created the thermodynamic scale of temperature by 
the definition, 

Ql = h 
Qi Ji 


where Qi is the heat taken in by a Carnot engine at tempera- 
ture dif and Q2 is the heat given out at temperature 62- We 
have therefore transformed the Second Law of thermodynamics 
for reversible processes into a definition of temperature. This 
definition of temperature is not dependent upon the proper- 
ties of a special substance. Experiment shows that the tem- 
perature T as determined by the constant- volume hydrogen 
thermometer agrees very closely with the thermodynamic 
definition. 

For the Carnot cycle 


by definition. 
Then 


Ql =z — 
Qi “ ei 

62 ^1* 


Let us now introduce the physical quantity -, where 9 is an 

9 

infinitesimal quantity of heat which is reversibly added to the 
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system at temperature 6, Let us further consider the sum- 
mation of the values of this quantity in a Carnot cycle. The 
result is 

di $2 ' 

which is zero, from the definition of temperature. This result 
is an instance of the fact that q/d is a, perfect differential. 
Thus there is a function of the state S such that 



6' is called the entropy of the system. In the Carnot cycle it 
follows that during the absorption of heat Qi at temperature 

there is an increase in entropy Qi/di\ during the adiabatic 
expansion there is no change in entropy because no heat is 
added or subtracted; during the rejection of heat Qz at the 
lower temperature Bo the loss in entropy is Qz/Bo^ and during 
the final adiabatic compression there is no change in entropy. 
The total change in entropy of the working substance during 
the cycle is zero. Similarly, the source of heat at the higher 
temperature Bi loses entropy Qi/Bi and the source of heat at 
the lower temperature Bz gains an equal amount QzjBz^ In 
general a reversible process is characterized by the fact that 
the entropy of the whole system involved does not change. 
An irreversible process in an isolated system is characterized 
by an increase in entropy. 

We may then express the Second Law by the statement 
that natural processes in an isolated system result in an increase 
in entropy. The state of equilibrium is that in which the 
entropy is a maximum. 

The Second Law expresses the tendency of natural processes 
to equalize temperatures throughout the universe. Now in 
order to transform heat into mechanical or other kinds of 
energy it is necessary to have an engine working between a 
higher and a lower temperature. Thus the equalization of 
temperature renders heat unavailable for the performance of 
work. Hence the Second Law has been expressed as the prin- 
ciple of degradation of energy, or better as the degradation 
of systems. 
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The Second Law renders it possible to discriminate between 
the forward and backward direction of time. The increase 
in entropy which results from irreversible processes is corre- 
lated with the forward direction of time. 
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PART II 

UNITARY SYSTEMS OF PHYSICAL THEORY 




CHAPTER VIII 

THE MECHANICAL CONCEPTION OF NATURE 

1. INTRODUCTION 

The mechanical conception of nature was an attempt at 
a unitary representation of the physical order. 

A physical theory is the representation in concepts of 
selected characters and processes of the physical order. In 
dynamics we have a set of physical quantities which serve for 
the general description of the motion of bodies and the condi- 
tions of changes of motion. In electrodynamics we represent 
electrical and magnetic properties of bodies and correlated 
phenomena. In thermodynamics we have a very general 
description of the physical order in which thermal properties 
and phenomena are the principal objects of interest. In set- 
ting forth these systems of physical theory I have sought to 
retain the phenomenological point of view as much as possible. 
Now one seeks a unitary representation of the physical order; 
one endeavors to interpret the concepts of one theory in terms 
of the concepts of a fundamental theory. From the induc- 
tive point of view this is the explanation of a concept, for 
example, of heat; from the deductive point of view interpre- 
tation is definition. 

The first, most sustained, and most detailed attempt at a 
unitary system of physics was the mechanical conception of 
nature. I distinguish between the mechanical conception of nature 
and materialism. Materialism is the extension of mechanical 
concepts to all characters of reality. 

According to the mechanical conception of nature the fun- 
damental physical phenomenon is that of a body in motion. 
The primary physical character of a body is represented by its 
mass. The acceleration of bodies is attributed to the action 
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of force. The concept of force expresses the fact that accelera- 
tion is dependent upon conditions outside the body. Now in 
dynamics the concept of force is general, so that instances of 
force are weight, the stress in an elastic body, electric attrac- 
tion, magnetic attraction, etc. The mechanical conception 
of nature is characterized by the choice of certain kinds of 
force as fundamental in terms of which other forces are to be 
explained. Thus the mechanical theory is based upon the kine- 
matical concepts, the concept of mass and the concept of 
mechanical force. Physical phenomena are described or 
explained in terms of bodies having mass and acted upon by 
mechanical forces. 

What we understand by the mechanical conception of 
nature depends upon our concept of mechanical force. In the 
historical development of the theory two types of force have 
been especially considered; first, action at a distance, which is 
exemplified by the Newtonian theory of gravitation; second, 
action by contact between material bodies, which is exempli- 
fied in the macroscopic theory of elasticity. Speaking gener- 
ally, one may say that the typical mechanical forces are those 
operative in machines like the pulley, the wheel and axle, etc. 

Let us now review physical phenomena from the stand- 
point of the mechanical conception of nature. It is fitting 
to begin with those phenomena whose adequate description 
by a physical theory inspired the mechanical theory. 

2. GRAVITATION 

The early history of dynamics was molded to a consider- 
able extent by the program of finding a theory of the motions 
of the heavenly bodies. The system of celestial mechanics 
was constructed by Newton upon the laws of motion and the 
law of gravitation. Newton's law of gravitation is that if m 
and m' are the masses of two bodies and r is the dis- 
tance between them, then the force upon either mass is given by 

F = Gm'mlr^^. 

The motion of m is determined by 

Gm'mir- = ma. 
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In general, the acceleration of a given body is a function of the 
masses of surrounding bodies and their distances from the 
body. The gravitational field surrounding the earth may be 
taken as constant throughout a small region; hence a freely 
falling body has a constant acceleration which is the same for 
all materials. 

However, the preceding description of the motion of a 
freely falling body is only a first approximation; one observes 
that a feather and a piece of lead fall with different accelera- 
tions. In order to describe the different behavior one introduces 
the concept of resistance of the air. The theory of gravitation 
thus provides a schema for the description of motion under 
gravity, and deviations from the schema are attributed to dis- 
turbing influences. 

In classical celestical mechanics the force of gravitation is 
conceived of as an action at a distance. However, there is 
evidence that Newton did not consider this the final account 
of the phenomenon. In a letter to Bentley, Newton says: 

That gravity should be innate, inherent and essential to 
matter, so that one body may act upon another at a distance 
through a vacuum, without the mediation of anything else . . . 
is to me so great an absurdity that I believe no man, who has 
in philosophical matters a competent faculty of thinking, can 
ever fall into.'' 

A theory by LeSage explains the force of gravitation in 
terms of the impacts of corpuscles; this is an example of action 
by contact. 

The success of celestical mechanics inspired the attempt 
to interpret all forces as actions at a distance. The history 
of the theory of electricity and magnetism from the middle of 
the eighteenth to the middle of the nineteenth centuries was 
influenced by the attempt to find laws of force similar to the 
inverse square law in the theory of gravitation. Thus the 
quantitative theory of electricity and magnetism was initiated 
by Coulomb's law for the attraction between electric charges 
or magnetic poles, Laplace's law for the dependence of the 
element of magnetic field upon the current in an element of 
the electric circuit, etc. In the early history of the theory of 
elasticity it was attempted to explain stresses in terms of forces 
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at a distance between the molecules constituting an elastic 
body. Thus gravitational action at a distance gave rise to the 
consideration of central forces. In a very general sense a 
mechanical conception of nature can be based upon a theory 
of central forces. 

Such a conception of nature has been based upon the notion 
of central forces which are functions of position. However, 
the development of physical theory has been guided by the 
attempt to reduce action at a distance to action by contact. 
Thus the mechanical theory is best exemplified by the clcissical 
theory of elasticity. 

3. ELASTICITY 

Solid bodies are characterized by the fact that if a body is 
deformed within certain limits by the application of some force, 
upon the removal of the force the body resumes its original 
size and shape; this property of solids is called elasticity. 
The elastic properties of bodies can be described with the aid 
of the concept of force. As an example, consider a wire one 
end of which is attached to a fixed support and the other end 
of which is supporting a load; under the action of the load the 
wire is stretched. If L is the original length of the wire and 
AL is the increment in length, the measure of stretch is defined 
by AL/L. In addition to the geometrical concept of stretch, 
or extension, we need a dynamical concept. Let us imagine a 
dividing plane at right angles to the length of the wire. The 
part of the wire below the plane is a body in equilibrium. Now 
the load exerts a downward force upon it in virtue of the weight 
of the load; therefore, in accordance with the principle of equi- 
librium we must conceive of a force exerted by the upper part 
of the wire upon the lower part across the dividing plane between 
them. This force per unit area is called the stress in the wire. 
Stress may be characterized as action through contact in con- 
trast with action at a distance. 

In the simple case of the wire the application of the prin- 
ciple of equilibrium leads to the result that the stress is the 
load per unit area. Now it was discovered by Hooke that the 
stretch of a wire varies directly with the load, within the elastic 
limit. Hence stress and stretch are proportional. Further- 
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more, it is an experimental fact that this ratio of stress to 
stretch is a constant for a given material. On the basis of these 
experiments we ascribe to a given material a physical quantity 
M which is defined by 

^ __ the stress 
the stretch 

M is called Young’s modulus of elasticity. 

In the theory of elasticity one defines different kinds of 
stress and strain. In general, bodies undergo strains upon the 
application of force. The strains are accompanied by stresses 
which act across surfaces separating contiguous parts of a 
body; the stresses are linear functions of the strains. The 
concepts of these physical quantities enable one to describe 
the equilibrium and motion of elastic bodies. 

Thus in the theory of elasticity we have the concept of an 
action through contact; this is the typical mechanical force. 
There have been attempts at a more detailed mechanical theory 
of these contact stresses in elastic bodies. In the present chap- 
ter I shall assume these stresses as fundamental. 

Stresses are also assumed in hydrodynamics, which is the 
study of the motion of fluids. 

One may say that the most typical mechanical force is an 
action by contact. In the mechanical conception of nature 
the action of stress is fundamental and not to be further 
explained. The statement that stress is action by contact is 
expressed analytically by the proposition that the components 
of stress are functions of the coordinates and the time which 
satisfy certain partial differential equations. 

The driving force of the mechanical conception of nature 
has been the attempt to employ the concepts of motion, mass 
and stress, which have been found applicable in the descrip- 
tion of elastic and fluid bodies, for the explanation of all 
physical phenomena. 

4. SOUND 

The phenomenon of sound is readily explained on the 
mechanical theory. 

I assume that we have a concept of sound which is abstracted 
from sensations of sound. Investigation of our surroundings 
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when we hear a sound reveals that the sensation of sound is 
correlated with the vibrations of material bodies; in particu- 
lar, a simple harmonic vibration of a sounding body is the 
source of a sound called a pure tone. We observe that the 
vibration precedes the sensation of sound. We conceive of the 
vibration as the cause of a disturbance which travels with a 
finite velocity; the sensation of sound is correlated with the 
arrival of the disturbance at the position of the observer. 
The propagation of the disturbance requires the existence of 
some material medium, which is usually air. When a sound 
is emitted by a sounding body the vibrations of that body set 
up longitudinal vibrations in the medium which are trans- 
mitted to the immediate neighborhood and thus a wave motion 
is set up in the medium. The theory of the propagation of 
sound is the theory of those waves in a continuous medium 
which depend upon volume elasticity. The velocity of a wave 
is a function of the density, the bulk modulus and the ratio of 
the specific heats. 

The theory of sound is a macroscopic theory and holds even 
if one derives the mechanical properties of matter from a 
microscopic electrodynamics. 

6. light; 

In the section on geometrical optics I have already given 
a partial description of the phenomenon of light. The con- 
cept of the propagation of light is there represented as an 
abstraction from observations of the visual appearances of 
certain bodies. To the first approximation light travels in 
straight lines and is further characterized by the laws of reflec- 
tion and refraction. Our concept of the propagation of light 
is made definite by the measurement of its velocity. 

Further experiments indicate that light has a periodic 
character; if one illuminates two parallel slits and allows the 
light from the slits to fall upon a screen one observes a set of 
parallel light and dark bands. This experiment, which was 
performed by Thomas Young, exhibits the interference of 
light and indicates that the light from the two slits has a peri- 
odic character such that for certain distances from the slits 
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the two beams of light reinforce each other and for other dis- 
tances they counteract each other. 

Another important characteristic of light is capacity for 
polarization. If a beam of light is allowed to pass through a 
crystal of calcite, the beam is broken up into two rays which 
have different properties as tested by allowing them to pass 
through another crystal of calcite. The partial beams of light 
are said to be polarized. 

Thus far our description of light has been in terms of con- 
cepts which are seen to arise by abstraction from experience. 
There has been a minimum of hypotheses. 

Let us now turn to the interpretation of optical phenomena 
in terms of the mechanical conception of nature. It is clear 
that the phenomena do not involve the motion of observable 
material bodies. Hence the application of the mechanical con- 
ception of nature requires an hypothesis that visible qualities 
are correlated with not directly observable mechanical processes. 

There have been two principal mechanical theories of light, 
the corpuscular theory and the theory of ether waves. Accord- 
ing to the corpuscular theory, which was held by Newton, a 
visible body emits small bodies, called corpuscles, which have 
mass and are perfectly elastic. In accordance with the prin- 
ciple of inertia the corpuscles travel in straight lines unless 
they meet an obstacle; thus the corpuscular theory affords a 
simple explanation of the rectilinear propagation of light. 
The phenomena of interference and polarization are difficult 
to explain on the corpuscular theory. 

The wave theory of light is that light consists of vibrations 
in a medium called the ether; the state of vibration is trans- 
mitted through the ether by wave motion. In the seven- 
teenth century Huyghens expounded a theory according to 
which the vibrations were longitudinal, but the authority of 
Newton brought about the acceptance of the corpuscular 
theory. At the beginning of the nineteenth century, however, 
the experiments of Young and Fresnel revived the wave theory. 
Foucault’s measurement of the velocity of light in a liquid was 
a crucial experiment which decided in favor of the wave theory. 

In the wave theory of the nineteenth century the vibra- 
tions constituting light were conceived to be transverse vibra- 
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tions in an ether with the properties of an elastic solid. The 
wave theory furnished an adequate basis for the periodic prop- 
erties of light as revealed by Young's experiment. In that 
experiment light waves are propagated from two parallel slits; 
at a point on the screen whose distance from one slit differs 
from the distance from the other slit by an even number cf 
half wave lengths the two waves meet in phase and there is 
reinforcement and hence light. At points on the screen whose 
distances from the two slits differ by an odd number of half 
wave lengths, the two waves meet in opposite phase and there 
is interference and darkness. 

The concept of transverse vibrations furnishes an ade- 
quate basis for the phenomena of polarization. 

The intensity of illumination is correlated with the square 
of the amplitude of vibration, and the color is correlated with 
the wave length. 

We have no theory as to how a mechanical vibration gives 
rise to a specific seen quality. 

After the development of Maxwell’s theory of electro- 
magnetic radiation the mechanical theory of light was aban- 
doned. 


6. THE KINETIC THEORY OF MATTER 

The most important thermal phenomena have been 
described in the chapter on thermodynamics. The processes 
whereby mechanical and other forms of energy are transformed 
into heat and heat into energy are governed by the laws of 
thermodynamics. On the assumption of the mechanical theory 
of heat the first law becomes the principle of conservation of 
energy. However, the principle of energy does not presuppose 
a specific theory of the form of energy which we call heat. 

The thermodynamic quantities are macroscopic, that is, 
they are directly measurable or calculable in terms of directly 
measurable quantities. Now a mechanical theory of heat 
demands the employment of atomistic concepts, for the addi- 
tion of heat to a body does not increase its macroscopic energy. 
Hence the detailed development of the mechanical theory of 
heat led to a kinetic molecular theory of matter; on the basis 
of such a microscopic theory the laws of thermodynamics are 



THE KINETIC THEORY OF MATTER 


161 


derivable from the laws governing the motion of the molecular 
processes. 

The hypothesis that observable bodies are composed of 
many small particles originated with the Greek atomists, of 
whom Democritus constructed the most significant theory. 
In modern times the theory of atomism was revived by Gas- 
sendi and developed by Daniel Bernoulli. But the rapid quan- 
titative development of the atomic hypothesis occurred in the 
nineteenth century. In order to provide a quantitative basis 
for chemistry, Dalton and others introduced the concepts of 
atoms and molecules which are composed of atoms. The dis- 
covery of the mechanical equivalent of heat, which seems to 
demand the interpretation that heat is a manifestation of 
molecular motion, furnished the basis for the rapid develop- 
ment of the kinetic molecular theory of matter which took 
place after the middle of the century. 

The kinetic molecular theory is a microscopic theory. Now 
a microscopic theory is characterized by the assumption of 
the existence of microscopic bodies, such as molecules and 
atoms, which are not observable in the usual sense. In a 
macroscopic theory one studies relations between observable 
quantities: thus in thermodynamics the quantities which 
occur are volume, pressure, temperature, quantity of heat, 
etc., all of which are directly measurable or are defined in 
terms of directly measurable quantities. According to the 
kinetic molecular theory of matter, the observable quantities 
of the macroscopic theory of heat depend upon the average 
values of many molecular quantities. For example, the pres- 
sure of a gas, which is measurable with a manometer, is the time 
average of the instantaneous force exerted by all the molecules 
striking an enclosing surface of unit area. Thus in order to 
build a microscopic theory it is necessary to assume the laws 
governing the microscopic processes. The program of micro- 
scopic theory is the interpretation of the macroscopic quanti- 
ties in terms of microscopic quantities and the deduction of 
macroscopic laws from the laws governing the elementary 
processes. The evidence for a microscopic theory is thus 
indirect. 
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7. THE KINETIC THEORY OF GASES 

The kinetic molecular theory of matter has been most suc- 
cessful in the theory of gases. In the elementary theory a 
homogeneous gas is supposed to be constituted of a very la^gc 
number of exactly similar, smooth, elastic spheres, between 
which the forces are negligible except during collisions. It is 
assumed that the laws of dynamics, which have been derived 
from observable bodies, determine the motion of the unob- 
servable molecules. During impact the momentum and energy 
of the system of colliding particles are conserved. From the 
microscopic point of view, the motion of the system is repre- 
sented by the solutions of the equations of motion. The solu- 
tions contain arbitrary constants which are determined by 
the initial conditions, that is, the positions and velocities of 
all the molecules at any given time. Now it is evident that an 
actual microscopic description of the motion is impossible on 
account of the mathematical complexity of the problem and 
because the crudeness of our senses does not permit the deter- 
mination of the positions and velocities of the individual mole- 
cules. Thus, although the motion of the molecules may be 
causally determined, we are not able to obtain knowledge of 
particular functional relations which express causal connection. 
Recourse is therefore had to statistical methods. 

The methods of the kinetic theory of gases may be illus- 
trated by an elementary derivation of the expression for the 
pressure of a gas. Suppose that we have a cubic centimeter 
of gas consisting of n similar molecules each of mass m. I as- 
sume that three of the faces of the cube are in three mutually 
perpendicular planes which constitute a Cartesian frame of 
reference. Let q be the velocity of a molecule with compo- 
nents w, Vy w in the x, y, z directions, respectively. Then 

I now introduce the fundamental statistical assumption. On 
account of the random motion pf the very large number of 
molecules it seems reasonable to assume that the average 
values of and are equal. Hence we may put 

—2 -2 “2 / 1\~2 

U = V = W — (Dj . 
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Let us now calculate the average force which a molecule 
exerts when it impinges on a face perpendicular to the x axis. 
Only the x component of the velocity enters into this calcula- 
tion, and hence we may assume that the molecule is traveling 
in the x direction with velocity u. Its momentum is mu. On 
striking the wall the molecule is reflected with a velocity ~ u 
in the opposite direction, and hence a momentum — mu. The 
change in momentum is 

~ mu — mu = — 2mu. 

The molecule then travels to the opposite face, is reflected, and 
again impinges on the wall in a time l/u after the first impact; 
hence the number of impacts per second is u/l. Consequently 
the average change of momentum per second for the molecule is 

— 2mu(u/2) — — mu-. 

But by definition the average rate of change of momentum is 
the average force acting on a body; therefore the average force 
acting on a molecule is — mu^. By the law that action and 
reaction are equal and opposite, the average force exerted by 
the molecule against the wall is 

mu-. 

There are n molecules in the volume and hence the sum of the 
average forces exerted by the molecules is 

^mu^, 

where 2 indicates the sum of these quantities for all molecules. 
The result is 

^mu^ = mnu = {\)mnq^. 

One may interchange the operations of taking an average 
throughout time and finding a sum. Hence the time-average 
of the total molecular force exerted on a face of one square 
centimeter area is 

[\)mnq. 

This is the macroscopic pressure exerted by the gas and hence 

P = {\)mnq. 
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Now the number of molecules in one cubic centimeter multi- 
plied by the mass of a molecule is equal to the density 


p = mn. 

Therefore p ^ 

Thus in the kinetic theory of gases we explain the pressure 
of a gas as the time-average of the instantaneous force exerted 
by all the molecules striking a boundary surface of unit area. 
Consider further a cylinder of uniform cross-section closed at 
both ends and containing two masses of gas separated by a 
closely fitting, weightless, movable piston. Then from the 
macroscopic point of view one asserts that the piston remains 
at rest if the pressures of the two masses of gas are the same. 
From the standpoint of kinetic theory this means that the 
time-average of the total molecular force on the piston must 
be the same on both sides. The instantaneous values of the 
total molecular force will vary, but this will produce only 
unobservable fluctuations in the position of the piston. In 
order that there be observable motion the time-average of 
molecular force on one side must be greater than that on the 
other side. 

Returning to our expression for the pressure let us multiply 
both sides of the equation by the volume. Then 

= {\)Vnmq^, 

Now \mq is the average kinetic energy per molecule, and 
(i) is the average kinetic energy per degree of freedom. 

Now another assumption of the kinetic theory is that the 
macroscopic temperature of a gas is correlated with the average 
kinetic energy per degree of freedom. Thus we may put 


Then 


= hkT. 
PV = VnkT. 


Let V be the volume of one gram molecule of gas. Then 
Vn = N, the number of molecules in one gram molecule. 

PV=NkT 


PV = RT. 
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This Is the general gas law, which expresses the relation between 
the macroscopic volume, pressure and temperature of a gas. 
R is the universal gas constant. Thus from the assumptions 
that a gas consists of molecules which are subject to the laws 
of classical dynamics, and that pressure Is due to molecular 
impacts and temperature is correlated with the average kinetic 
energy per degree of freedom, we have deduced a macroscopic 
law. 

In the preceding discussion only the average square of the 
velocity of the molecules was employed. In other problems 
we need to take account of the difference in velocities. Owing 
to collisions, however, the molecules will have different veloci- 
ties. We can not determine the velocity of an Individual mole- 
cule, but we can determine the statistical distribution of veloci- 
ties. That is, one can specify that a certain fraction of the 
molecules will have velocities which fall within certain limits. 
Thus one could calculate the fraction of the molecules whose 
velocities are between 100 and 101 meters per second. In the 
following I shall give a rough vsketch of the methods by which 
the statistical distribution of molecular velocities is obtained, 
for example, by J. H. Jeans. 

The gas Is supposed to be constituted of a very large num- 
ber of exactly similar, smooth, elastic spheres, between which 
the forces are negligible except during collisions. It is assumed 
that the laws of dynamics, which have been derived from 
observable bodies, determine the motion of the unobservable 
molecules. During impact the momentum and energy of the 
system of colliding molecules are conserved. Let us suppose 
that the components of velocity of a molecule are w, w. The 
law of distribution of velocities can be described with the aid 
of a velocity space. Suppose a set of rectangular coordinate 
axes to be chosen and let the coordinates of a point represent 
the components of velocity of a molecule. Then the different 
points of the space represent different velocities of a molecule. 
One selects an element of volume between u and u + du^ v 
and V + dvy w and w + dw, that is, a small cube dudvdw. The 
velocities of the molecules may be described statistically by 
stating the number of points in the given volume element. 
Thus Nf (w, Vy w) dudvdWy where iV is the number of molecules 
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and / (w, Vy w) is the law of distribution of velocities, gives the 
number of molecules whose velocities have components between 
the assigned limits. 

An assumption which is fundamental in the whole investi- 
gation is that of molecular chaos : the molecules having velocity 
components lying within any small specified range are, at any 
moment, distributed at random throughout the gas. 

Consider a certain class of molecules (class A) which are 
represented by points that fall in a definite element of volume 
in the velocity space. The first step consists in finding an 
expression for the change, caused by collisions, in the number 
of molecules belonging to this class. It is possible to set up 
an expression for the number of collisions of a certain type in 
a small interval of time per unit volume, such as collisions in 
which one molecule (of class A) has velocity components 
within given intervals, while the other molecule (of class B) 
has velocity components in different intervals, and the line 
joining the centers of the two colliding molecules at the moment 
of impact falls in an elementary cone whose axis has an assigned 
orientation. The center of a molecule of class B which collides 
with a given molecule of class A in a small element of time 
must be situated in a small cylinder, the volume of which can 
be expressed in terms of the given data. On multiplying by 
the number of molecules of class B per unit volume one obtains 
the number of collisions for a given molecule of class A within 
the given time interval. On multiplying by the number of 
molecules of the class A per unit volume one obtains the num- 
ber of collisions of the assigned type through which molecules 
of class A leave that class in the given time interval per unit 
volume. 

One next considers a type of collision after which one of the 
molecules is of class Ay the second is of class By and the direc- 
tion of the line of centers satisfies the same condition as for a 
collision of the previous type. One can then express the num- 
ber of collisions per unit volume in a given time through which 
molecules enter the class A, In setting up this expression one 
makes use of the relations between the velocities before and 
after impact given by the conservation laws. By integrating 
the two expressions over all possible classes of collisions one 
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obtains, first, the total number of molecules of class A which 
enter into collision in the given time; second, the total number 
of molecules which enter class A during the same interval. 
The net gain to class A in the time interval is the difference of 
these integrals. Again, the gain to class A can be expressed 
in terms of the rate of change of the distribution function. 
When the two expressions for the net gain to class A are equated 
there results an equation for the rate of change of the distribu- 
tion function with respect to the time. The problem is to find 
the distribution function which does not change with the time. 
After Boltzmann this is attacked by considering a function H 
which depends upon the law of distribution of velocities. 
Investigation shows that dll/dt is either negative or zero. The 
necessary and sufficient condition for constancy of the dis- 
tribution function is that 



dt 


From this equation there follows Maxwell’s law for the dis- 
tribution of velocities 

J ^ + t;2 + tt)2) 

If the initial distribution does not satisfy this law the collisions 
between the molecules change the statistical distribution until 
the steady state is realized. 

Thus, by applying the laws of dynamics to the motion of 
a system of unobservable particles, it has been possible to 
obtain statistical knowledge of the distribution of molecular 
velocities. From the distribution law it is possible to calcu- 
late average values of molecular quantities upon which observ- 
able properties depend. Furthermore, a function 11 has been 
discovered which is either constant or decreases. If the initial 
distribution is not Maxwellian, H decreases until the latter 
distribution is realized. In this property the function H 
corresponds to the thermodynamic function entropy which 
increases in consequence of irreversible processes. The theorem 
concerning the decrease of H suggests the general principle 
which demands the reduction of irreversible macroscopic phe- 
nomena to microscopic reversible mechanical processes. The 
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second law of thermodynamics expressed in the form that 
natural processes are irreversible is thereby explained mechan- 
ically. 

The theorem expressing the decrease of H during the trans- 
formation of any arbitrary distribution of velocities into the 
Maxwellian distribution in an irreversible manner was 
announced by Boltzmann in 1872. Boltzmann’s result was 
soon subjected to criticism, for it was felt to be paradoxical 
that a reversible gas model should be able to explain irreversi- 
ble processes. Loschmidt drew the consequences from the 
reversibility of the motion of the gas. Since the gas model is a 
conservative mechanical system, if it is capable of a given 
motion it is also capable of the reverse motion. From the 
definition of H it follows that, if in the one motion the values 
of H decrease from II to //«, in the reverse motion the values 
of II increase from Ih to H. The possibility of a motion in 
which H increases is inconsistent with the fact of irreversi- 
bility, and further indicates a self-contradiction in dynamics, 
because the decrease of II follows from the dynamics of the 
collisions. A second criticism was made by Zermelo by appli- 
tion of a dynamical theorem proved by Poincare. If the gas 
model passes through a series of phases during which II 
decreases, after a finite time there will occur in the course of 
the undisturbed motion a series of phases which are as near 
as one pleases to the first series. Consequently the values of 
H in the second series will be nearly equal to the values for 
corresponding phases in the first series. Thus in the course of 
the motion from the end of the first series to the beginning of 
the second series there is an increase in the function H. In 
response to these criticisms Boltzmann developed the statistical 
conception of the H theorem. This was the origin of the con- 
temporary view that macroscopic laws express the probable 
sequence of phenomena. The statistical distributions of 
atomic processes are probable results which are subject to 
fluctuations. Thus macroscopic phenomena, which depend 
on the average values of molecular quantities, may exhibit 
irregularities. The further analysis of statistical method may 
be carried out by an exposition of the method of statistical 
mechanics. 
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8. THE METHOD OF STATISTICAL MECHANICS 

In the classical dynamics one studies the motion of a sys- 
tem of a few degrees of freedom, such as a particle or rigid 
body, by solving the equations of motion and determining the 
arbitrary constants from the initial conditions. This pro- 
cedure is not applicable to a system consisting of many parts. 
In statistical mechanics one has a method for the derivation 
of the macroscopic properties of a very general mechanical 
system. 

In the statistical mechanical study of a complex system the 
state of the system is represented with the aid of w-dimen- 
sional space. Consider a system of n degrees of freedom. The 
momentary phase of the system is the configuration and state 
of motion which are defined by 2n data, n independent gen- 
eralized coordinates and n generalized momenta. The phase 
is represented by a point in a 2w-dimensional space; the Car- 
tesian coordinates of the point are the constitutents of the 
phase. As the system moves, the phase point describes a 
path in the representative space. 

In accordance with the statistical method we shall describe 
the momentary phase by defining the element of volume in 
which the phase point falls, for example, the element bounded 
by the hyperplanes qi and qi + dqi, etc. 

The fundamental problem of statistical mechanics is: How 
is the observable state correlated with the variable micro- 
scopic states? We have previously seen that macroscopic 
phenomena are average resultants of atomic processes; for 
example, the pressure of a gas is the time-average of the total 
force exerted by the molecules in collision with a unit surface 
of the containing vessel. It is evident that those microscopic 
states which occur with the greatest frequency have the most 
significance for the observable states. In order to express the 
frequency of occurrence of a given microscopic state consider 
the motion of the system during a long interval of time T. 
Suppose that during the time r the system is in the state P. 
Then the probability that at any moment chosen at random 
the system is in P may be expressed as r/P. The succession 
of phases Pi, P 2 . . . and the respective probabilities that the 
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system is in those phases constitute the time-ensemble of the 
individual system. 

The method of statistical mechanics is based upon the 
fact that the time-ensemble of a single system can be repre- 
sented by a fictitious ensemble of systems (virtual ensemble) 
all of which are like the given real system in structure but 
differ from it in phase. Thus all possible phases of the given 
real system are represented by an ensemble of systems. The 
possibility of representing the time-ensemble of a single sys- 
tem by an ensemble may be exemplified by the following 
example which is due to P. Hertz. Consider a roulette game 
in which there are 37 equal sectors through which a ball passes 
with constant speed; during -if of the time the ball will be 
in sector 0. Thus the probability of finding the ball in sector 0 
at any random time is if. If there were an ensemble of 37,000 
independent roulette games in progress at a given time, one 
would then expect that in of them, that is 1000, the ball 
would be in the sector 0 at any time. If one selects a game 
from the system at random the probability that the ball is in 
sector 0 is The distribution in phase of the ensemble of 
many systems represents the distribution in phase of the time- 
ensemble of the single system. By the method of statistical 
mechanics the probable phases and behavior of a single real 
system are inferred from the statistical properties of an ensemble 
of systems. It should be added, however, that there is lacking 
a completely satisfactory logical justification for the use of 
virtual ensembles in the investigation of the properties of a 
single system. 

A type of ensemble which has been widely used is con- 
structed as follows. Given a real system of constant energy Eo, 
In the course of its motion the phase point of the system will 
describe a path on the energy surface E « JSo. Phase points 
are distributed with uniform density in the region of the phase 
space between the surfaces E = Eo and £ = £o + dEo, 
One investigates the properties of a single system by studying 
the statistical properties of the ensemble. From the equations 
of motion it follows that in the course of the motion the density 
of the phase points remains uniform. It is therefore possible 
tp express the probability, of finding in an assigned state ^ 
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system chosen at random, as proportional to the volume ele- 
ment in which the points represent the given state. By a geo- 
metrical analysis of the phase space occupied by the ensemble 
one discovers that in all but a relatively small portion of the 
space the points represent systems having certain properties. 
In selecting a point at random it is highly probable that it will 
represent a system which possesses this property. Since the 
statistical behavior of the ensemble represents the probable 
behavior of a single system it is highly probable that the real 
system will possess the given property at a random time. 

The method may be illustrated by an investigation of the 
density of a gas. We shall employ an ensemble of systems in 
which the points are uniformly distributed throughout the 
phase space. In this problem we shall ignore differences of 
velocities of molecules and assume that the phase of the sys- 
tem is defined by the distribution of the molecules throughout 
the container. In order to define the density of the gas one sup- 
poses the container to be subdivided into equal elements of 
volume which may be labeled 1, 2, 3, . . . n. It is assumed 
that each volume-element contains a large number of mole- 
cules. The state of the gas may now be considered from two 
points of view. The macroscopic state of the gas is defined 
by the assignment of the number of molecules in the different 
elements of volume, for example, a macroscopic state is defined 
by the statement that there are Ni molecules in cell 1, N 2 
molecules in cell 2, etc. The microscopic state of the gas is 
defined by the assignment of particular molecules to the dif- 
ferent volume-elements. Thus if the molecules are given 
labels a, 6, c, d, etc., a microscopic state is defined by the state- 
ment that a and h are in cell 1, c and d in cell 2, etc. It is evi- 
dent that to a given macroscopic state there are many micros 
scopic states, fpr if two molecules in two different cells exchange 
places there is a change in the microscopic but not in the macro- 
scopic state. 

The relation between macroscopic and microscopic states 
may be explained with the aid of a simple example. Con- 
sider a gas of four molecules, labeled a, 5, c, d. Suppose that 
the container is subdivided into two equal parts. The difr 
ferent possible macroscopic states are;* 
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(1) Four molecules in cell 1; zero molecules in cell 2. 

(2) Three molecules in cell 1; one molecule in cell 2. 

(3) Two molecules in cell 1 ; two molecules in cell 2. 

(4) One molecule in cell 1; three molecules in cell 2. 

(5) Zero molecules in cell 1; four molecules in cell 2. 

There is only one microscopic state corresponding to macro- 
scopic state (1). There are four microscopic states cor- 
responding to (2), that is, 

a, b, c in cell \ \ dm cell 2. 

b, c, d in cell 1 ; a in cell 2. 
r, dy a in cell 1 ; 5 in cell 2. 
dy a, b in cell 1 ; in cell 2. 

There are six microscopic states corresponding to macroscopic 
state (3): 

a, b in cell 1; Cy dm cell 2. 

Oy c in cell 1; by dm cell 2. 

Oy d in cell 1 ; by cm cell 2. 
by c in cell 1; Oy dm cell 2. 
by d in cell 1; a, r in cell 2. 

Cy d in cell 1; a, i in cell 2. 

Similarly there are four microscopic states corresponding to 
macroscopic state (3), and one corresponding to macroscopic 
state (4). From this example it is clear that the macroscopic 
state which is realized by the greatest number of microscopic 
states is that of uniform density. 

Now from thermodynamics we know that a non-equilibrium 
condition tends to change into a state of equilibrium. Obser- 
vation on gases in equilibrium reveals that the density is uni- 
form throughout the gas. Thus the example of the distribu- 
tion of molecules suggests a relation between the equilibrium 
state and the macroscopic state which is realized by the greatest 
number of microscopic states. The relation is based on the 
concept of the probability of a macroscopic state. The equi- 
librium state is that of maximum probability, and the prob- 
ability of a macroscopic state is proportional to the number 
of microscopic states which realizes it. 

Continuing the exposition in terms of the density of gas, 
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I shall now express the probability of a given macroscopic dis- 
tribution of molecules. We have seen that the probability of 
a given state is proportional to the volume of the phase space 
which represents the given state. Consider first a given micro- 
scopic state which is defined by the assignment of particular 
molecules to the various volume-elements into which the con- 
tainer is subdivided. Since in a given microscopic state the 
molecules may occupy any position in their respective cells 
without changing the state, there is a corresponding element 
of phase volume for freedom of motion of the phase point. 
Hence the phase point representing a given microscopic state 
occupies an element of volume, say V. Keeping the macro- 
scopic state fixed, new microscopic states may be generated 
by exchanging molecules between cells. Corresponding to 
each microscopic state there is a particular element of volume 
in the phase space. The total volume of the phase space cor- 
responding to a given macroscopic state is equal to the volume 
corresponding to a microscopic state multiplied by the number 
of microscopic states. The complete expression is 

N! 

— y 

Ni'NolNs! . . . ‘ 

The probability of a given macroscopic state is proportional 
to the foregoing expression. The most probable state is the 
one which is represented by the greatest volume of the phase 
space. Analysis reveals that the overwhelmingly major por- 
tion of the phase space represents a state of uniform density, 
that is, a macroscopic state in which Ni = N2 = N3 . . . etc. 

We may now consider the predictions of the behavior of 
the system from the properties of the phase space. A uniform 
distribution of phase points exists permanently throughout the 
phase space. If a phase point is selected at random it is highly 
probable that it represents a system in which the macroscopic 
density is uniform. From this one infers that if one observes 
the single real system at any moment of time chosen at ran- 
dom it is highly probable that the density is uniform. If a 
phase point which has been selected at random should happen 
to be in a region of the space for which the density is non- 
uniform, in the course of its motion it will enter the region of 
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uniform density. Hence if a real system is observed in a non- 
uniform state it is probable that it will pass directly into a 
uniform state. Further, since phase points pass from the region 
of uniform density into that of non-uniform density, one may 
expect in the real system departures from the state of uniform 
density. 

From the conclusions for the foregoing special case we may 
now pass to a general statement. It has been explained that 
the impetus to the development of statistical mechanics was 
given by the need of providing a self-consistent mechanical 
basis for the macroscopic laws of thermal phenomena. From 
the standpoint of the kinetic-molecular theory of matter, a 
gas is a reversible mechanical system. But the Second Law of 
thermodynamics, which is derived from macroscopic obser- 
vation, asserts the occurrence of irreversible processes. The 
reconciliation of the two points of view is achieved through 
the application of the concept of probability. According to 
the Second Law, if a system is left to itself non-equilibrium 
states are succeeded by a condition of equilibrium in which 
the entropy is a maximum. According to statistical mechanics 
it is probable that a system will pass from less probable states 
to one of maximum probability. The thermodynamic quan- 
tity entropy is proportional to the logarithm of the statistical 
mechanical quantity probability. On this basis one achieves a 
mechanical derivation of a statistical form of the Second Law. 
It is probable that natural processes will go in the direction 
of maximum probability, that is, maximum entropy. There 
is also possible a passage from the more probable to the less 
probable states, that is, an increase in departure from equi- 
librium. If a system is initially in a state of equilibrium, 
fluctuations from the equilibrium state will occur. For the 
most part these fluctuations will not be observable, but if the 
system be observed for a long enough time it is certain that 
observable departures from equilibrium will occur. In gen- 
eral, macroscopic laws are the manifestation of statistical 
regularities among microscopic processes. 

The statistical interpretation of macroscopic laws was 
developed in order to satisfy the theoretical demand for a self- 
consistent mechanical basis for irreversible processes, but it 
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was later verified by experiments rendered possible by more 
refined methods of observation. In the Brownian movement, 
the irregular motion of small particles suspended in a liquid, 
one is able to observe the fluctuations predicted by molecular 
theory. 

We may summarize the preceding analysis with a compari- 
son between causal and statistical laws. A causal law is exem- 
plified by the differential equations of dynamics. The causal 
law is independent of the initial conditions. Now we have 
seen that macroscopic phenomena are dependent upon micro- 
scopic processes. In the classical statistical mechanics, the 
elementary processes are assumed to be governed by causal 
laws, from which the statistical laws of macroscopic phe- 
nomena are then derived. Since statistical regularities are 
subject to fluctuations, sequences in observable phenomena 
theoretically are relative to the conditions of observation. 
The observable macroscopic process is dependent upon the 
initial conditions; if the period of observation were long 
enough, the exceptional states predicted by the theory of prob- 
ability would occur. However, on account of the enormous 
number of elementary processes which constitute a macro- 
scopic phenomenon, very refined methods of observation are 
necessary to observe irregularities in the sequence of observ- 
able events. For all ordinary purposes the most probable 
sequence of events may be assumed to be invariable. Theo- 
retically, however, there exists a distinction between the 
strict determinism of causal laws and the fluctuating deter- 
minism of statistical laws. 

In the classical statistical theory, which has been expounded 
in this chapter, it is assumed that the laws of microscopic 
processes are causal laws. But in contemporary quantum 
theory the view has been adopted that the elementary quan- 
tum processes are subject to statistical laws. 

9. THE ELECTROMAGNETIC FIELD 

In the chapter on electrodynamics we learned that there 
is a force of attraction or repulsion between electrified bodies 
and between magnetized bodies. In the early history of the 
theory of electricity and magnetism electric and magnetic 
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actions were interpreted as actions at a distance. Faraday, 
however, conceived of the medium as the seat of electric and 
magnetic forces. Maxwell then found the equations which 
represent electromagnetic phenomena as continuous processes 
in a medium. The mechanical conception of nature requires 
that one interpret electric and magnetic action in terms of 
mechanical stresses, strains and motions of the medium. 

Electric and magnetic fields may be represented by lines 
of force which begin and end on charged or magnetized 
bodies respectively. Faraday pictured these lines as real ropes 
of molecules which tend to shorten and to expand laterally; 
thus electric and magnetic action was viewed as the manifes- 
tation of a tension along the lines and a pressure at right angles 
to them. Maxwell also was guided in his electromagnetic 
theory by mechanical models. He imagined the magnetic 
field as the seat of rotations of molecules about the magnetic 
lines of force. In this model the strength of the magnetic field 
is determined by the angular velocity of the molecules, elec- 
tromagnetic induction is the effect of the force called into 
play when the angular velocity of the rotating elements changes, 
electromotive force arises from the stress on the connecting 
mechanism, electric displacement arises from the elastic yield- 
ing of the connecting mechanism. With the aid of this model 
Maxwell discovered the laws of the electromagnetic field. 
During the latter half of the nineteenth century a great effort 
was made to construct a satisfactory mechanical model of the 
electromagnetic field out of gyroscopes, pulsating spheres, etc. 
All these attempts have now been practically abandoned. 
However, traces of the mechanical point of view are to be found 
in British books on electricity and magnetism. Thus R. A. 
Houstoun says of the vector D that it is supposed to measure a 
state of strain. 

One valuable result remains of the attempt to construct a 
mechanical theory of the electromagnetic field. Maxwell suc- 
ceeded in expressing in the Lagrangian form the law of induc- 
tion and the law of force on a circuit due to other circuits. In 
the chapter on dynamics the term coordinate applies to geo- 
metrical coordinates. Maxwell extended the concept to include 
electric charge; the corresponding generalized velocities are 
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electric currents. He then found a function of the currents and 
the configuration of the system which plays the role of kinetic 
energy in Lagrange’s equations. Thus the laws of electro- 
dynamics, in the restricted sense of the mutual action between 
currents, may be expressed in the Lagrangian form. This is 
said to indicate the possibility of mechanical explanation. 
However, as Abraham remarks, it proves equally the possibility 
of reducing mechanics to electrodynamics. 
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CHAPTER IX 


THE ELECTRODYNAMIC CONCEPTION OF NATURE 

A. MICROSCOPIC ELECTRODYNAMICS 
1. INTRODUCTION 

In the mechanical conception of nature the fundamental 
physical phenomenon is that of a material body in motion. 
The fundamental concepts are of space, time, mass and 
mechanical force. Mechanical force has been conceived of 
as an action at a distance between bodies, or as an action by 
contact of material bodies. The mechanical theory was the 
canonical system of the nineteenth century; contemporary 
physics, however, is largely guided by an electrodynamic con- 
ception of nature. 

Electrodynamics is the study of electric charges and of the 
electromagnetic field which is excited by the charges. Like 
mechanical phenomena, electrodynamic processes occur in 
space and time. An electrically charged body has position 
in space and is surrounded by an electric field. Electric charges 
in motion constitute an electric current which excites a mag- 
netic field. An electromagnetic field* is a physical condition 
which is propagated throughout space with a finite velocity 
in accordance with laws expressed by Maxwell’s equations. 
Thus the fundamental concepts of electrodynamics are of 
space, time, electric charge, electric field, etc. In place of 
mechanical force we have the concept of a force which arises 
from the action of the electromagnetic field upon the electric 
charges of bodies. The program of an electrodynamic concep- 
tion of nature is the interpretation of all physical properties 
and phenomena in terms of the concepts of electrodynamics. 

A first step in the development of a unitary electromagnetic 
theory of physics was the recognition of the fundamental 
reality of the electromagnetic field. We have seen that an 
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attempt was made to find a mechanical basis for this field. 
During the second half of the nineteenth century, the British 
physicists in particular sought to construct mechanical models 
for the interpretation of electromagnetic phenomena. How- 
ever, all these mechanical models proved to be unsatisfac- 
tory. Gradually, there occurred a change in the point of view 
of physicists; the concept of the electromagnetic field began 
to be recognized in its own right, to be considered as funda- 
mental as the concepts of mass and mechanical force. The 
recognition of the fundamental character of electromagnetic 
theory was expressed by H. Hertz in the statement that Max- 
well’s theory of electricity and magnetism consists of Max- 
well’s equations. However, as we shall see, a relic of the 
mechanical point of view remained in the concept of a sub- 
stantial ether as the seat of the electromagnetic field. 

2. THE ATOMISTIC THEORY OF ELECTRICITY 

The systematic extension of electrodynamics to the entire 
physical order was rendered possible by the discovery of the 
atomic constitution of electric charges. We have previously 
seen that a material body may be conceived of as built up of 
atoms, so that the mass of the body is the sum of the masses 
of the atoms. Similarly, the macroscopic electric charge of a 
body is the sum of elementary charges. 

The first clue to the atomic nature of electric charge was 
given by the laws of electrolysis which were discovered by 
Faraday. Suppose, for example, that two platinum plates are 
partially immersed in a solution of hydrochloric acid (elec- 
trolyte) and the plates (electrodes) are Inserted in a circuit 
containing a source of current. A current will flow in the cir- 
cuit and decompose the hydrochloric acid; chlorine will be 
released at the plate (anode) at which the current enters the 
solution, hydrogen will be released at the plate (cathode) at 
which the current leaves the solution. This process is called 
electrolysis and is characterized by two laws which were dis- 
covered by Faraday. The first law is that 

The mass of the substance liberated at an electrode is propor- 
tional to the quantity of electricity which passes through 
the electrolyte. 
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The second law is that 

The mass of any substance liberated for a given quantity of 
electricity is proportional to the chemical equivalent of the 
substance. 

Helmholtz in 1881 drew the conclusion that the facts of 
electrolysis implied an atomic constitution of electricity. 
Thus he said, “ If we accept the hypothesis that the elemen- 
tary substances are composed of atoms, we cannot avoid con- 
cluding that electricity is also divided into elementary por- 
tions which behave like atoms of electricity.” 

Our conception of the process of solution is that molecules 
are dissociated into electrically charged constituents, called 
ions. During electrolysis the positively charged ions move 
toward the negative electrode (cathode), and the negatively 
charged ions move toward the positive electrode (anode). 

Further evidence in favor of the atomic conception of elec- 
tricity was obtained from the study, during the second half of 
the nineteenth century, of the discharge of electricity through 
gases. In these experiments one employs a vacuum tube — a 
glass tube containing gas which can be removed by means of a 
pump, and having sealed into it electrodes between which there 
is a difference of potential arising from some electrical machine. 
When the pressure of the gas within the tube is sufficiently 
low, cathode rays are emitted from the cathode. The behavior 
of the rays in magnetic and electric fields indicated that the 
rays consist of particles charged with negative electricity. 
It was possible to measure the ratio of the charge to the mass, 
e/m, and the value was found to be about 1800 times of the value 
for the hydrogen Ion in electrolysis. It was assumed that the 
charge is the same as on the hydrogen ion in electrolysis and 
hence the mass of the negatively charged particle was then 
inferred to be 1/1800 of the mass of the hydrogen atom. The 
value of e/m was found to be the same, regardless of the kind 
of gas in the vacuum tube. This result suggests the hypothesis 
that the negatively charged particles of the cathode rays are 
universal constituents of atoms. 

In 1895 Roentgen discovered that, when cathode rays strike 
a solid, there is an emission of radiation which is able to pene- 
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trate an opaque screen and affect a photographic plate. The 
investigation of these Roentgen, or X-rays, led to the dis- 
covery of radio-activity. The salts of certain elements have 
the property of spontaneously emitting radiations. A part of 
this radiation consists of /3 rays, which consist of negatively 
charged particles like the cathode rays. This was additional 
evidence in favor of the view that negatively charged particles 
are the building stones of matter. 

During this period Zeeman discovered that, if a sodium 
flame is placed in a strong magnetic field, a certain yellow 
spectral line is split into a number of components. Lorentz 
was able to derive this effect from the assumption that the 
emission of light is due to the motion of negatively charged par- 
ticles, like the cathode rays. 

Thus the phenomena of electrolysis, electric discharge in 
vacuum tubes, radio-activity, and the action of a magnetic 
field upon a gas emitting light demand the hypothesis that 
matter is constituted of negatively charged particles. Posi- 
tively charged particles were also discovered within vacuum 
tubes and in radio-active processes. Hence the hypothesis 
arose that matter consists of positively and negatively charged 
particles. As we shall see later, the final outcome of this develop- 
ment was that there are two kinds of electrified particle, elec- 
trons and protons; the electron is the constituent of cathode 
and beta rays and its charge is the ultimate unit of negative 
electricity; the proton is the nucleus of the hydrogen atom 
and is the atom of positive electricity. The nuclei of other 
atoms are built up of protons and electrons. A neutral atom, 
that is, one without an electric charge, consists of a positively 
charged nucleus and electrons, so that the total charge is zero. 
A molecule consists of a union of atoms. The kinetic molecu- 
lar theory of matter thus becomes a first approximation to a 
microscopic theory. The electrical theory of matter gives a 
still more detailed analysis. 

The atomistic theory of electric charge is verified relatively 
directly by Millikan's method of determining the unit of charge. 
In Millikan's experiment an oil drop is electrified and its motion 
is observed under the action of gravity and of an electric field. 
The measurements enable one to calculate the charge on the 
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oil drop on the assumption that the electric force on the drop 
is equal to the product of the electric field and the charge. 
Measurements of the electric charge on many oil drops show 
that the charge is always an integral multiple of a unit charge, 
which is therefore the atomic unit of electric charge. In Mil- 
likan’s method one uses macroscopic measurements and macro- 
scopic laws in order to determine a microscopic quantity. 
Microscopic electrodynamics thus has a more direct experi- 
mental basis than classical kinetic theory. 

We have now seen that electricity is atomistic in structure; 
there are elementary negatively charged particles, electrons, 
of mass 1/1800 that of the hydrogen atom, and positively 
charged particles of at least atomic mass. Thus one has the 
material for a microscopic theory of electromagnetic phe- 
nomraa within material media. The electromagnetic theory 
of M^well gave a representation of the macroscopic proper- 
ties of electric charges, currents, electromagnetic fields, etc. 
One is impelled to develop a microscopic electrodynamics for 
the purpose of obtaining a more detailed representation of 
electromagnetic processes. The program of constructing a 
microscopic theory of electrodynamics was undertaken by 
Lorentz. 

3. THE ELECTRON THEORY 

In the theory of electrons it is assumed that ponderable 
bodies contain small positively and negatively charged par- 
ticles, the term electron usually being applied to both types of 
charged particle. A force is exerted upon electrons by an 
electromagnetic field. A conductor is characterized by the 
presence in it of free electrons which move under the action of 
electric force and thereby constitute a macroscopic electric 
current. In a non-conducting material the electrons are bound 
to positions of equilibrium; upon the application of a field 
these electrons are displaced until the electric force is balanced 
by an elastic restoring force — a process which is called polari- 
zation of the dielectric. Again, electrons can vibrate about 
their positions of equilibrium and thereby become the centers 
of electromagnetic waves. Conversely, an incident electro- 
magnetic wave sets electrons into vibration and this process 
is responsible for the dispersion and absorption of radiation. 
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This rough qualitative sketch shows that the microscopic 
theory renders possible a detailed analysis of macroscopic 
phenomena. The quantitative microscopic theory is based 
upon a set of equations due to Lorentz. Like mechanical kinetic 
theory, microscopic electrodynamics is based upon the assump- 
tion that the equations which hold for macroscopic processes 
can be extended to microscopic processes. 

A fundamental assumption of Lorentz’s theory is the exist- 
ence of an ether as the medium of electromagnetic actions; 
electric and magnetic fields are states of the ether. The ether 
is assumed to be at rest and is the proper frame of reference 
for the description of electromagnetic phenomena. Unlike 
the classical dynamics, in which there is a set of privileged 
frames of reference, the electron theory restricts the permissi- 
ble frames of reference to those at rest with respect to the 
fixed ether. The ether pervades electrons, which are assumed 
to be finite in extension. 

The microscopic equations are as follows: 

div e = 47rp. (1) 

This equation is obtained from the equation 

div D = 47rp. 

The small letter e indicates that it symbolizes the field of an 
electron, and therefore is a microscopic quantity. 

div h = 0. (2) 

This equation is obtained from 

div B = 0. 

Again the small letter h symbolizes a microscopic quantity. 
I remark that Mason and Weaver make the valuable sug- 
gestion that the symbol b would be more appropriate. 

, . 1 9e , 47r ... 

curl h 1 pv. (3) 

c dt c 


This equation is derived from 

47rk 

f 

c 


curl H = 


where k is the total current. 
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We obtain the equation of the electron theory by the assump- 
tion that there are two kinds of current. There is the displace- 
ment current in the ether 

A, ^ 

4r dt 

The motion of an electron constitutes a convection current 


pv 


where p is the density of charge and v is the velocity of the 
electron. 


curl e = — 

This equation is obtained from 

curl E = — 


1 ^ 
c dt 

1 9B 

c dt ' 


(4) 


Lastly we have an equation which expresses the force acting 
on an electron, 

f = e + -[v X h]. (5) 

c 


i is the electromagnetic force per unit charge. The velocity 
of light and the velocity of electrons are to be measured with 
respect to the ether. 

I shall now sketch the method whereby the principles of 
macroscopic electrodynamics for bodies at rest can be derived 
from the microscopic equations of the electron theory. The 
deduction is based upon the assumption that the macroscopic 
quantities are average values of microscopic quantities. 

From the microscopic equations we obtain by averaging 

div e = 47rp. (la) 

div h = 0. (2o) 

curl h = - ^ -f — (3a) 

c dt c 


, - 1 9h 

curl e , 

c dt 


(4a) 
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In order to show that the foregoing equations may be 
interpreted as the macroscopic equations it is necessary to 
indicate how the electric and magnetic properties of bodies 
depend upon the existence of electrons. The conduction of 
electricity is based upon conduction electrons, which in metals 
are free electrons and in electrolytes may be attached to neu- 
tral atoms or molecules. In a dielectric, negative electrons are 
bound to positive electrons; upon the application of an elec- 
tric field the negative electrons are displaced with respect 
to the positive and together with them form dipoles. This 
is called polarization of the dielectric, and these electrons 
may be called polarization electrons. In a magnetizable body, 
the negative electrons revolve in orbits about the positive 
electrons, and may be called magnetization electrons. 

Suppose in the first place that the body contains only con- 
duction electrons. Then the observed density of electricity p 
is the average value of the density of conduction electrons 
throughout a volume which is physically infinitesimal. 

(p)c = P- 

Similarly, the observed conduction current is the average 
value of the convection current 

(^)c = i. 

Suppose next that the body contains dipoles which consist 
of equal positive and negative charges separated by the dis- 
tance 1. The electric moment of the dipole is a vector whose 
absolute value is equal to the product of the absolute value 
of the charges and the distance between them {p = el)y and 
whose direction is that of a line running from the positive 
charge to the negative charge. If we add up the electric 
moments of all the dipoles in a unit volume we obtain the 
polarization P. During the process of polarization, electrons 
are being displaced and hence there is an electric current. 
The current density due to the polarization electrons is 
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The electric density arising from the polarization electrons is 

=-div P. 

The process of magnetization is dependent upon electrons 
which move in orbits within the molecules. Suppose, then, 
that the body contains molecules of which the total charge 
and the electric moment are zero, but for which 



is not equal to zero. The molecule has the properties of a mag- 
netic dipole and the time-average of m is the moment of the 
equivalent magnetic dipole. If we add up the magnetic 
moments of all the molecules in a unit volume we obtain the 
magnetization M. According to the electron theory the average 
value of the electric current which arises from such molecules is 

{W)m = c curl M. 

Combining all the preceding results we find that the average 
electric density is given by 

P = (p)o + (p)p = P - div P. 

The average value of the electric current is given by 

^ = (^)c + + (pv),,. 

We assume B = h 

E = i. 


Thus the vectors B and E are the average values of the micro- 
scopic field .strengths h and e. 

On substituting in 3a we obtain 


, 1 aE 47r aP 47ri 

curl B = 1 1 f- 47r curl M 

c dt c dt c 

curl (B - 4xM) =--(£ + 47rP) + — . 

c dt c 


If we determine 


D = E + 4irP 
P = B - 4irM, 
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we obtain from equations la~4a, 

div E = iifp = 47rp — iir div P 
div(E + 47rP) = 47rp 
div D = 47rp 
div B = 0 


curl H = — + 
c 


1 ^ 
C dt 


curl E = — 


1 ^ 
c dt 


(16) 

{2b) 

(36) 

(46) 


These are the macroscopic equations. 

One may raise the problem of the significance of the micro- 
scopic quantities, such as the vectors e and h. The micro- 
scopic field is assumed to have a value at points within an 
electron, and it is obvious that this is not verifiable by direct 
measurement. In my opinion the point of view of traditional 
physics was that of ideal theoretical physics. That is, the 
microscopic quantities were thought of as ideally measurable 
in terms of ideal measuring rods and clocks. We have pre- 
viously considered the objections to this interpretation. It 
appears to me that a satisfactory explanation of the signifi- 
cance of the microscopic equations has been given by Pro- 
fessor Swann. 

There are experiments in which the observable results 
depend upon the electromagnetic force on the electron. Thus 
the connection of the microscopic equations with experiment 
may be through equation 5 of the microscopic theory. The 
force is a function of the electric and magnetic fields. Now 
the first four microscopic equations can be solved for e and h 
as functions of p and pv. Thus one may view the equations 
as definitions of e and h, in terms of p and pv. In a theoretical 
problem, in which one uses the vectors e and h, the starting 
point is the assumption of the charges and their motions. The 
applicability of the equations depends on this: It is possible 
to assume p and pv such that the substitution of the calculated 
values of e and h in the force equation yields the experimental 
result. Thus we interpret the equations in terms of the hypo- 
thetical assignment of numbers to microscopic bodies, 
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4. THE ELECTROMAGNETIC THEORY OF MASS 

Thus far it has been assumed that an electron is charac- 
terized by the physical quantities mass and electric charge. 
The concept of mass is the basic concept of a mechanical 
theory, and it would be an important step toward an elec- 
trodynamical conception of nature if the concept of mass 
could be defined in terms of the electromagnetic concepts. 

In 1881 J. J. Thomson calculated that it would require 
more work to give a charged body a given kinetic energy than 
an uncharged body. The motion of the body sets up a field 
which opposes the motion. The effect of the motion can be 
described by attributing an electromagnetic mass to the body 
in addition to its material mass. 

In the theory of electrons each part of the electron experi- 
ences a force due to the field of the electron. If the electron 
moves with constant velocity, the resultant force due to its 
field is zero; if the electron is accelerated, its field exerts an 
opposing force. We may resolve the acceleration a into two 
components, the one a' in the direction of motion and the other 
a" at right angles to it. Then the force exerted upon the elec- 
tron by its own electromagnetic field may be expressed by 

— m'a' — w"a". 

Suppose that the electron is acted upon by some force F which 
is not due to its field. Then the resultant force is 

F ~ w'a' - m"a", 

and the equation of motion is 

F - w'a' - m'V' = wo(a' + a"). 

This can be written 

F = (wo + m')a! -f- (wo + w")a". 

Thus the electron moves as if it had two different masses, 
mo + w' and mo + w". w' is called the longitudinal electro- 
magnetic mass since it comes into play when the acceleration 
is along the path of the motion, and m" is called the transverse 
electromagnetic mass since it comes into play when the accel- 
eration is normal to the path. 



MICROSCOPIC ELECTRODYNAMICS 


189 


Experiments on beta rays, which are rapidly moving elec- 
trons, indicate that cjm decreases, and hence the mass increases, 
with the velocity. The experimental results indicate that one 
may interpret all the meiss of the electron as electromagnetic. 
However, the experimental result is inconclusive in view of the 
fact that the special theory of relativity yields the same for- 
mula for the dependence of mass upon velocity as does the 
electron theory. 

Taking the point of view of microscopic electrodynamics, 
however, one may say that the mechanical mass of the electron 
is a derivative quantity in electrodynamics. This result was 
generalized in the idea of an electrical theory of matter, the 
motives of which are summarized by Lorentz. He says, " In 
a more general sense, I for one should be quite willing to adopt 
an electromagnetic theory of matter and of the forces between 
material particles. As regards matter, many arguments point 
to the conclusion that its ultimate particles always carry 
electric charges and that these are not merely accessory but 
very essential. We should introduce what seems to me an 
unnecessary dualism, if we considered these charges and what 
else there may be in the particles as wholly distinct from each 
other.” 

A serious shortcoming in the electromagnetic theory of 
matter has been the difficulty in explaining the existence of 
the electron. In order that an electron be held together, there 
must be cohesive forces to counterbalance the self-repulsive 
tendency of its charge. These cohesive forces are not deducible 
from the Maxwell-Lorentz theory. Accordingly, Poincar6 
introduced a cohesive pressure of unknown character; Mie 
generalized the classical theory so that within the elementary 
electrified particles the repulsive forces would be counterbal- 
anced by electrical forces which become negligible outside the 
charge; Einstein assumed that elementary particles are held 
together by gravitational forces. All these theories proved to 
be unsatisfactory. We shall not be interested in further details, 
for the classical microscopic electrodynamics is merely the first 
approximation to a quantum electrodynamics which is in process 
of creation. 
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6. THE ELECTRODYNAMIC THEORY OF MECHANICAL FORCE 

Having discussed the electromagnetic theory of mass, I 
turn to the electromagnetic theory of mechanical force. The 
typical mechanical force is that exerted across a surface between 
two contiguous parts of an elastic body. In the mechanical 
conception of nature electrical forces between charged bodies 
have been interpreted as stresses in an elastic ether. In the 
electrodynamic theory, however, the electromagnetic field is 
assumed to be a fundamental reality; hence the mechanical 
stresses in elastic solids are to be derived from electromagnetic 
forces. 

The possibility of an electromagnetic theory of mechanical 
forces is demonstrated by the electrical theory of crystals of 
M. Born. A crystal consists of ions arranged in the form of a 
lattice; for example, rock salt is built up of positive sodium 
ions and negative chlorine ions alternately situated at the 
corners of a cubical lattice system. As a first approximation 
one assumes that the ions are at rest under the action of elec- 
trostatic forces. Now the electrical forces between two ions 
must be partly attractive and partly repulsive: a force of 
attraction between the ions is necessary to prevent disintegra- 
tion; a force of repulsion is required to allow compression. It 
is assumed that the force of attraction is determined by Cou- 
lomb’s law; the law of repulsion is assumed to vary inversely 
as some power of the distance. The resultant force between 
the ions is described in terms of the potential energy of the two 



where r is the distance apart and /3 is a constant. From the 
potential energy of two ions one is able to calculate the poten- 
tial energy of the entire lattice. One obtains 


A a h 
^ — — — -{- — , 
5 5" 


where h is the distance between an ion and the next similar 
ion on the edge of the cube. The condition of equilibrium is 
that the potential energy be a minimum. One can then express 
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the equilibrium potential energy in terms of the equilibrium 
value of S. 


The compressibility Xjk = VdP/dV. 


The pressure 


p =_ 


d^ 

dV 


It follows that 


dP/dV 


dV^ 


95o-> 

a{n — 1)‘ 


We thus see that macroscopic compressibility is expressed in 
terms of microscopic constants. Assuming the truth of the 
theory one substitutes the macroscopic value of the compressi- 
bility and calculates n. For the alkali halides the value of n 
is approximately 9. 

The electrical theory of crystals has been employed to 
explain the various properties of crystals. Although further 
development of the theory awaits the solution of the problem 
of the structure of the atom, nevertheless important progress 
has been made in the reduction of macroscopic mechanical 
forces to electromagnetic forces acting on electrified particles. 

From this point of view a mechanical explanation of the 
electromagnetic field in terms of an ether with elastic proper- 
ties would involve a logical circle, for the elastic, mechani- 
cal properties are to be derived from the field. Indeed, the 
electrodynamic conception of nature requires the elimination 
of the ether. This task was accomplished by the special theory 
of relativity, to which we must now turn. 
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CHAPTER X 


THE ELECTRODYNAMIC CONCEPTION OF NATURE 

B. THE SPECIAL THEORY OF RELATIVITY 

1. THE CONTRADICTION IN CLASSICAL ELECTRODYNAMICS 

The electrodynamic conception of nature expresses the 
endeavor to interpret all physical phenomena in terms of elec- 
trodynamics. In the preceding chapter we have seen that a 
basis for such a program is furnished by microscopic electro- 
dynamics, which Is based upon the concepts of space, time, 
electric charge, electromagnetic field, etc. Now the electron 
theory of Lorentz presupposed the same kinematics as did classi- 
cal dynamics — indeed, in all the preceding discussion we have 
presupposed the classical theories of space, time and motion. 
In the present chapter I shall explain how the requirements 
of electrodynamics brought about a reconstruction of the con- 
cepts of space, time, and kinematics. 

Space is a form of relational structure and is bound to a 
frame of reference. In the classical kinematics different frames 
have the same space; length is invariant under a transforma- 
tion of frames; the geometrical properties of figures are inde- 
pendent of the frame of reference — all of which is expressed 
by the statement that, in the classical theory, space is objec- 
tive. Again, the time system of events is the same for all 
frames of reference; the time interval between events is an 
invariant under a transformation of frames. Thus classical 
kinematics presupposes a single space and a single time. The 
classical theory of space and time is summed up in the trans- 
formation from one system of reference to a system moving 
in the x direction with respect to the first. We have 

x' — X -- vt 

y = y 
z' = z 

r = 

192 
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These equations define a common space and time for systems 
in motion with respect to each other; if v is constant, the 
transformation is called Galilean. The classical transforma- 
tion equations were accepted in the electron theory. 

The electron theory of Lorentz further contained a relic 
of the mechanical conception of nature, the concept of a sub- 
stantial ether. The equations of electrodynamics were expressed 
relative to a frame of reference which was at rest with respect 
to the ether. However, classical kinematics and the hypothesis 
of an ether proved to be inadequate for a satisfactory expres- 
sion of the results of observation. In the special theory of 
relativity we achieve the elimination of the concept of the 
ether and a reconstruction of the theory of space and time. 
Definitions which are more explicit than those in the classical 
theory render time and space relative to a frame of reference. 
Thus classical kinematics becomes a first approximation to a 
new kinematics which has been molded by electrodynamics. 

We have seen that in order to describe motion it is neces- 
sary to choose a system of reference, that is, a frame of refer- 
ence together with rods and clocks. In classical dynamics 
one employs a set of privileged systems, of which an example 
is the system of fixed stars. From classical kinematics it fol- 
lows that the equations of dynamics also hold with respect to 
systems having a uniform rectilinear motion with respect to 
the fixed stars. The proposition that a set of privileged sys- 
tems in uniform rectilinear motion with respect to each other 
are equivalent is called the principle of relativity of uniform 
motion; the principle of relativity expresses the fact that a 
uniform motion of a system of reference can not be detected 
by mechanical experiments in the system. 

The principle of relativity was abandoned in Lorentz^s 
electron theory; in this theory the substantial ether is a 
uniquely privileged frame of reference. The kinematical quan- 
tities which enter into the equations of electrodynamics are 
supposed to be measured with respect to the ether. Thus the 
principle that the velocity of light is a constant independent 
of the motion of the source presupposes that the velocity is 
measured with respect to the ether. Now it was assumed that 
classical kinematics was applicable to the electron theory. 
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If, from the equations of electron theory expressed with respect 
to the ether, one deduces, by means of classical kinematics, 
the equations relative to a moving frame, one finds that the 
electromagnetic equations are changed in form. The equa- 
tions of Lorentz are not invariant under the Galilean trans- 
formation; thus in Lorentz's electron theory the principle of 
relativity of uniform motion does not hold. 

As an example of the change in electromagnetic phenomena 
to be expected with a change in the system of reference we may 
consider the principle that the velocity of light with respect 
to the ether is a constant regardless of the velocity of the 
source. By classical kinematics we can calculate the velocity 
of light in a system moving with velocity v relative to the 
ether. The result is that the velocity of a ray moving in the 
same direction as the moving system is — z; in this system; 
for a ray traveling in the opposite direction the velocity is 
c + V, Hence in a system moving with respect to the ether 
the velocity of light depends upon the direction. This con- 
sequence of electrodynamics offers the possibility of determin- 
ing by optical means the velocity of a system moving with 
respect to the ether. As early as 1881 the Michelson-Morley 
experiment had been performed to detect the velocity of the 
earth with respect to the ether; but the outcome of this experi- 
ment, and of other experiments designed for a similar pur- 
pose, was negative. As in dynamics, it has not been possible 
to devise an experiment which would enable one to detect a 
uniform motion of a system of reference. Thus negative experi- 
mental evidence offered a basis for extending the principle of 
relativity of uniform motion to electrodynamics as well as to 
dynamics. 

Physical theory was thereby confronted by a contradic- 
tion. On the one hand, the electron theory of Lorentz had fur- 
nished a satisfactory basis for the explanation of electromag- 
netic and optical phenomena. Now electrodynamics may be 
represented by the principle of the constancy of the velocity of 
light — a principle which presupposed a fixed ether and thus 
contradicted the principle of relativity. On the other hand, 
the principle of relatively had been confirmed by negative 
experimental results. , 
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Fitzgerald and Lorentz sought to explain the failure to obtain 
evidence of the motion of the earth relative to the ether by 
the hypothesis that bodies contract in the direction of motion; 
Lorentz deduced this assumption from the electrical theory 
of matter. Ritz and others entertained the hypothesis that 
the principle of the constancy of the velocity of light does not 
hold. 

Einstein then proposed the radical solution of reconstructing 
the fundamental concepts of space, time and kinematics. In 
the special theory of relativity the concepts of space and time 
are so refashioned that electrodynamics conforms to the prin- 
ciple of relativity of uniform motion. In classical physics 
concepts were constructed with a view to the mechanical con- 
ception of nature; in the special theory of relativity electro- 
dynamics becomes the legislative system of physical theory. 

The problem of the special theory of relativity is the recon- 
ciliation of 

(1) The principles of kinematics; 

(2) The principle of relativity of uniform motion; 

(3) The principle of the constancy of the velocity of light with 
respect to at least one system. 

If one assumes classical kinematics, principles (2) and (3) are 
incompatible. Einstein assumed principles (2) and (3) and 
modified kinematics. 

2. THE THEORY OF TIME 

The basis of the kinematics of the theory of relativity is 
the application of electromagnetic processes in the definition 
of physical time. 

We have previously seen that time is an order of events. 
Events may be simultaneous or related by succession: simul- 
taneous events occur at the same time; events which are suc- 
cessive are separated by an interval of time. In order to meas- 
ure an interval of time, or better, a duration, we select a stand- 
ard interval as a unit and count the number of units which 
elapse during the given duration. This standard unit is ordi- 
narily realized in the periodic motion of some mechanism, 
called a clock, such as the balance wheel of a watch or the earth 
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rotating on its axis. One may measure the time of an event 
by the observation that the event is simultaneous with the 
tick of a clock. However, the usual method of measuring time 
involves the observation of the space-time coincidences of 
points. Ordinarily the clock is provided with a pointer which 
moves over a scale division during each unit of time. One 
may then determine the duration of a given process by sub- 
tracting the reading of the pointer simultaneous with the begin- 
ning of the process, from the reading simultaneous with the 
end of the process. Thus the estimate of simultaneity is fun- 
damental in the measurement of time. 

We must distinguish between local time and extended 
time. The time system at a given place is based upon the 
simultaneity and succession of aspects given in immediate 
experience. The judgment that two events at a given place 
are simultaneous is a judgment of a specific kind of similarity 
of events; simultaneity at a place is one of the ultimate quali- 
tative notions of physics. The physical time of a local event 
is the number of the scale division with which the pointer coin- 
cides simultaneously with the event. In the theory of rela- 
tivity the theory of local time is the same as in classical kine- 
matics. 

The special contribution of the theory of relativity con- 
cerns the extension of a time system throughout space. It is 
evident that this is necessary for physics, for in order to meas- 
ure the velocity of a body we measure the time at which it 
leaves a certain point and the time at which it arrives at some 
other point. We assume that the two places have the same 
time system and therefore measure the duration of the motion 
by subtracting the initial time from the final time. We thus 
meet the problem, how do we define a time system for the 
whole of space? 

Before Einstein no one considered the problem critically. 
It was assumed that there was a single time system for the 
physical order. The concept of physical time, however, has 
no meaning unless it indicates how the times of events at dif- 
ferent places are to be compared. In particular, it is necessary 
to have a definition of the simultaneity of events at different 
points. The classical kinematics did not have explicit defini- 
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tions for extended time. The practice of the classical physicist, 
however, is exemplified by the behavior of a student who is 
performing an elementary experiment in mechanics. He may 
measure time with a watch which he carries in his pocket; as 
he walks around his laboratory table his behavior indicates 
that he unreflectively assumes that the watch always gives 
the same physical time. Or he may look at a clock on the 
wall; the time of an event on the table is the time indicated 
by the hand of the clock. Thus the student tacitly assumes 
that the displacement of a watch is a method of extending time 
throughout a space, or he assumes that the time required for 
light to reach him from the clock on the wall is to be neglected. 
For a precise concept of time it is necessary to lay down an 
explicit definition. 

In the electron theory the principle of the constancy of 
the velocity of light was an experimental law. In the theory 
of relativity the principle constitutes a definition of a time 
system. 

3. THE POSTULATES OF THE THEORY OF RELATIVITY 

In order to explain the theory of relativity we select a sys- 
tem of reference K in which the classical dynamics holds to 
the first approximation. The system consists of a frame of 
reference and a set of unit measuring rods and similarly con- 
structed clocks. Let K' be any other system moving with 
uniform rectilinear motion relatively to K in the positive direc- 
tion of the X axis. K' is provided with rods and clocks which 
agree with those of K when all are at rest in the same system. 
One now assumes two postulates: the first is the principle of 
relativity which states that the laws of physics are the same 
with respect to K and K'\ the second is the principle of the 
constancy of the velocity of light, which states that the velocity 
of light is constant independently of the motion of the source 
in at least one system of reference. From the principle of 
relativity it follows that the principle is to hold with respect 
to all systems K and K\ Thus, regardless of the motion of 
the source, or uniform motion of the system of reference, the 
measured velocity of light is a constant. The velocity of light 
is the fundamental invariant of the special theory of relativity. 
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One may build up the kinematics of relativity in the follow- 
ing manner. Let us start with the system of reference K, in 
which there is a set of unit measuring rods. We assume on 
the basis of experience that the positional relations of the rods 
satisfy the postulates of Euclidean geometry. Thus we are 
able to specify the position of a point in terms of Cartesian 
coordinates x, y, z, which are the distances measured by a unit 
rod from the three mutually perpendicular planes of the frame 
of reference. We further assume that the system is provided 
with a set of periodic mechanisms which may be used as clocks. 

I assume that the principle of the velocity of light is a defini- 
tion of time. Let be the distance passed over by a ray of 
light as measured by a unit rod, c the velocity of light, and A/ 


the time. Then 


A^ = cM 


defines A/. We first define local time. Suppose that at a given 
point A a source of light emits a ray which travels a distance 
r, and is then reflected back to ^4. If /a is the time of emission 
and I'a is the time of return, then 

/'a - Ia = Irjc, 


We now choose r and c so that t' a — Ia = 1 ; this defines the 
unit of time. Upon the arrival of the signal at another 
signal is emitted and returns at /"a. Then /"a ~ /'a = 1. 
Thus a complete journey of the light from A to the distant 
point and back defines the unit of time. It is an experimentally 
verified hypothesis that the clocks of classical physics indicate 
the time at a point as thus defined. From the present point 
of view an experimental determination of the velocity of light 
is a proof of the applicability of our definition. 

Let us now extend the time of A throughout space. At 
the time Ia we send a light ray to any point B. Then by 


definition 


/fl = /a + fjc. 


If the light ray is reflected and returns to A at /'a, then by 
definition 

t\ = + t/c. 

It follows that 




THE SPECIAL THEORY OF RELATIVITY 


199 


It is an experimental fact that similar clocks at A and B can 
be regulated so that the indicated times are related by the 
preceding equation ; such clocks are said to run synchronously. 
Two events at distant places are simultaneous if they occur 
at the same time as indicated by synchronous clocks at the 
respective places. Thus we have defined a time system for 
the system K, The position and time of an event relative to 
K are denoted by x, y, z, t. 

Let K' be a system which is moving along the positive 
direction of the x axis with constant velocity v. The system 
contains a set of rods which agree with those in K when the 
rods of both systems are at rest in one system. We postulate 
that the rods in the moving system have unit length in that 
system and that the positional relations of the rods in 
satisfy the laws of Euclidean geometry. We are therefore 
able to specify the position of a point in terms of Cartesian 
coordinates x', y', 2'. 

I now define a time system in the moving system by the 
equation 

A5' = 

It is an experimental hypothesis that this time can be indi- 
cated by synchronized clocks in K\ which clocks can be syn- 
chronized with those of K when all are at rest in a single sys- 
tem. The position and time of an event relative to K' are 
denoted by x', y', 2', 

4. THE LORENTZ TRANSFORMATION 

We have next to answer this question: How are the space 
and time of configurations and processes relative to one sys- 
tem related to the space and time of the same configurations 
and processes relative to a system which is moving uniformly 
with respect to the first? The problem is to determine the 
equations which define the transformation from x, y, 2, t to 
2', If an event is described in terms of x, y, 2, /, what 
is the description in terms of x', y', 2', /'? The transformation 
equations can be obtained from the principle of the velocity 
of light which holds in both systems. 
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Suppose that at time t = i' = 0 the origins of the two sys- 
tems coincide. At this moment a light wave is emitted from 
the common origin. Relative to K the points x, y, z in a wave 
front at the time t satisfy the equation 

z^ — = 0 . 

This expresses the principle of the velocity of light. Relative 
to K' the points on the wave front satisfy the equation 

x"^ + y'2 + 2'2 - cH'^ = 0, 

where x', y', z' are the coordinates of a point in a wave front 
at the time t' . The equations connecting x, y, z, t and x', y', z', t' 
can be obtained from the condition that if 


Thus 


+ y2 + = 0 , 

^'2 q . y 2 + 2^2 _ = 0 . 

+ y2 -f 22 _ c2p = X(x'2 -I- y2 z'2 - 


On the assumption of the homogeneity of space and time X is 
a constant, and on the assumption of the symmetry of space 
with respect to direction X = 1. The condition vields the 
equations : 


where 


x' = y{x 

y' = y 

z' = z 


vt) 


t' = y{t — vx/c^), 

1 


7 = 




I 


These equations are called the Lorentz transformation. 

The transformation equations clearly reveal that time is 
relative to a system of reference. The equations are expressed 
so that upon coincidence of the origins the clock at the origin 
of K and the clock at the origin of K' read 0. For all other 
points and times, however, the reading of a clock in K differs 
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from that of the coincident clock in K\ Thus if the clock at 
X = a in K reads 0, the coincident clock in reads 

vajc^). 

If the clock at X = a in K reads /i, the coincident clock in 
K' reads 

= 7(^1 — va/c^). 

The concept of simultaneity is relative to the system of 
reference. Thus if relative to K an event at Xi is simultaneous 
with an event at X2, then the difference in time of the two 
events relative to K' is 



Thus according to the special theory of relativity there is no 
single universal time system in which events have temporal 
position. 

The transformation equations further reveal that space is 
relative to a system of reference. In order to measure the 
length of a rod at rest relative to the system of reference, one 
counts the number of times a unit rod can be laid off on the 
rod. The rod is at rest and hence the measuring rod can be 
directly applied to it. If the rod is in motion with respect to 
the system of reference we have two modes of determining 
the length. We may measure the length relative to a system 
in which the rod is at rest; this may be called the rest length 
of the rod. Or we may measure the length relative to the sys- 
tem with respect to which the rod is moving; this result may 
be called the length of the moving rod in the system at rest. 
In order to determine the latter length we mark on the frame 
of reference the points which coincide with the endpoints of 
the moving rod at the same time. Then the distance between 
these points on the frame can be measured directly and is the 
length of the moving rod in K. The transformation equations 
of the theory of relativity reveal that the length of a moving 
rod in the system at rest is less than the rest length in the mov- 
ing system. Suppose, for example, that the endpoints of a 
rod in the x axis have x' coordinates, x\ and x'2, respectively, 
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in the moving system K' , The length of the rod relative to 
is x'2 — oc\. Then the length of the rod relative to K is 
found from 


x'2 — x'\ == y (x2 — vt) — y (xi — vt)j 



The length of the moving rod in the system at rest is less than 
the length of the rod in the moving system. Thus the rela- 
tivity of time entrains the relativity of space to the system of 
reference. 

The relativity of space and time is a consequence of the 
union of the finite velocity of light and the principle of rela- 
tivity. If we allow c to become infinite, the Lorentz trans- 
formation reduces to the Galilean transformation. 

From an abstract point of view it is possible to define a 
single time, system by means of imaginary signals with an 
infinite velocity. However, assuming that the theory of rela- 
tivity has been verified, there are no known natural mechan- 
isms which would serve as clocks to measure absolute time. 
The theory of relativity is more than a theory based upon the 
limitations of our methods of measurement. According to 
the theory clocks in motion have characters which seem para- 
doxical to our inherited modes of thinking. 

The principle of relativity implies the abandonment of 
the concept of a substantial ether in electrodynamics, for motion 
relative to an ether can not be measured and therefore has no 
physical significance. The relativity of time to a system of 
reference implies that one can not conceive of time as a single 
flowing stream. Similarly one can not conceive of space as a 
single substance. 

In the special theory of relativity the transformation of 
the coordinates and the time on changing from one allowable 
system of reference to another is given by the Lorentz trans- 
formation. The Lorentz transformation defines a group under 
which the fundamental equations of electrodynamics are 
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invariant. Thus the outcome of the theory of relativity is that 
electrodynamics satisfies the principle of relativity. If a uni- 
form velocity is impressed upon an allowable system of refer- 
ence there is no change in electromagnetic phenomena within 
the system. However, since the equations of classical dynamics 
are not invariant under the Lorentz group, it was necessary to 
reconstruct dynamics in order to render it compatible with 
the principle of relativity. It is possible to build a relativistic 
dynamics upon the assumption that the principles of the con- 
servation of momentum and energy are invariant with respect 
to the Lorentz transformation. From the conservation of 
momentum one obtains a definition of mass as a quantity 
which is a function of the absolute value of the velocity: 


mo 



where mo is the mass relative to the system in which the body 
is at rest. In classical dynamics the mass of a body was assumed 
to be invariant; in the theory of relativity the physical quan- 
tity mass is relative. On the other hand, electric charge is 
invariant under the Lorentz transformation. 

All classical physics is a first approximation to relativistic 
physics. Thus the reconstruction of physical theory, on the 
basis of a kinematics which was designed to render possible a 
satisfactory theory of electrodynamics, is a further indication 
of the regulative character of the electrodynamic conception 
of nature. 


6. SPACE-TIME 

The mathematical representation of the theory of relativity 
is greatly simplified by the employment of a four-dimensional 
space-time. Suppose that in a permissible system of reference 
the position of an event is determined by the Cartesian coor- 
dinates Xy y, z and the time by L The quantity 


— cH^ 

is an invariant with respect to the Lorentz transformation. 
That is, upon transformation to another permissible system 
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the foregoing function of the coordinates and the time remains 
unchanged. Let us now substitute for the time the imaginary 
quantity u = ict. Then 

+ y2 + 22 - CH^ 

becomes + u^. This suggests that x, y, z, u may 

be interpreted as the coordinates of a point in a four-dimen- 
sional manifold. Then x^ + y^ + z^ + will be the four- 
dimensional distance of the point from the origin of coordi- 
nates. The set of numbers x, y, z, u will be said to determine 
a world point and the continuum of such sets will constitute 
the four-dimensional space-time world. The expression 

{X2 — Xi )2 + (y2 — yi )2 -f (zo — 2i)2 -|- (u2 — Mi )2 

will be called the space-time separation of the points 

(^fi, yi, Zi, til) and {x2, yo, Z2, ui). 

The Lorentz transformation may be interpreted as an imagi- 
nary rotation of the space-time axes. 

An event may be viewed as a point in a space-time mani- 
fold. The motion of a particle consists in a series of space- 
time events which form a space-time line, the world line of the 
particle. A particle moving with uniform velocity describes 
a straight world line; if the motion is accelerated the world 
line is curved. 

In another mode of representation a world point is deter- 
mined by X, y, z and ct. For purposes of illustration let us 
suppose that there is only one space coordinate x. Then we 
may construct a graphical representation of the space-time 
manifold: draw two lines at right angles to each other, and 
let points on the horizontal line represent values of x and 
points on the vertical line represent values of ct. A world point 
is determined by the coordinates x and ct. = x^ — cH^ is 
the square of the separation between the world point (x, ct) 
and the world point represented by the origin. The equation 

a:2 _ c2/2 = 1 

is the equation of a hyperbola. Thus in accordance with our 
definition all events which are represented by points on the 
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hyperbola have the separation 1 from the event represented 
by the origin. The equation 

^2 _ f^2f2 == Q 

is the equation of the asymptotes. Since the propagation of 
light in the x-direction satisfies the equation = 0 it 

follows that the asymptotes represent the world lines of a ray 
of light. The Lorentz transformation leaves 
invariant, and is represented by a change to oblique axes. 

Lines through the origin which represent the motion of 
light constitute a light cone of which the axis is the vertical 
line. For points within the cone the value of x is less than ct\ 
hence lines within the cone which pass through the origin 
represent the motions of particles that are traveling with less 
than the velocity of light. The points within the cone have 
the property that by a proper choice of axes the separation 
between the event and the event at the origin can be made to 
consist of an interval of time only; by no choice of axes can the 
events be made simultaneous. Thus the points in the lower 
part of the cone represent events which are past with respect 
to the event represented by the origin. The points in the 
upper part of the cone represent events that are in the future 
with respect to the event 
represented by the origin. 

Thus we see that some events 
are definitely related as earlier 
and later. 

Again, the points in the 
intermediate region outside 
the cone represent events the 
separation of which from the 
event at the origin can be 
made spatial by a proper 
choice of axes. Events in the 
intermediate region may be either past or future with respect 
to the event represented by the origin. 

The distinction between events in the absolute past and 
absolute future indicates that the distinction between time 
and space is not abolished in the theory of relativity. The 
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difference between time and space is symbolized by the occur- 
rence of a minus sign in the expression for the separation of 
two events. The statement that the world is four-dimensional 
means that the values of four variables are required to deter- 
mine an event. One may characterize the kinematics of the 
special theory of relativity by the statement that kinematics 
is reduced to geometry. This means that the relations between 
the space-time variables are the same in form as relations 
between geometrical variables. Thus the functional relations 
of the kinematics of the theory of relativity may be represented 
by points in a four-dimensional space-time diagram. 
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CHAPTER XI 


THE GEOMETRICAL CONCEPTION OF NATURE 
A. RIEMANNIAN GEOMETRY 
1. INTRODUCTION 

In the entire preceding discussion of physical theory we 
have presupposed that physical space is Euclidean. This 
means that the spatial properties of configurations of rigid 
bodies, which are measured by a rigid rod, are described by 
Euclidean geometry. We have now to consider the hypothesis 
that Euclidean geometry is only a first approximation. 

Our initial physical problem was the description of the 
positional relations of rigid bodies independently of the dynami- 
cal, electrical and other specific physical properties of bodies. 
As a second approximation lengths must be corrected for 
changes in temperature, external forces, etc. The changes 
in geometrical properties with the temperature, external forces, 
etc., depend upon the material, and therefore one can correct 
for such changes. Hence the statement that space is Euclidean 
means that configurations of rigid bodies at a constant tem- 
perature, subject to no external forces, etc., are described by 
Euclidean geometry. 

Thus we first explained the concepts of space and time 
and then introduced concepts which are especially charac- 
teristic of classical physics. Bodies in space and time were 
described in terms of mass, electric charge, electric field, etc. 
The definition of the specific dynamical and electrodynamical 
concepts presupposed the concepts of distance, interval of 
time, etc. 

The special theory of relativity gave rise to the concept 
of a four-dimensional space-time in which physical events 
have spatial and temporal position. The functional relations 

207 



208 


THE GEOMETRICAL CONCEPTION OF NATURE 


in kinematics were thereby given a form similar to that of the 
relations of geometry. If one employs the term geometry in 
the sense of analysis or abstract geometry one may say that 
in the special theory of relativity kinematics was reduced to 
geometry. 

Like classical physics, the theory of relativity was based 
upon the assumption that one could ascribe a definite structure 
to space-time which is independent of specific physical char- 
acters and processes. One introduced the characteristic physi- 
cal quantities by way of addition. In the general theory of 
relativity, however, Einstein has shown that it is desirable to 
adopt a variable space-time. The general metrical relations 
of rigid bodies and clocks are correlated with the gravitational 
field ; hence the gravitationahfield can be expressed in terms of 
a variable structure of space- time. Now the structure of the 
field, and therefore that of space-time, depends upon the dis- 
tribution of stress, momentum and energy of matter. This 
has suggested the program of interpreting all physical con- 
cepts in terms of geometrical concepts, so that we have the 
possibility of a geometrical conception of nature. The basis 
of this type of physical theory is a more general geometry than 
that of Euclid. I shall begin the discussion with an exposi- 
tion of Riemannian geometry. 

2. EUCLIDEAN SPACE 

We shall initially presuppose a Euclidean space of three 
dimensions, by which we mean that there is a class of solid 
bodies which have certain positional properties. On one of 
these bodies we make two marks and define the segment 
between the two marks to be the standard which embodies 
the unit of distance. It is an aspect of the definition that the 
distance between the two marks remains the same upon dis- 
placement of the solid. Out of solid bodies one may construct 
rigid lines which extend between two points; a straight line 
is defined as the line along which the distance between any two 
of its points is a minimum. The distance, more precisely the 
measure of distance, between the endpoints of a straight line 
is called the length of the line. One can readily extend the 
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notion of length to a curved line. We also introduce the con- 
cept of angle between two lines. We construct rigid surfaces 
and regular solids. In terms of the synthetic method Euclid- 
ean space is then characterized by the following properties. 
In the first place, Euclidean space has a metrical structure: 
the metrical character of space depends upon the definition 
that the length of a line does not change upon displacement. 
The proposition that Euclidean space is metrical means that 
two lines are comparable in length. This property of lines is 
also assumed in Riemannian geometry; it does not hold in 
topological geometry. 

In the second place, Euclidean space is isotropic and homo- 
geneous. Isotropy means that a figure can be rotated about a 
fixed point and brought into coincidence with a congruent 
figure. Homogeneity means that a figure can be translated 
and brought into coincidence with a congruent figure. That is, 
the properties of Euclidean figures are invariant under rotation 
and translation. 

In the third place. It is possible to construct similar figures 
in Euclidean space. This property is connected with the propo- 
sition that the sum of the angles of a triangle is equal to two 
right angles. 

The properties of figures constructed out of rigid lines, sur- 
faces and solids are described to the first approximation by 
Euclidean geometry. 

In terms of the analytic method Euclidean space is charac- 
terized by the fact that one can construct in it a Cartesian 
coordinate system based upon rigid rods. The Cartesian sys- 
tem may be thought of as consisting of three sets of mutually 
perpendicular planes which are spaced with the aid of a rigid 
measuring rod. However, the fundamental place of the meas- 
uring rod is brought out more clearly if we think of the Car- 
tesian system as a three-dimensional lattice built up of cubical 
frames constructed out of unit rods. We may select one point 
of the lattice as an origin; the coordinate axes consist of three 
mutually perpendicular lines extending from the origin; the 
axes determine three mutually perpendicular planes. Then 
every point of the lattice may be characterized by three num- 
bers, the Cartesian coordinates of the point, which are the per- 
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pendicular distances of the point from the three coordinate 
planes. The Cartesian coordinates of any point in space may 
be determined from the coordinates of the nearest lattice point. 
Now the properties of the Cartesian lattice may be expressed 
analytically by means of the Pythagorean theorem. Consider 
two lattice points with coordinates {xi,yi,zi) and (x2, y2, 22); 
then the distance between these points is expressed by 

= (*2 — Xl)2 + (y2 — yiY + (Z2 — ZlY. 

It is an experimental fact that one can build a cubical lattice 
out of unit rods such that the Pythagorean theorem holds 
approximately. Analytic Euclidean geometry can be based 
upon the expression for the square of the distance. 

3. GAUSS’ THEORY OF SURFACES 

On the assumption that three-dimensional space is Euclid- 
ean we now proceed to the theory of the space of surfaces. 

Our first example of a surface is a plane. We postulate 
that lines in the plane are comparable with respect to length 
and hence the plane is in a metrical two-dimensional space, 
plane space. Plane space being homogeneous and isotropic, 
the relation of congruence holds between plane figures. Also 
it is possible to construct similar figures in the plane. Plane 
figures constructed out of rigid lines are described by Euclidean 
geometry. From the analytic point of view the plane is char- 
acterized by the fact that one can construct in it a two-dimen- 
sional rectangular lattice system. If (xi, yi) and (x2, y^) are the 
coordinates of two points in the plane, the distance between 
the points is given by 

= (X2 — xi)2 -f- (y2 — yi)2. 

The analytic geometry of the plane may be based upon this 
expression for the square of the distance between two points. 

We next consider a curved surface, like the surface of a 
sphere or an ellipsoid. Our fundamental presupposition is that 
lines in the surface are comparable with respect to length, and 
hence the space of the surface is a two-dimensional metrical 
space. We shall think of the lines in the surface as consisting 
of inextensible flexible cords, for it is an essential part of the 
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definition of length that a line can be bent without changing 
its length. Or we may think of a cord as constructed out of a 
number of small rigid rods. In any event, the standard of 
length in the three-dimensional Euclidean space can be employed 
to measure the length of a line in the surface. 

It is necessary to give a precise definition of the curvature 
at a point. Consider on the surface any curve which passes 
through the given point. Let the tangent to the curve cmd the 
normal to the surface at the point determine a plane which 
intersects the surface in a curve called the normal section. 
The radius of this section is called the radius of normal curva- 
ture for the given direction. Now at every ordinary point of 
a surface there is a direction for which the radius of normal 
curvature is a maximum and a direction for which it is a mini- 
mum, and they are at right angles to each other. The maxi- 
mum and minimum values of the radius of curvature are called 
the principal radii of curvature at the point. The reciprocal 
of the radius of curvature is called the curvature. We now 
define the Gaussian curvature of the surface at a point as the 
product of the principal curvatures: 
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In a surface of variable curvature there is no relation of 
congruence between figures. A figure at one point of the sur- 
face can not be displaced in the surface and brought into coin- 
cidence with a figure at another point without distortion. 

In a surface of constant curvature there is a relation of con- 
gruence between figures at different points. A plane is char- 
acterized by zero curvature; the surface of a sphere has a posi- 
tive curvature; a saddle surface has a negative curvature. 

On a curved surface there are no Euclidean straight lines. 
One defines the geodesic line between two points as the line 
whose length is an extremum, usually a minimum. One can 
then construct figures out of geodesic lines on curved surfaces. 
The curvature of a surface may then be characterized in the 
following way: in a region of zero curvature the sum of the 
angles of a triangle is two right angles, in a region of positive 
curvature the sum is greater than two right angles, and in a 
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region of negative curvature the sum is less than two right 
angles. 

We shall now review the properties of curved surfaces in 
terms of the analytic method. In general one cannot construct 
a Cartesian coordinate system on a surface; in a relatively 
small area one can build a Cartesian lattice out of small rods, 
but upon extending the system one finds that the structure 
deviates more and more from the Cartesian form. Hence in 
order to describe the properties of a surface analytically we 
employ Gaussian, that is, curvilinear coordinates. We shall 
assume that we are studying a finite, but limited, region of a 

surface without properties that 
would cause difficulties for a for- 
mal theory. 

A Gaussian system of coordi- 
nates consists of two families of 
intersecting lines which cover the 
region. In order to identify these 
lines we label one family w = 1, 
u = 2, u = etc., and the inter- 
secting family z; = 1, z; = 2, = 3, 

etc. Lines of the same family do 
not intersect, and no two lines of 
different families intersect more 
than once. The lines constitute a lattice the points of which 
are specified by coordinates u and v. The position of any point 
in the surface is given by the coordinates of the corner of the 
lattice element in which the point falls. For example, a point 
may have coordinates w = 2, = 3. Now it is essential to 

emphasize that Gaussian coordinates are not distances which 
have been determined by a standard rod. Gaussian coordinates 
are identification numbers ; if we are given only the differences 
between the Gaussian coordinates we can not calculate the 
distance between the points. In order to express the metrical 
properties of a surface we need additional concepts. 

One method of expressing the metrical properties of a sur- 
face is based upon the fact that it is embedded in a three- 
dimensional Euclidean space. The position of a point on the 
surface can be specified by its Gaussian coordinates w, v. The 
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position can also be represented by Cartesian coordinates x, 
y, z in the Euclidean space. We have 

X = fi{u, v) 
y = f2{u, v) 

2 = / 3 (w, v). 

Now to the first approximation a small region of a curved sur- 
face has the properties of a plane; a short line element is to 
the first approximation a straight line. We can therefore 
express the length of such a line element in terms of the differ- 
ences of the Cartesian coordinates of the endpoints in the three- 
dimensional Euclidean space. Let ds be the length of a small 
line element, and let dx, dy, dz be the differences between the 
coordinates of the endpoints. Then by the Pythagorean 
theorem 

ds^ = dx"^ + dy- + dz^. 

Now, making use of the fact that x, y and z are functions of 
the Gaussian coordinates ti and v, we obtain an expression of 
the form, 

ds^ = giidti^ + gizdudv + g^xdvdu + gi^dv^. 

This equation expresses the length of a line element relative 
to a unit rod, which is the standard of length on the surface 
as well as in the three-dimensional Euclidean space, in terms 
of the differences in the Gaussian coordinates of its endpoints. 
The formula for the length of the line element expresses the 
metrical geometry of the surface. The coefficients gu, gi2 = g2i, 
g22 are called the components of the fundamental metrical 
tensor. In general the g's are functions of the Gaussian coor- 
dinates and vary over the surface. If the g’s are known, the 
metrical geometry of the surface is determined; one can then 
calculate the lengths of lines, the area of figures, etc. 

In a plane we can construct a Cartesian coordinate system 
so that 

ds^ = dx^ + dy’^. 

We may also use curvilinear coordinates (w, v) in the plane 
and thus express ds^ in terms of du and dv. However, we can 
transform the formula for the line element in curvilinear coor- 
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dinates into the Cartesian form. On a curved surface the 
formula for the line element is 

ds^ = gwdii^ + Igvzdiidv + g22dv^. 

In general we can not transform this into the Cartesian form. 
We can, however, find coordinates x, y, z which are functions 
of u and Vy such that 

ds- = dx^ 4 * dy^ + dz^. 

This is the analytical expression of the fact that we have pre- 
supposed that the surface is embedded in a Euclidean space of 
three dimensions. This remark is important for the later dis- 
cussion of curved spaces of three dimensions. 

In the preceding discussion we have supposed that the 
curvxxl surface is embedded in a three-dimensional Euclidean 
space. I shall now define the g's by an intrinsic method, that 
is, without referring to the third dimension. 

We assume that the length of a line element is given by 

ds^ = gndu^ + Igiidudv + g>2dvK 

Consider a point on the surface having coordinates Uy v. To 
the first approximation a small region in the neighborhood of 
the point is plane. Hence we may consider the lattice element 
bounded by lines u and u + dUy v and v + dVy as a plane paral- 
lelogram. Now one side of the lattice element extends from 
the point Uy v to the point u + dUy v. The difference in the u 
coordinates of the endpoints is du. We assume that this coor- 
dinate difference is directly proportional to the length of the 
line. Thus the length of one side of the lattice element is 

kidu. 

One can measure the length of the side and thus calculate ki. 
Similarly the length of the side of the lattice element extending 
from Uy V to Uy V dv is 

k2dv. 

The angle between the coordinate lines is 6 . Then by the 
Pythagorean theorem for oblique triangles, 

ds^ = kiHu^ + 2kik2 cos B dudv + k^^dv^. 
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Thus we see that gn = or is the ratio of distance, in 
the direction a v coordinate line, to the increase in the u 
coordinate. Similarly is the ratio of divStance, in the 

direction ol s, u coordinate line, to the increase in the v coor- 
dinate. gi 2 involves the angle between the coordinate lines. 
Thus the g’s of a given coordinate system can be determined 
by measurements made in the surface. Given a coordinate 
system of which the lines are numbered; at a given point one 
can measure the sides of a lattice with a unit rod and the angle 
between the lines and then calculate the values of the g's at 
the given point. For our purposes we need consider only the 
geometrical properties of a surface which are determinable 
from measurements in a surface. 

We have thus seen that the metrical geometry on a surface 
is determined by the formula for the square of the length of a 
line element. The ^'s are called the components of the funda- 
mental metrical tensor. The g’s depend on the coordinate 
system and also on the character of the surface. A given sur- 
face allows only certain coordinate systems. One thus seeks 
a relation between the g's which holds for all systems on a 
given surface. Such a relation would constitute an invariant 
description of the surface, that is, it would be unchanged in 
form by a transformation of coordinates. 

Now it is possible to construct a tensor Rijti out of the g’s 
and their derivatives. From this one derives Rtj^ and lastly 
one obtains an invariant R, Now R = — 2 K, One thus 
obtains the important result that the Gaussian curvature, 
which we defined with the aid of three-dimensional Euclidean 
space, can be expressed in terms of the g’s. The Gaussian 
curvature Is thus calculable from measurements made within 
the surface. 

In order to obtain an Invariant description of a surface we 
need merely recall that the curvature is describable in terms 
of K and hence in terms of the invariant R. R = 0 expresses 
a relation between the g's for coordinate systems in a plane. 
The plane Is thus described by i? = 0. Similarly we may 
describe surfaces of constant curvature for which R is differ- 
ent from zero. 

A spherical surface Is characterized by the invariant propo- 
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sition that the Gaussian curvature is constant and positive. 
The formula for the length of a line element on a spherical 
surface can be put in the form ^ 

+ vsin^ Bdip^ 


The geometry on the sphere is a non-Euclidean geometry. 
The geodesic lines are great circles; there are no parallel lines. 
However, since the curvature is constant there are relations 
of congruence between spherical figures. 

In what follows I shall initially assume that surfaces are 
embedded in a three-dimensional Euclidean space. The unit 
rod in Euclidean space is the standard of length on the surface. 
Relative to our three-dimensional Euclidean space there is a 
definite distinction between the surface of a sphere and a plane. 

In describing a sphere it is convenient to think of it as 
having two poles and an equator. Let us now suppose that 


we have given a sphere of radius and a plane tangent to 

wk 

it at one of its poles. Then, by projection from the center of 
the sphere, we can map half of the spherical surface upon the 
tangent plane. That is, from the center of the sphere one 
draws a straight line which intersects the surface of the sphere 
and the plane. The point in the plane then represents the 
corresponding point on the sphere. Thus liijes and figures in 
the plane represent lines and figures on the sphere, for example, 
great circles on the sphere are represented by straight lines in 
the plane. 

Let Xy y be the Cartesian coordinates of a point in the plane. 
Then we may express the coordinates of a point on the sphere 
in terms of the coordinates of its representative point in the 
plane, and the length of a line element on the sphere is given by 


ds^ = 


dx^ 4- dy^ + k{xdy — ydxy 

[1 + k{x^ -f- y^)]^ 


Now if the distance between two points in the plane is deter- 
mined by dx^ + dy^y the distance between the corresponding 

^v. Laue, M. Die Relativitatstheorie, II, chap. IV. 



RIEMANNIAN GEOMETRY 


217 


points on the sphere is given by the preceding expression in 
dx and dy. Equal distances in the plane do not correspond to 
equal distances on the sphere. 

We now make the geometry in the plane identical with the 
geometry on the sphere by the postulate that the length of a 
line element in the plane is also to be given by the preceding 
formula. That is, by definition, equal line elements on the 
sphere are mapped into equal line elements on the plane. We 
thereby obtain the elliptic geometry of the plane, which is thus 
seen to be identical with spherical geometry. The elliptic 
plane is characterized by a 
positive constant value cf 
the Gaussian curvature. 

The preceding result may 
be restated with the aid of 
a distinction between Eu- 
clidean and non-Euclidean 
rods. A rod which can be 
employed to construct a 
Cartesian lattice system in three-dimensional space is a Euclid- 
ean rod; in the study of spherical geometry we employ a 
Euclidean rod. On account of the curvature of the spherical 
surface in the third dimension we obtain a spherical geometry, 
the propositions of which differ from those of plane Euclidean 
geometry. 

In the elliptic geometry of the plane we employ a non- 
Euclidean rod. The divergence of elliptic geometry from plane 
Euclidean geometry arises from the non-Euclidean behavior 
of the unit rod: rods in the plane which are congruent from 
the non-Euclidean point of view are not congruent from the 
Euclidean point of view. 

Suppose that an observer is confined to a surface of two 
dimensions and discovers that geometrical figures do not satisfy 
Euclidean geometry. On the assumption of a three-dimen- 
sional Euclidean space there are two explanations for the non- 
Euclidean geometry. 

(1) The observer employs a Euclidean rod, hut the surface is 
curved in a three-dimensional Euclidean space. 
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(2) The two-dimensional surface is a plane^ but the observer 
employs non- Euclidean rods. 

To us the distinction between these two cases is significant 
because we have an intuition of the distinction between two 
and three dimensions. However, an observer confined to a 
surface of two dimensions would know nothing about three- 
dimensional space. He would be able to deduce an invariant, 
which would enable him to describe the structure of the surface 
as defined by the relations between equal measuring rods. 
He could distinguish between surfaces of zero, positive and 
negative values of the invariant. Our intuitive picture of the 
distinction between plane and curved would be unknown to 
him. If from our three-dimensional point of view we saw that 
the surface is plane, we could call it curved because the geome- 
try is the same as on a curved surface. 

4. RIEMANNIAN GEOMETRY 

Let us now consider the curvature of a space of three dimen- 
sions. We start out with a set of congruent unit rods. In 
order to employ the analytic method we construct a coordinate 
system xi, X2y xz, jUvSt as on a surface we constructed Gaussian 
coordinates u and v. If it is possible to construct a Cartesian 
lattice out of unit rods the space is Euclidean. Then 

ds^ = dxi^ + dX'/ + dx-s^. 

Suppose we have to introduce coordinates such that 

ds^ = giidx{^ + g22dx2^ + gsddxs^ + 2gi2dxidx2 
+ 2g\zdxidxz + 2g2zdx2dxz. 

In expressing the element of length in this form one presup- 
poses that a small region is Euclidean to the first approxima- 
tion. ds is an invariant which is embodied in a standard meas- 
uring rod. 

Hypothetically we may interpret the deviation from Euclid- 
ean geometry in two ways: 

(1) There is a Euclidean space of six dimensions in which 
the unit rods can be combined to form a Cartesian lattice. 
The unit rods in the three-dimensional space are Euclidean, 
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A Cartesian lattice can not be constructed in three dimensions 
because the three-dimensional space is curved in the higher 
dimensions. 

(2) There are only three dimensions. The geometry is 
non-Euclidean because the measuring rods do not fit into a 
Cartesian lattice. Thus the unit rods are non-Euclidean from 
the standpoint of rods in a six-dimensional Euclidean space. 
The term curvature can be used only in a figurative sense. 
However, if 

= ^gadxidxk) 

where ij k = 1, 2, 3, it is possible to find six variables . . . ye 
which are functions of Xi, xoy xsy such that 


ds^ = dy{^ + dyo^ + . . . dy^^. 


Thus although only three dimensions exist one can employ 
the formal theory for a Euclidean space of six dimensions. One 
can express the length of a line element as if the three-dimen- 
sional space were embedded in a six-dimensional space. We 
do not know if six dimensions exist, and even if we did we could 
not tell from measurements within the three-dimensional space 
whether it is really curved in the higher dimensions. It seems 
clear that for empirical reasons one should accept the second 
interpretation. 

The differential geometry of curved surfaces was initiated 
by Gauss in 1829. He defined the Gaussian measure of curva- 
ture; he introduced curvilinear coordinates in the surface and 
expressed the curvature in terms of coefficients determinable 
from measurements in the surface. However, Gauss^ investi- 
gations were restricted to two-dimensional space. 

Riemann extended the method to n dimensions. Given a 
finite, but limited, region of a space of n dimensions. We con- 
struct an w-dimensional lattice which defines Gaussian coor- 
dinates Xi . . . Xn in the region. The fundamental assumption 
is that the space is metrical, that is, the lengths of lines are 
comparable. As a standard of length we have a rigid rod, or 
better, an inextensible flexible cord. Another fundamental 
assumption is that a small region of the space is Euclidean to 
the first approximation. Thus in an infinitesimal region th^ 
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Pythagorean theorem holds, and the metric is defined by the 
formula 

= 'Zgikdxidxi, 

where i and k each take on the values 1 to w, and then the 
products are summed, ds is an invariant and = 1 is physic- 
ally embodied in the standard of length. The g's are the com- 
ponents of the fundamental metrical tensor. One can derive 
a tensor whose components are symbolized by Rijiiy and which 
is a function of the ^’s and their derivatives; this tensor is 
called the Riemann-Christoffel tensor. One can further derive 
a tensor Rn, 

Euclidean space is determined by the condition that 

Rijii — 0 . 


This is the condition which must be satisfied by the g's of all 
coordinate systems which can be introduced into Euclidean 
space. If Rail = 0, then the formula for ds can be transformed 
into ds^ = dxi^ + dx 2 ^ + . . . dxr?. In a Euclidean space one 
can construct a Cartesian coordinate system. 

If Rail 9^ 0 the space may be said to be curved in at least 

(ft 1 } 

a figurative sense. It is then possible to find variables 


yu y 2 , etc., etc., which are functions of the xi 
ds"^ = dyi^ + dyr^ + . 


so that 


n(n + 1) 

to terms. 


The analysis is as if the w-dimensional non-Euclidean space 
were curved in a Euclidean space of dimensions. 


6. THE PARALLEL DISPLACEMENT OF A VECTOR 

The character of Riemannian space can be rendered more 
intuitive with the aid of the concept of parallel displacement 
of a vector. I here use the term vector in the sense of a directed 
segment of a straight line, and I assume that we understand 
what it means to displace a vector parallel to itself in Euclidean 
space. The direction of a line at a point is determined by a 
vector which is tangent to the line at that point. Now a Euclid- 
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ean straight line has the property that the direction vector at 
any point on the line can be obtained from that at a neighbor- 
ing point by parallel displacement; thus the straight line has 
the same direction at all points. If a vector is displaced parallel 
to itself around a closed path in Euclidean space it returns to 
itself. If a vector is transferred from one point to another by 
parallel displacement the result is independent of the path. 

Let us now characterize a curved surface, for example, the 
surface of a sphere. An infinitesimal region of the surface is 
plane. We can then describe the curvature of the surface in 
terms of the parallel displacement of an infinitesimal vector by 
infinitesimal steps at a time. 

A geodesic line is defined by the proposition that the direc- 
tion vector at a point is related to the one at an infinitely near 
point by parallel displacement. Suppose that a vector is dis- 
placed parallel to itself by infinitesimal steps around a closed 
circuit. Then on a curved surface the final position of the 
vector will not coincide with the initial position. For example, 
suppose that a vector is given at the north pole of the earth. 
It is displaced parallel to itself along a meridian down to the 
equator, it is then displaced parallel to itself along the equator 
for 90 degrees, and is then displaced parallel to itself along a 
meridian back to the north pole. The final direction of the 
vector will differ from the initial direction by 90 degrees. Again, 
if a vector is carried from one point to another by parallel 
displacement, the result will depend upon the path. Thus the 
curvature of a surface is indicated by the change in an infin- 
itesimal vector upon parallel displacement by infinitesimal 
steps. The length of the vector is an invariant, but the direc- 
tion is changed. In general, a Riemannian space is charac- 
terized by the change in an infinitesimal vector upon parallel 
displacement. Given a coordinate system xi ... Xn- U 
represents the components of a vector, the change in the vector 
upon parallel displacement around a circuit is represented by 

In Euclidean space 

= 0 . 

Hence AA^ = 0, that is, there is no change in the vector. 
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CHAPTER XII 


THE GEOMETRICAL CONCEPTION OF NATURE 

B. THE THEORY OF GRAVITATION 

1. ACCELERATED FRAMES OF REFERENCE 

The geometrical conception of nature is the outcome of the 
endeavor to reconstruct physical theory so that it will satisfy 
a general principle of relativity. 

Classical dynamics presupposes a set of priviliged systems 
of reference. A privileged frame which is employed in prac- 
tice is one whose origin is at the center of mass of the solar 
system and whose axes are oriented with respect to the fixed 
stars. The equations of dynamics also hold with respect to 
frames in uniform rectilinear motion with respect to the fore- 
going privileged frame. The special theory of relativity pre- 
supposes the same privileged frames as does the classical 
dynamics. The proposition that the laws of physics have the 
same form with respect to a set of privileged frames is called 
the special principle of relativity. 

Classical dynamics and the special theory of relativity did 
not admit the use of accelerated frames of reference. This 
may be illustrated by the following example from dynamics. 
Suppose that a car is moving with constant velocity relative 
to the surface of the earth ; then mechanical phenomena within 
the car are described with respect to the car approximately by 
classical dynamics. For example, suppose that a body of negli- 
gible size is attached to the lower end of a spring balance which 
is attached to the roof of the car. The body will be in equi- 
librium in a position directly below the point of support of the 
spring. Now the condition for the equilibrium of a particle 
is that the resultant force be zero. Neglecting the resistance 
of the air, the only forces acting on the body are its weight 
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which acts downwards, and the tension in the spring which 
acts upwards. The spring balance will register a force equal 
to the weight of the body. Hence the resultant force on the 
body is zero, and thus the principle of equilibrium of classical 
dynamics is satisfied. 

Let us now accelerate the car with respect to the earth. 
The body will swing backwards and the position of equilibrium 
will be such that the axis of the spring is inclined at a definite 
angle to the vertical. The force indicated by the balance will 
be greater than before and is inclined at an cmgle with the 

vertical. The resultant of the force 
exerted by the balance and the 
weight is a force whose direction is 
in the direction of the acceleration 
of the car. Now with respect to 
the car the acceleration of the body 
is zero; hence relative to the car 
the action of a force does not 
produce an acceleration. But this 
experimental result is contrary to classical dynamics. The 
explanation is that a frame which is accelerated with respect 
to a privileged frame is not allowable. However, sometimes 
it is convenient to employ frames that are admittedly acceler- 
ated. One then preserves the laws of motion by adding ficti- 
tious forces, called inertial forces. Thus in the preceding illus- 
tration we may think of the resultant force as balanced by an 
inertial force which acts in the direction opposite to that of 
the acceleration of the car. The addition of the inertial force 
rescues the principle that the condition of equilibrium is that 
the resultant force be zero. However, the inertial force does 
not satisfy the princple that action and reaction are equal and 
opposite. Hence accelerated frames can not be employed 
systematically in classical dynamics. The principle of relativity 
holds only for uniform rectilinear motion. 

2. THE PRINCIPLE OF EQUIVALENCE 

Einstein found a basis for a general theory of relativity 
in the law that all bodies have the same acceleration in a gravi- 
tational field. This may be interpreted in the proposition that 
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inertial mass and gravitational mass are proportional, and 
therefore essentially the same. Let rui represent the inertial 
mass, mg the gravitational mass, and G the absolute value of 
a gravitational field. The equation of motion is 


F = mi- a. 


The concept of gravitational field is defined so that the force 
due to the field is 

F = mgG. 


Hence 


mgG = mta 


a = (mo/mi)G. 


It is clear that if a is the same for all bodies in a constant field, 
mg/mi is constant. Ordinarily in classical dynamics one sym- 
bolizes both quantities by the single letter w, which we have 
employed for inertial mass. 

In a constant electric field the acceleration of a body depends 
upon its mass and electric charge, which are not proportional. 
Hence the acceleration of all bodies is not the same in an elec- 
tric field. The gravitational field thus has a unique character 
which is not shared by other fields of force which are real from 
the point of view of classical dynamics. 

The nature of gravitation is significant for a general theory 
of relativity because gravitational fields are similar to the fic- 
titious fields relative to accelerated frames of reference. Let 
us suppose that in a region free from gravitation there is a 
laboratory at rest with respect to an inertial, that is, privileged, 
frame K, A body acted upon by no forces will remain at rest 
or in uniform motion with respect to K, Suppose that the 
laboratory is accelerated upwards with an acceleration of 980 
centimeters per second per second; then with respect to the 
laboratory all bodies will experience the same downward accel- 
eration of 980 cm./sec.^ Relative to the laboratory all bodies 
are in an inertial field of force which arises from the accelera- 
tion of the frame of reference and acts like a gravitational field. 

The foregoing illustration is an instance of a general prin- 
ciple, the principle of equivalence, which states that the effect 
upon phenomena of an acceleration of the frame of reference 
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is indistinguishable from that of a gravitational field. The 
principle of equivalence thus denies the possibility of detecting 
an acceleration of a frame of reference and hence the inertial 
frame is deprived of its privileged position. Any frame may be 
chosen as at rest, but relative to some frames there will be 
gravitational fields. 

We have seen that a gravitational field can be induced by 
the acceleration of a frame of reference. Conversely, a homo- 
geneous gravitational field can be transformed away. Natural 
gravitational fields, however, have the property that the field 
can not be transformed away throughout a finite region. It is, 
therefore, necessary to express the principle of equivalence in 
the following way: In an infinitesimal space-time region, in 
which the gravitational field may be viewed as homogeneous 
and constant, it is possible to introduce a local system of refer- 
ence relative to which there is no gravitational field. Thus in 
a region near the surface of the earth the frame of such a local 
system would be constituted by a freely falling box. That the 
principle of equivalence holds for mechanical phenomena is 
verified by the proportionality between mass and weight. The 
extension of the principle to all physical phenomena, such as 
electromagnetic phenomena, is an hypothesis to be confirmed 
by experiment. 

The principle of equivalence expresses a relation between 
gravitation and geometry. 

3. VARIABLE SPACE-TIME 

The exposition thus far has presupposed classical kinemat- 
ics. Classical kinematics presupposes that relative to a given 
system geometrical configurations have the same properties 
whether at rest or in motion; the geometrical properties of 
figures are invariant under transformations in process, such as 
translation and rotation. The fundamental assumption is that 
length is an invariant. One may express the invariance of 
geometrical properties by the concept of a single space, which 
in classical theory was endowed with Euclidean properties. 
Now the mind has a natural tendency to hypostatize invariants; 
thus Newton conceived of this single Euclidean space as an 
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absolute reality which serves as a frame of reference for motion. 
The acceleration of a body is the same relative to all inertial 
frames; hence acceleration reveals motion relative to absolute 
space. 

The concept of a single space was abandoned in the special 
theory of relativity. The geometrical properties of configura- 
tions of rigid bodies are relative to a frame of reference. We 
have described space as the totality of possibilities of relative 
position of things and phenomena. Hence, since the positional 
relations of bodies are relative we must conclude that space is 
attached to a frame of reference. 

The special theory of relativity introduced the concept of 
a single four-dimensional space-time. The separation between 
two events is an invariant with respect to a Lorentz transfor- 
mation. The structure of space-time is defined in terms of the 
relations between rigid rods and by the principle of the con- 
stancy of the velocity of light. The structure is described by 
the formula for the separation between two events, 

= dx^ + dy^ + dz^ — cHfi. 

This expresses the fact that space as determined by rigid bodies 
at rest relative to a frame is Euclidean, and that time relative 
to a frame is defined by the principle of the velocity of light. 
The special theory of relativity retained a relic of the absolute 
theories of space and time in the assumption that space-time 
has a single type of structure. In connection with this abso- 
lute structure there is a set of privileged frames for the descrip- 
tion of physical phenomena. As we shall see, the unique 
structure of space-time is abandoned in the reconstruction of 
physical theory with a view to a general theory of relativity. 

We now return to the discussion of the gravitational field. 
By means of arguments based upon the special theory of rela- 
tivity Einstein concludes that solid bodies and clocks are influ- 
enced by a gravitational field. Hence we can not construct 
a system of reference consisting of a Cartesian lattice and 
normal clocks in a finite region containing a gravitational field. 
Therefore we introduce Gaussian coc^diiiates Xi, X2, Xki 
the system of reference may be reSiSimA by a three-dimensionfld 
lattice of fiexiUe cords at points of wdiitk are located 
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mechanisms with recurrent states. It is assumed that analyti- 
cally space-time has the characteristics of a Riemannian con- 
tinuum. Then the metric is determined by 


d$^ = 'Zgitdxidxt^ 

where ds is the invariant separation between two events. 

The physical significance of ds is defined with the aid of 
the principle of equivalence. It is assumed that in an infini- 
tesimal space-time region a local system of reference can be 
constructed relative to which the special theory of relativity 
holds. Then 

ds^ = dx^ + dy^ + dz^ — c^df'. 


where dx, dy^ dz are the differences in the Cartesian coordi- 
nates of two events and dt is the difference in time as deter- 
mined by clocks synchronized by the velocity of light. Thus 
ds can be determined by measurements made with rigid rods 
and normal clocks in a local system. If we transform to Gaus- 
sian coordinates the formula for ds^ becomes 


ds^ = Xgttdxidxt, 

ds is invariant; it Is unchanged by the transformation. The 
unit of separation ds between events corresponds to the unit 
rod or measuring cord in Riemannian geometry. The invariant 
separation, however, is composed of space and time and there- 
fore can not be visualized as easily as can the invariant length. 

If a region Is referred to a system of reference relative to 
which the special theory of relativity holds, then, 

ds^ = dx^ + dy^ + dz^ — c^dP, 

There is no gravitational field relative to the given system of 
reference. If one Introduces Gaussian coordinates Xi^ xo, X3, X4, 
the formula for the invariant becomes 

ds^ = ^gitdxidxt. 

The general transformation includes the change to systems of 
reference which are accelerated with respect to the original 
system. By the principle of equivalence the transformation 
to Gaussian coordinates In general induces a gravitational 
field. The gas determine the geometry of the region and 
likewise the gravitational field. Conversely, suppose we have 
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given a region in which a Gaussian system of coordinates has 
been constructed so that 

ds^ = 'I^gudxidxt, 

The g’s describe the geometry and also the gravitational field. 
In the case of natural gravitational fields like that of the earth, 
it is not possible to transform to a system of coordinates relative 
to which 

ds^ = dx^ + d'f' + d^ — c^di^ 

holds at all points. However, one can make the transforma- 
tion for a given point. This means that in an infinitesimal 
space-time region one can construct a system of reference rela- 
tive to which there is no gravitational field. 


4. THE LAW OF GRAVITATION 

We have seen that gravitational fields can be induced 
by transformations of coordinates. Now in physics one is 
interested in the natural gravitational fields which are excited 
by matter. In the geometrical theory of gravitation the field is 
determined by the metrical structure of the region. The sys- 
tem of coordinates in a space-time region is specified by the 
formula for the invariant ds in terms of the coordinates. The 
g’s are components of the fundamental metrical tensor and 
likewise potentials of the gravitational field. The metrical 
structure of space-time is defined by the sets of g’s which char- 
acterize the various systems of reference which can be intro- 
duced into the region. The law of gravitation expresses the 
relations which must be satisfied by the gs. In empty space 
the law is 2? — 0 

The general law, which holds for points within matter, is 

+ Xga = — K(Tit ■— \gikT), 

Tit is the stress-momentum-energy tensor of matter. The 
equations of the gravitational field are tensor equations; they 
are covariant with respect to all transformations of coordi- 
nates which leave ds'^ = Hgitdxidxt invariant. 

The fundamental law of motion is the principle that the 
world line of a particle or ray of light is a geodesic line; this is 
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a generalization of Newton’s principle of inertia. As a first 
approximation Einstein’s law of motion yields the classical 
equation of motion for a particle in a gravitational field. 

6. GEOMETRICAL PHYSICS 

The geometrical theory of gravitation characterizes gravi- 
tational force in terms of a curvature of space- time. We mean 
by the curvature of space that unit measuring rods will not 
serve to build a Cartesian lattice system. The curvature of 
space-time means that the separation of two world points can 
not be expressed as 

ds^ = dx^ + dy^ + dz^ — c^dt^, 

where dx^ dy^ dz, dt are determined by unit rods, and clocks 
which are regulated by the principle of the constancy of the 
velocity of light. In curved space-time one introduces a Gaus- 
sian coordinate system which is characterized by the com- 
ponents of the fundamental metrical tensor, gn, gi 2 , etc. 

In the Newtonian theory the motion of a body is determined 
by the principle of inertia and a force of gravitation ; the force 
explains the departure of the motion from that in a straight 
line with constant velocity. In the geometrical theory the 
motion is such that the world line is a geodesic in space-time. 
The geodesic is determined by the g’s, and thus the g’s play 
the r61e of potentials of a force. The geometry of a space-time 
region is determinable from space-time coincidences of all 
sorts of bodies. Thus the geometrical theory of gravitation 
defines it in terms which are independent of the special prop- 
erties of bodies. 

Now, assuming that we have a concept of matter, the 
geometry of a region is found to be determined by the distribu- 
tion of matter. The geometry is determinable from the obser- 
vation of coincidences; hence the law of gravitation may be 
transformed into a definition of matter. It is then an experi- 
mental fact that what we have previously called matter satisfies 
this definition. The transformation of the experimentally 
verified law of gravitation into a definition has been made by 
Eddington. Einstein has expressed this result in a popular 
fashion by the statement that space is eating up matter. 



THE THEORY OF GRAVITATION 


231 


The g’s which define the geometry of a space-time region 
are the potentials of the gravitational field. The thought 
occurs that the coefficients of a still more general geometry 
might serve to chatacterize the electromagnetic field. 

The first proposal in this direction was made by Weyl. 
In Riemannian geometry the length of a line is invariant; 
Weyl invented a geometry in which length depends upon posi- 
tion. He then correlated the potentials of the electromagnetic 
field with the coefficients which determine change in length. 
This was the beginning of the program for a unitary geomet- 
rical theory of physics. 

Inasmuch as Weyl’s theory leads to consequences which do 
not agree with experience, a distinction has therefore been 
drawn between natural geometry and world geometry. Natural 
geometry is descriptive of the behavior of measuring rods and 
clocks; world geometry is a graphical representation of physi- 
cal theory. Eddington has also developed a system of world 
geometry. However, since world geometry is merely of mathe- 
matical interest I shall not expound it in further detail. 

Einstein has continued the search for a unitary theory 
which would enable one to express electromagnetic phenomena 
in terms of the behavior of real rods and clocks, but the develop- 
ment has not yet been brought to a conclusion. 

The conception of a geometrical system oi physics was 
envisaged by Descartes. In his analysis of the concept of 
matter he concluded that the essence of matter is extension, 
for only of extension did he have a clear and distinct idea. 
Descartes thus discovered the epistemological basis for a geo- 
metrical theory' of physics. But the accomplishment of this 
goal required the construction of a space-time geometry and 
the invention of several branches of mathematics, and so 
physics was developed in terms of the physical quantities mass 
and force by Newton and his followers. In recent years, how- 
ever, the mathematical technique has been developed which 
offers hope to the prospect of constructing a geometrical system. 

The geometrical conception of nature is based upon the 
notion of space-time coincidence — a concept which is subject to 
criticism in quantum mechanics. 
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THE CLASSICAL QUANTUM THEORY 
1. INTRODUCTION 

Physical theory originates in the quantitative representa- 
tion of the macroscopic physical order. We have seen, how- 
ever, that in order to obtain a unitary theory recourse is had 
to microscopic concepts. We have a first approximation to a 
microscopic theory of matter in the kinetic theory of matter; 
an even more detailed microscopic theory which is based on 
electrodynamics is the electron theory of Lorentz; the cul- 
mination of a microscopic theory of matter is promised by a 
theory of the structure of the atom. In this chapter I resume 
the exposition of microscopic electrodynamics with an introduc- 
tion to the quantum theory of atomic structure and radiation. 

By way of introduction to the radical concepts of the quan- 
tum theory I shall first review the general character of physical 
theory as thus far set forth. The entire preceding discussion 
has presupposed the concept of a physical order existing in 
space and time. Space and time have been represented as 
continuous manifolds. Bodies in space and time were char- 
acterized in terms of the concepts of particle and of continuous 
medium. Physical processes have been described in terms of 
the motion of particles and the propagation of a state of vibra- 
tion by wave motion. The fundamental principles have been 
stated as differential equations, which expresses the assump- 
tion of the continuity of physical processes. 

In the mechanical conception of nature the fundamental 
physical property of particles and media was represented by 
the concept of mass; mechanical force was conceived of as 
action at a distance or action by contact. In the electrodynamic 
conception of nature the fundamental concepts were those of 
^l^ctric charge and electromagnetic field. In the geometrical 

??5 
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conception of nature gravitation was interpreted in terms of 
metrical concepts, and the program calls for a similar inter- 
pretation of electromagnetism. However, the mechanical con- 
ception of nature no longer guides the program of detailed 
physical theory, and the geometrical theory presents an abstract 
ideal which attracts only a few. The active frontier of con- 
temporary physics is the electrodynamic conception of nature. 
The search for a dynamics and electrodynamics of microscopic 
electrified particles has led to the quantum theory. 

The quantum theory has introduced radically new con- 
cepts into physical theory. In opposition to the previously 
discussed theories, the quantum theory assumes discontinuity 
in elementary processes. This has led to the conception of the 
inadequacy of our classical concepts of space, time and causal- 
ity for the description of microscopic processes. The concepts 
of particle and wave motion are limited in their application to 
elements of the physical order. 

The starting point of the electrodynamic conception of 
nature was the formulation of the laws of the electromagnetic 
field. From the equations of the field Maxwell deduced an 
equation which represents the propagation of an electro- 
magnetic vibration and formed the basis of the hypothesis 
that light consists of electromagnetic vibrations. Upon the 
failure to find a mechanical explanation of the electromagnetic 
field it acquired the status of a fundamental reality. The con- 
cept of a substantial ether as the bearer of the field was elimi- 
nated by the special theory of relativity. 

The development of electromagnetic theory was paralleled 
by the experimental investigations which led to an atomistic 
theory of electricity. The laws of electrolysis, the discharge 
of electricity through gases, the phenomena of radio-activity, 
were interpreted in terms of particles carrying atomic electric 
charges. Thus the hypothesis was at hand that material bodies 
contain electrified particles, and that the motions of the parti- 
cles are the source of electromagnetic waves, for example, the 
waves which constitute light. In the electron theory the con- 
cept of electrified particle served as a basis for a theory of elec- 
tromagnetic phenomena in material media. There arose fur- 
ther ^ detailed theory of the atom as a system of positively 
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and negatively charged particles. Although in the develop- 
ment of the theory of the structure of the atom the chemical 
properties as exhibited in the periodic table have furnished 
important clues, the principal method of attack has been the 
spectroscopic study of the light emitted by the atom. Thus from 
the program of an electrodynamic conception of nature arises 
the problem of the Interaction between matter and radiation. 
Matter consists of molecules and atoms which are built out of 
positively and negatively charged particles; radiation consists 
in the propagation of a state of vibration of an electromagnetic 
field. Thus we have electric charges and electromagnetic 
fields. The problem of the interaction between matter and 
radiation thus involves the constitution of the atom, the nature 
of the electromagnetic field, and the mode of connection between 
them. 

The first theories of the structure of the atom and of radi- 
ation were based upon the classical concepts of space, time, 
motion, electric charge, electromagnetic field. As we have 
seen, considerable success was attained in the electron theory; 
but this classical theory proved to be inadequate. The ade- 
quate representation of the nature of atoms and of their inter- 
action with radiation has led to the development of a quantum 
mechanics for the motion of electrified particles and a quan- 
tum electrodynamics. However, the final quantum theory 
was preceded by a preliminary theory, the classical quantum 
theory, which is the subject matter of the present chapter. 

2, THE QUANTUM HYPOTHESIS 

The quantum theory was first proposed by Planck In 1900 
in a theoretical discussion of the distribution of energy in the 
spectrum of black body radiation. 

In the theory of light it Is assumed that a luminous body is 
the origin of a periodic disturbance which is propagated through 
space to other bodies. Similarly a hot body emits tempera- 
ture radiation which is detected by its heating effect. Tem- 
perature radiation can be reflected, refracted, and polarized 
like visible light; we assume that temperature radiation con- 
sists of electromagnetic waves of wave length longer than that 
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of visible light. A space enclosed by solid walls is called a 
hohlraum; the material of the walls emits radiation into the 
hohlraum and absorbs incident radiation. When the radiation 
within the hohlraum is in equilibrium with the material it is 
called black body radiation. Now if a beam of black body 
radiation is allowed to pass through a prism it will be spread 
out into a continuous spectrum. By means of sensitive instru- 
ments for detecting heat one can determine the density of 
radiant energy whose frequency falls within assignable limits. 
Theoretical investigations of Kirchhoff revealed that the den- 
sity of energy is a function of the temperature and frequency. 
During the last decade of the nineteenth century theoretical 
investigations were carried on for the purpose of finding the 
form of the function, but laws deduced from classical dynamics 
and electrodynamics were in conflict with the experimental 
results. Then Planck found it possible to deduce the experi- 
mental law by assuming the existence of discrete quanta of 
energy and discontinuity in microscopic processes. 

It was an hypothesis of electrodynamics that electromag- 
netic radiation is emitted and absorbed by electrified particles 
which vibrate with the same frequencies as the radiation. 
Planck assumed that the source of temperature radiation con- 
sists of a set of harmonic oscillators, each of which consists of 
an electron which vibrates with simple harmonic motion of a 
charactertistic frequency relative to an equal positive charge 
at the position of equilibrium. According to classical dynamics 
an oscillator could vibrate with a continuously varying energy. 
Planck’s quantum hypothesis was that the energy of an oscil- 
lator is always an integral multiple of a discrete quantum 
which Is proportional to the frequency. That is, the oscillator 
may vibrate with values of the energy, 0, e, 2e, 3^, etc., where 
€ = hv. Thus the oscillator may exist in one of a discrete series 
of energy states determined by 

E = nhv. 

The emission or absorption of energy by an oscillator takes 
place discontinuously, by discrete steps. Thus h was intro- 
duced hypothetically as a microscopic constant, and its value 
was first calculated from the fact that the form of the experi- 
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mental curve was expressed by the radiation law which Planck 
deduced with the aid of the hypothesis of quanta. 

The Planck oscillator was the first example of a microscopic 
system subject to a quantum dynamics. In 1907 Einstein 
applied the quantum theory to the vibrations which constitute 
the heat content of a solid. Whereas, according to the classical 
kinetic theory, the specific heat should be independent of the 
temperature, experiment shows that the specjfic heat decreases 
with the temperature. But the assumption that the vibrations 
of a solid are subject to quantum dynamics yielded an approxi- 
mate agreement with experiment. 

The molecules of a diatomic gas have rotational energy 
which contributes to the specific heat. The extension of the 
quantum hypothesis to rotation requires a discrete series of 
rotational energy states and a consequent decrease in the 
specific heat with the temperature. This has been verified for 
hydrogen. 

In its original form the hypothesis of quantum dynamics 
assumed the existence of quanta of energy. Planck then gave 
a more general formulation in terms of atomicity of action. 
Action is defined by ^ 

I ITdl, 

that is, action is the integral of twice the kinetic energy with 
respect to the time. 

In order to state the more general form of the quantum hypoth- 
esis we use the variables g and p which occur in the Hamil- 
tonian equations of motion. For a system of one degree of 
freedom q is the generalized coordinate which specifies the 
position of the system; for example, q may be the linear coor- 
dinate of an electron vibrating along a straight line, or q may 
be the angle which a line in a rotating molecule makes with a 
fixed line, p is the generalized momentum which is correlated 
with q; thus in the case of the linear oscillator p is linear 
momentum mq; in the case of a rotating molecule p is angu- 
lar momentum. The values of the variables q and p determine 
the momentary phase of the system, that is, the instantaneous 
configuration and state of motion. 

In order to study the motion of a system it is convenient 
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to represent it graphically by the motion of a point in a phase 
space. We assume that the Cartesian coordinates of a point 
in a plane are equal to a pair of values of q and respectively ; 
the momentary phase of a system is thus represented by a 
phase point or representative point. During the motion of the 
system the phase point describes a curve, the phase curve cf 
the system — for example, the phase curve of a Planck oscilla- 
tor is an ellipse. The area under a phase curve is given by 

Jpdq which is the action during the motion. The fundamental 

principle of classical quantum dynamics for the periodic motion 
of systems of one degree cf freedom is 

pdq = nh. 

The action taken over a period is an integral multiple of Planck's 
quantum of action. We may express this by the statement 

that the area between 
consecutive phase curves 
is h. The classical dy- 
namics had admitted the 
possibility of a continuous 
series of phase curves ; the 
quantum principle re- 
stricts the possible phase 
curves to a discrete series 
which is defined by an 
integral condition. 

Fig. 7. Thus the initial form 

of quantum dynamics did 
not imply the abandonment of classical dynamics — indeed it was 
assumed that the motion of a system in an allowed state is 
determined by the equations of classical dynamics — but the 
quantum dynamics adds the restriction that, of all solutions of 
the classical equations, only those which conform to a certain 
integral principle are physically realizable. Hence the quantum 
condition is supplementary to classical dynamics. 

The principle that the action taken over a period is an 
integral multiple of the quantum of action was the basis of 
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later developments. From this principle one can deduce 
Planck’s original assumption of atomicity of energy for the 
Planck oscillator. 

The application of classical dynamics to microscopic sys- 
tems subject to the quantum condition presupposes that the 
system is in one of its allowed states of motion. The transi- 
tion from one state to another is accompanied by the emission 
or absorption of energy. The detailed description of this process 
was lacking in the theory. 

3. THE HYPOTHESIS OF LIGHT QUANTA 

We have seen thus far that the problem of the distribution 
of energy in the spectrum of temperature radiation in equi- 
librium with matter led to the hypothesis that the motion of 
microscopic dynamical systems is subject to a quantum con- 
dition. Planck had assumed, however, that electromagnetic 
radiation in free space is governed by the differential equations 
of classical electrodynamics. A quantum theory of radiation 
was initiated by Einstein in 1905 with the hypothesis of light 
quanta. 

The foundation of the quantum theory of radiation was the 
interpretation of experiments on the interaction between mat- 
ter and radiation of high frequency. Suppose that light of 
high frequency is incident upon the surface of an alkali metal, 
such as potassium. When the frequency of the radiation attains 
a certain critical value, electrons are emitted from the surface. 
Einstein proposed the hypothesis that the process is deter- 
mined by the equation 

\mv^ = hv — Po, 

where \mv‘^ Is the kinetic energy of the electron, v is the fre- 
quency of the radiation, and Po is the work done in separating 
the electron from the surface. This equation has been verified 
experimentally, for example, by Millikan. 

The interpretation of Einstein’s equation appears to require 
the view that electromagnetic energy exists in the form of 
corpuscles, called light quanta, each possessing energy hv. 
If electromagnetic energy is concentrated within a relatively 
small region it is plausible that the total energy of a light quan- 
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turn can be transferred to an electron in a single process. In 
order to account for the phenomenon of light pressure one 
must then ascribe momentum to the light quantum 

hv _h 
c X" 

The theory of light quanta marks a partial return to the cor- 
puscular theory of the mechanical conception of nature. The 
hypothesis presents itself that the interaction between a free 
electron euid a light quantum is like a collision between mate- 
rial particles, and is subject to the principles of conservation 
of momentum and energy. The hypothesis has been confirmed 
by experiments on the Compton effect, which is the change 
in frequency of X-rays upon scattering by free electrons. In 
particular, the experiments of Bothe and Geiger (1924-25), 
and Compton and Simon (1925), in which the behavior of an 
individual electron was observed, indicate that the principles 
of conservation hold for the individual interaction. 

4. THE BOHR THEORY OF THE ATOM 

A great impetus was given to the quantum theory upon its 
application to the theory of the atom by Bohr. We have pre- 
viously seen that the study of electric discharges through gases 
and radio-activity gave rise to the hypothesis that the atom is 
complex and that the electron is the universal building-stone 
of matter. Positively charged particles of at least atomic 
mass were also discovered, and thus the material was at hand 
for a theory of the structure of the atom. The problem was to 
represent the atom as a system of particles carrying positive 
and negative charges, and to correlate the observable proper- 
ties of matter with the structural characteristics of atoms. 
The ultimate goal is to express material constants in terms of 
atomic constants. 

An early theory of the atom was that of J. J. Thomson 
(1904), according to which the atom consists of electrons which 
are symmetrically arranged throughout a sphere containing a 
uniform distribution of positive electricity. In the electrically 
neutral atom the positive charge is equal to the negative charge. 
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The theory which furnished the basis for the application 
of the quantum theory was proposed by Rutherford in 1911. 
On the basis of experiments on the scattering of alpha particles 
when shot through thin sheets of metal Rutherford conceived 
of the atom as consisting of a positive nucleus, which is rela- 
tively small in size, but furnishes practically all the mass of the 
atom, and electrons revolving in orbits around the nucleus. 
The law of force is the inverse square law for electric charges. 
Thus the atom was conceived of as similar in structure to the 
solar system. 

Inasmuch as an atom consisting of electrified particles in 
motion subject to classical dynamics and electrodynamics 
would be unstable, for the electrons would be accelerated and 
the system would lose its energy in a continuous manner by 
radiation, the theory did not provide a basis for the observed 
ordinary stability of matter and the occurrence of spectral 
lines. In 1913 Bohr introduced stability into the nuclear atom 
by means of the quantum theory. 

The Bohr theory of the atom was initially formulated for 
hydrogen. The hydrogen atom is assumed to consist of an 
electron revolving in a circular orbit around a positive nucleus, 
and the stability of the atom is secured by Planck’s quantum 
condition. Bohr’s first postulate was that the atom can exist 
in one of a discrete series of stationary states, in which, con- 
trary to classical electrodynamics, it does not radiate energy. 
The stationary state is characterized by the fact that the elec- 
tron moves in accordance with classical dynamics in a circular 
orbit selected by the quantum condition that the moment of 
momentum of the electron is an integral multiple of A/27r. 
This quantum condition is a special case of 



for p is moment of momentum which is constant, and g is the 
angle which increases by 2t in one period. 


^ pdq = dg = plir = 


nh. 


Therefore 


p = nhjlTr. 
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Bohr's second postulate was an adaptation of Einstein's 
equation for the interaction between an electron and radiation. 
Bohr's postulate, called the frequency condition, states that 
upon transition from one stationary state to another there is 
emission or absorption of radiation of frequency determined by 

hv = Ex — £ 2 . 

This assumption is contrary to the classical assumption that 
the frequency of radiation is the same as the frequency of the 
vibrating electrified particle. It may be noted that the fre- 
quency condition gives no detailed information regarding the 
nature of emission or absorption and does not presuppose the 
hypothesis of light quanta. 

By design the Bohr theory was successful in explaining the 
origin of spectral lines emitted by incandescent hydrogen. A 
spectral line is due to the radiation which is emitted when an 
atom jumps from a given state to one of lower energy, thus 
the lines constituting the Balmer series of hydrogen arise 
when an electron jumps to the second orbit from the third, 
fourth, etc. If the electron is in the nth. orbit the energy of the 
system is 

The energy emitted by a jump from the nth orbit to the mth 
orbit is 

_ 1 ), 

ch^ \m^ n-J 



where R — 


27rW 

ch^ 


li = the mass of the electron, 
e = the charge on the electron, 
h = the quantum of action, 
c = the velocity of light. 

V is expressed in waves per centimeter = 1/X. 
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For w = 2 the formula becomes 



where w = 3, 4, 5. . . . The calculated value of R is 109,000. 
The derived formula for the frequency agrees within the limits 
of experimental error with that for the Balmer series of hydro- 
gen in which the measured value of R is 109,678. 

This expression of a measurable constant in terms of atomic 
constants gave an enormous impetus to the quantum theory. 

A fundamental principle in spectroscopy is the Ritz com- 
bination principle, according to which the frequency of any 
spectral line is the difference of those of two other spectral 
lines for a given substance. This is readily explained in terms 
of the Bohr theory. Let 

77 77 

v{nk) = ; 

h 

and 

/ 7 X Em Eh 

virnk) = ; . 

h 

Then another possible frequency is 

/ j \ / 7 \ En Eh Em Ek En Em r \ 

vink) — v{mk) = ; ; = ; = p{nm), 

h h h 

That is, if frequency v{nk) is emitted when the electron jumps 
from the nth to the ^th orbit, and frequency v{mk) is emitted 
when the electron jumps from the mth to the ^th orbit, then 
frequency v{nm) = v{nE) — vijnE) is emitted when the elec- 
tron jumps from the nth to the mth orbit. I have explained the 
Ritz combination principle in some detail because it has played 
an important part in the development of the new quantum 
mechanics. 

The normal state of the hydrogen atom is that in which the 
electron is in the innermost orbit. The ionization potential 
depends upon the work required to remove the electron from 
the atom against the electrostatic force due to the nucleus. 
The energy necessary to ionize an atom may be supplied by 
an electron which is shot into the gas and gives up its energy 
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to an atom upon collision. The occurrence of ionization is 
indicated by the occurrence of the spectral line which is pro- 
duced when the electron is again captured by the nucleus. 
Franck and Hertz shot electrons into a gas and measured the 
ionization potential. This type of experiment is said to give 
direct evidence of the existence of the stationary states. 
Another experiment which reveals the existence of stationary 
states is the Stern-Gerlach experiment. A stream of silver 
atoms, passing through a non-homogeneous magnetic field, 
splits into two parts, one part consisting of atoms whose mag- 
netic moment is parallel to the field, and the other of atoms 
whose magnetic moment is anti-parallel. 

To summarize, the occurrence of spectral lines, the existence 
of discontinuous ionization potentials, the discrete separation 
of a beam of atoms in a non-homogeneous magnetic field, 
require the hypothesis that an atom possesses discrete sta- 
tionary states. In hydrogen there is one electron revolving 
around a positive nucleus. In helium there are two electrons, 
in lithium three and in uranium ninety-two. Corresponding 
to each electron in a complex atom there is a discrete series of 
stationary states which may be determined by spectroscopic 
methods or electron bombardment. Molecules possess sta- 
tionary states for the motion of the electrons, vibrations of 
atoms, and rotations of the molecule as a whole. Thus the 
fundamental assumption of the quantum theory of the atom 
is the existence of discrete stationary states, or energy levels, 
in atoms and molecules. Radiation is emitted or absorbed in a 
transition between stationary states in accordance with Bohr's 
frequency condition 

hv = El — Ez. 

5. THE QUANTUM CONDITIONS FOR MULTIPLY PERIODIC SYSTEMS 

The quantum condition which was formulated by Planck, 
and applied by Bohr to the hydrogen atom, was restricted to 
the periodic motion of systems of one degree of freedom. In 
order to apply the quantum theory to a hydrogen atom in an 
electric or magnetic field and to complex atoms and molecules 
it was necessary to have quantum conditions for a system of 



QUANTUM CONDITIONS FOR MULTIPLY PERIODIC SYSTEMS 247 

several degrees of freedom. This extension of the quantum 
theory was first achieved by Planck, but Wilson and Som- 
merfeld devised another method which was employed in atomic 
theory. 

In the following statement of the quantum conditions for 
a system of / degrees of freedom we assume that the system 
is conservative. The configuration of the system is specified 
by / generalized coordinates ji . . . g/. The system is charac- 
terized by a Hamiltonian function //(g, p) in which the time does 
not occur explicitly. Thus H Ey where £ is a constant. 
The systems which we shall consider are called multiply peri- 
odic, which characteristic Born defines by the following con- 
ditions. 

We assume that one can introduce a new set of variables 
Why Jk such that the following conditions are satisfied. 

(A) The configuration of the system depends periodically 
upon the Wi with the period 1. This means that if a given Wt 
increases by 1, the qt return to their original values, or in the 
case of an angle increase by It. Thus the systems to which 
the quantum conditions are applied have periodic characters. 

(B) The Hamiltonian function goes over into a function E 
which depends only on the Jt. From this it follows that the 
Wk are linear functions of the time and the Jk are constant. 

There is another condition which I shall omit. 

The Wk are of the form vkt + where the Vk are the fund- 
amental frequencies. If there are relations of the form 

riVL + . . . T/Pf = 0 , 

where the r’s are integers, the system is called degenerate, if 
not, it is called non-degenerate. 

If the system is degenerate one can transform to new vari- 
ables Wk and Jk such that 

Pa are incommensurable, a = 1 . . . ^, 

Pp = Oy P = S + ly , . . fy 

and the Hamiltonian function has the form E{Ja). The num- 
ber ^ of independent frequencies Pa is called the degree of peri- 
odicity of the system. The have the property that they 
are uniquely determined, except for a trivial transformation. 
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This property is essential in order that they may be employed 
in the quantum conditions. 

Now one knows from experience that slowly, acting influ- 
ences do not produce quantum jumps. This furnishes a basis 
for the adiabatic hypothesis of Ehrenfest; this principle, also 
called the principle of mechanical transformability, asserts that 
in the limiting case of infinitely slow changes of a system 
the laws of classical dynamics remain valid. Quantities which 
remain unchanged during such a process are called adiabatic 
invariants. Now the are adiabatic invariants and are there- 
fore to be chosen as the quantities to be quantized. 

Thus in view of the uniqueness and adiabatic invariance 
of the Ja it is reasonable to assume that the stationary states 
of a system of several degrees of freedom are determined by 
the conditions j^ = n.h («=!... 5). 

For special systems, which are called separable. 



Thus the quantum conditions become 



etc. 


It was in this form that the quantum conditions for a system 
of several degrees of freedom were stated by Sommerfeld in 
1915 . 

6. THE CORRESPONDENCE PRINCIPLE 

The quantum conditions determine the stationary states 
of the system and thus enable one to express the discrete values 
of the energy in terms of the quantum numbers. The fre- 
quency of radiation emitted or absorbed is determined by the 
frequency condition. The quantum theory of the atom as 
thus far set forth enables one to calculate the frequency of 
light emitted or absorbed by an atom. The principles give no 
information, however, about the intensity, phase, and state of 
polarization of the light. These details are determined in the 
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classical theory of radiation. However, Bohr discovered that 
one could supplement the quantum conditions and the fre- 
quency principle with classical methods by means of the Cor- 
respondence Principle. I shall explain this principle for a system 
of one degree of freedom. 

Suppose we have given a periodic system of one degree of 
freedom. An example is a particle which executes the same 
vibration along a straight line in equal intervals of time. Let 
q be the coordinate which determines the position of the particle. 
We can then find an angle variable w = vt + d such that q is 
a periodic function of w with the period 1 . Corresponding to 
w there is an action variable J which remains constant during 
the motion. Since g is a periodic function of w it is possible to 
express 5 as a Fourier series, 

g' = flo + cos Ittw + a 2 cos 2 • 2ttw + ... 61 sin lirw + . . . 

g = Co “I" Cl cos {2tw -f- di) + C2 cos ( 2 ‘ 27 rw -F S2) + . . . 

q = Co ~f" Cl cos { 2 Tvt -|~ ^1) ”h C2 cos (2 • 2 Trvt -f- €2) -!”••• 

The meaning of this representation can be more easily under- 
stood if one uses a graphical interpretation. If a point has 
Cartesian coordinates {w, q), then q = f{w) represents a curve 
whose form is repeated at regular intervals. Now it is possible 
to approximate to this curve by superposing a set of component 
sine and cosine curves. A special case is 

q = sin 2 Trw + | sin 2 - 2 t^w + \ sin 3 - 27 rw;* + . . . 


The fundamental sine ^ 
curve repeats itself as 
w increases by 1, the 
others, called harmon- 


ics, repeat themselves 


as w increases by i, f. 


etc. 


The expansion of a 


periodic function of w 

Fig. 8. 

in a series of sines and 



cosines is the analytical correlate of the geometrical fact that 
a periodic curve can be built up by superposition of sine ancj 
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cosine curves. Of course the function must have certain proper- 
ties which have not been mentioned. 

Thus the position of the vibrating particle can be repre- 
sented by 

q = "EC r cos {rl-Kvl + «,)• 

Another form is 

T * -f- 00 

^ Mrvi 

r — — 00 

where ?--r arc conjugate complex quantities. 

Now according to classical electrodynamics the vibrator 
will emit light of frequencies v, 2v, Zv, etc. Each harmonic in 
the Fourier expansion is the origin of radiation of the same fre- 
quency. The intensity of radiation is proportional to the square 
of the coefficient C, the phase is determined by the factor e, 
and the state of polarization is determined by the direction 
of the line along which the vibration occurs. 

The Bohr quantum theory of the atom enables one to cal- 
culate only the frequency. However, the correspondence prin- 
ciple justifies the employment of the classical theory in order 
to obtain approximate results. For quantum numbers n which 
are large with respect to 1, the frequency calculated by the 
quantum theory is approximately equal to the value calculated by 
the classical theory. The Correspondence Principle is the assump- 
tion that the intensity and state of polarization would be given 
by the classical theory. The principle further involves the 
extrapolation that even in the realm of small quantum num- 
bers the classical theory may be employed to obtain approxi- 
mate information about the intensity and state of polariza- 
tion of the radiation. One correlates the radiation emitted 
upon a given change Aw in the quantum number n with the 
term in the Fourier expansion whose r is equal to Aw. In a 
system of several degrees of freedom and several degrees of 
periodicity, each coordinate may be expanded as a multiple. 
Fourier series. The term in the expansion characterized by a 
set of numbers ti . . . r, is the basis for inferring the proper- 
ties of radiation emitted by a quantum jump in which the 
quantum number wi changes by ri, W 2 by r 2 , etc. The corre- 
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spondence principle served as an explanation cf the occurrence 
or non-occurrence of spectral lines corresponding to quantum 
jumps that appeared to be abstractly possible. 
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CHAPTER XIV 


SYMBOLIC QUANTUM MECHANICS 
1. INTRODUCTION 

The classical quantum theory was a microscopic theory 
based upon the concepts of space, time and causality. Thus 
in the Bohr theory of the atom electrons are assumed to revolve 
in orbits around a positive nucleus in accofdance with deter- 
minate laws. The classical quantum theory was further based 
upon an unsystematic union of classical and quantum prin- 
ciples. The state of an atomic system was described in terms 
of classical quantities such as the coordinates and momenta 
of an electron at a given time. The quantum theory intro- 
duced the notion of stationary states of motion ; motion in the 
stationary states is determined by classical dynamics subject 
to the restrictions imposed by the quantum conditions. While 
the atom is in a stationary state there is, contrary to classical 
electrodynamics, no emission or absorption of radiation; radi- 
ation is emitted or absorbed during a transition between sta- 
tionary states, and the frequency is determined by the fre- 
quency condition. The classical quantum theory of radiation 
did not supply a basis for the intensity, phase, and state of 
polarization of the radiation, but in this respect the theory was 
supplemented by classical methods in accordance with the 
correspondence principle. Thus the classical quantum theory 
was a system based upon inconsistent principles and points 
of view. Moreover, apart from the unsatisfactory nature of 
the foundations, the classical theory was open to the criticism 
that it had not succeeded in giving a satisfactory theory beyond 
the hydrogen atom; thus there was need of a quantum theory 
based upon a new point of view. The new quantum theory 
was initiated by Heisenberg in 1925. 
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2. MATRIX MECHANICS 

The classical quantum theory had been a microscopic 
theory; Heisenberg undertook to substitute for it a macro- 
scopic theory. He adopted the principle that only observable 
quantities should be employed in physical theory. Now the 
classical theory employed the concepts of the position, velocity, 
and period of an electron — quantities which are of question- 
able observability. The observable characters of the atom 
are the energies of the stationary states, and the frequency, 
intensity and state of polarization of the emitted radiation. 
In effect, the atom is known through the waves which it emits, 
and so Heisenberg proposed to construct a quantum mechanics 
in terms of the properties of the radiation emitted by the 
atom. 

It should be noted that, strictly speaking, the characters 
of the waves are interpretations of observable phenomena in 
terms of a wave theory of light. What is observed is a spec- 
tral line (better, the aspects which are correlated in the con- 
cept of spectral line), whose position is measured and frequency 
calculated. However, we may admit that, compared with the 
characters of an electron, the properties of waves are directly 
observable. Thus Heisenberg adopted the phenomenological 
point of view which was proposed by Mach; Sommerfeld has 
remarked that the creation of the new quantum mechanics is 
the exceptional case in which Mach's point of view has proved 
to be fruitful. 

The data of the new quantum mechanics consisted of the 
characters of the waves emitted by the atom; the construc- 
tion of the fundamental quantities and principles was guided 
by the correspondence principle; and the methodological prin- 
ciple was that the quantum theory was to be fashioned so as 
to constitute a rational generalization of classical physics. 

The employment of the correspondence principle is based 
upon the representation of a classical periodic motion by a 
Fourier series. Supposing that a particle has a periodic motion 
of one degree of freedom, the position of the particle as a func- 
tion of the time is represented by 

q = ^qre 
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Thus the classical motion is represented as the superposition 
of a series of harmonic motions of frequencies v, 2v, 3v, etc., 
and amplitudes q\, 22, etc. According to classical electrody- 
namics the frequencies emitted are v, 2v, 3v, etc. Although 
this is contradicted by the quantum frequency principle, never- 
theless the correspondence principle justified the employment 
of the terms of the expansion for the purpose of obtaining infor- 
mation about the character of the radiation. 

Now the atom is to be represented by quantities which 
characterize the waves emitted. In accordance with the cor- 
respondence principle the quantities belonging to the waves 
are to correspond to the terms in the Fourier expansion. The 
classical coordinate q is the sum of a series of terms. The 
quantum coordinate q is chosen as the set of corresponding 
quantities belonging to the waves. In order to accomplish this 
the classical term 2 TriTvt 

is changed into 

The occurrence of terms in the classical theory means 
that the frequencies of the emitted light are integral multiples 
of a fundamental frequency. The frequencies observed do 
not obey this rule and are of the form 

v(nm) = 7(£n — Em), 
h 


Thus the quantum theoretical quantities are constructed to 
accord with the frequency principle. q{nm) denotes the com- 
plex amplitude. Thus the quantum coordinate q is the set of 
quantities 


2(2 


The coordinate q is a two-dimensional array which represents 
the two-dimensional set of waves emitted by the atom; hence 
in accordance with our point of view q represents the atom. 
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Now in classical physics it is frequently necessary to mul- 
tiply two quantities or to find the square of a quantity. For 
example, we form qp or in accordance with the laws of ordi- 
nary algebra. The quantum mechanical problem thus presents 
itself: What is the operation on quantum quantities corre- 
sponding to multiplication of classical quantities? Again the 
correspondence principle furnished the clue. Suppose that q 
and p are each expressed as a Fourier series. Then the product 
qp can be expressed as a Fourier series in which the terms are 
obtained from the terms of q artd p by multiplying each term 
of one series by every term of the other. No new frequencies 
appear. In accordance with the correspondence principle the 
product of the quantum quantities q and p is to consist of an 
array, the members of which are obtained from the members 
of q and p in a prescribed way. It is assumed that the fre- 
quencies in q and p are the same. The method must be such 
that the product has the same frequencies as the factors. 

Now the Ritz combination principle states that a frequency 
emitted by an atom can be expressed as the difference of two 
terms. The explanation of this was one of the triumphs of 
the original Bohr theory. The term is the energy of a state 
divided by h, E/h. Upon transition from state n to state m 
the frequency emitted is determined by 



Now the mathematician has created an algebra for arrays 
which are called matrices. In the algebra of matrices various 
operations such as addition and multiplication are defined by 
certain laws. It now turns out that if the quantum quantities 
q and p, which are arrays, are multiplied in- accordance with 
the laws of matrices, the product contains the same frequencies 
as the factors, for in order to form the product one has to mul- 
tiply terms of the form 


This is e 
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But v{nk) + v{km) = jiEn — Et) + \{Ei — Ev) 

h h 

= \{En - Em) = v{nin). 

h 


Hence we get terms of the form 

2Trtpinm)t 
^ 1 


in which the same frequencies occur as in the factors. Thus 
the correspondence principle in conjunction with the Ritz com- 
bination principle suggests that corresponding to algebraic mul- 
tiplication we should multiply the quantum quantities q and p 
in accordance with the law of multiplication for matrices. 
In other words, the arrays q and p which represent the atom are 
matrices. The law of multiplication of q and p is 


where the parenthesis contains the symbol of one member of 
the two-dimensional matrix, which is the product of the matrices 
q and p. It is to be noted that the multiplication of matrices 
is not commutative, that is, pq is not in general equal to qp. 

Now in classical dynamics we describe the instantaneous 
configuration and state of motion of a system by the coordi- 
nates q and momenta p. We form the Hamiltonian function 
H as a. function of q and p; then we determine the motion by 
the canonical equations, „ 


ff = 


dp 


P = 


dH 
dq ' 


In accordance with the correspondence principle one builds 
the quantum mechanics upon similar laws for matrices. 

The matrix q is called the coordinate, and correlated with 
it is a momentum matrix p. One then forms the Hamiltonian 
function H by the addition and multiplication of the matrices 
q and p. One introduces the quantum condition by the com- 
mutative law , 

pq - qp = r-T 1. 
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The basis for the law was the fact that for large quantum 
numbers it becomes identical with the Quantum condition for 
periodic systems ^ 

(p pdq = nh. 

One defines the differentiation of matrices. Then corresponding 
to the canonical equations of motion one assumes the canonical 
equations for matrices, 

dp 


P = 


3q’ 


The definition of the equality of matrices is that each element 
of one is equal to the corresponding element of the other. 
Hence the canonical equations give rise to an infinite number 
of algebraic equations in an infinite number of variables. 

A diagonal matrix is one in which only the diagonal terms 
are different from zero. From the canonical equations one 
can deduce that H = 0, which is the principle of the conserva- 
tion of energy. H is thus a diagonal matrix 


H - 


III 0 0 

0 Ih 0 

0 0 Ih 


Bohr’s frequency condition can be deduced from the principles. 

A typical system to which the theory is applied is the har- 
monic oscillator. In classical dynamics 



kq^ 

Y' 


In quantum mechanics one assumes that H is the same func- 
tion of the matrices q and p. One applies the canonical equa- 
tions and the commutative law and obtains 

Hn = hv{n -}- i). 

In this way one finds the stationary states of the harmonic 
oscillator. As we have previously seen, Planck first intro- 
duced the quantum theory for the harmonic oscillator. 
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The quantum mechanics of matrices was invented by 
Heisenberg, and the development of the theory was shared 
by Born, Jordan and Heisenberg. The development of matrix 
mechanics was guided by the phenomenological point of view. 
However, as we shall see presently, matrix mechanics has been 
reinterpreted in the light of the completed system of quantum 
mechanics. 

I have sketched the development of matrix mechanics in 
some detail because it exhibits the creation of a system of 
mathematics for the representation of physical phenomena. 

3. WAVE MECHANICS 

Shortly after the invention of matrix quantum mechanics 
Schrodinger discovered a new method in quantum theory. 
Schrodinger’s wave mechanics was suggested by de Broglie’s 
wave theory of matter, concerning which it is desirable to say 
a few words. 

In our discussion of radiation we have seen that both the 
concepts of wave and of particle are applicable to the phe- 
nomenon of radiation: in describing interference and diffrac- 
tion we employ the concept of wave; in describing the inter- 
action between radiation and matter we use the concept of 
particle. According to the hypothesis of light quanta, radi- 
ation exists in the form of corpuscles of energy E = hv and 
hv 

momentum p — — . 

c 

Thus far in our theory of matter we have exclusively 
employed the concept of particle, regarding the atom as a 
system of positively and negatively charged particles. Now 
de Broglie conceived the idea of applying the concept of wave 
to particles, such as electrons, atoms, etc. The dualistic use 
of the concepts of particle and wave in the theory of radiation 
is thereby extended to the theory of matter. 

de Broglie associated a wave with a material particle by 
means of the following hypothesis. If a material particle has 
energy E relative to a given system of reference, then there 
exists in this system a periodic process of frequency where 
E = hp. If the particle is at rest in the system of reference 
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the frequency will be that of a periodic process extending 
throughout the space surrounding the particle. This may be 
expressed by the statement that the particle is at the singular 
point of a vibration which at a given time is in the same phase 
throughout space. Thus the periodic process can be repre- 
sented by 

\l/ = A sin 2irvt. 

By the Lorentz transformation one can obtain the represen- 
tation of the process in a system of reference K' with respect 
to which the particle is moving with velocity v. One obtains 


where 


4' = 


A' sin 2irp 



u = c^/v. 


Thus with respect to K' the periodic process is a wave which 
travels in the positive direction of the x' axis with speed u. 
This wave is called the phase wave of the particle, and its 
speed is greater than that of light. In the new system the 
energy of the particle is related to the frequency of the phase 
wave by E' = hv'. 

In the theory of wave motion one considers the motion of 
a set of waves which differ slightly in frequency. If one takes 
an instantaneous view of such motion one observes that the 
waves alternately reinforce and annul each other. The maxima 
and minima of the disturbance travel with a constant velocity 
given by 

- - f (-)• 

V dv\n/ 


where u is the velocity of the waves. The waves are said to 
form groups or packets, and the group velocity v is given by 
the above equation. Now in de Broglie’s theory it turns out 
that the classical velocity of the particle is equal to the group 
velocity of a set of associated phase waves. Thus one may 
interpret the particle as a group of waves. 

If material particles have a wave aspect one would expect 
particles to exhibit diffraction phenomena. The existence of 
this phenomenon has been revealed by experiments of Davisson 
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and Gernier, G. P. Thomson, etc., so that the applicability to 
matter of the concept of wave is confirmed by experiment. 

de Broglie was the first to propose a wave theory of mat- 
ter; Schrodinger found the differential equation of the wave 
function. Although he discovered the equation by another 
method, his principal justification for proposing it as an hypo- 
thesis was furnished by optics. 

We recall that geometrical optics is the study of the propa- 
gation of light on the assumption that light travels in rays. 
Geometrical optics may be based upon Fermat’s principle of 
least time, which states that the path of a ray of light between 
two points is such that the time required is a minimum. One 
may also describe the propagation of light in terms of the 
motion of surfaces whose normals are the geometrical rays, 
and then the propagation of light is determined by a certain 
differential equation of the first order and second degree. Now 
geometrical optics is adequate only as a first approximation 
for the description of optical phenomena in which distances 
are involved which are large in comparison with the wave 
length of light. It does not afford an explanation of phe- 
nomena such as diffraction. For a detailed representation one 
must have recourse to physical optics in which the propaga- 
tion of light is determined by the wave equation, a partial 
differential equation of the second order and first degree, 

3V _|_ 3V _|_ 9V _ J_ 9V 

dx^ 9y dz^ dfi 

Now the classical dynamics of a particle is analogous to 
geometrical optics ; corresponding to the principle of least time 
in optics there is Maupertuis’ principle of least action in dynam- 
ics. The motion of a particle between two given points is 
that for which the integral 

jlTdt 

is a minimum or maximum, assuming that the energy remains 
constant. The motion of the system is also described by the 
same partial differential equation of the first order and second 
degree as in geometrical optics. This is the Hamilton- Jacobi 
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equation, and in classical dynamics one can determine the 
motion of those systems for which the equation can be solved. 

We have seen, however, that classical dynamics is inade- 
quate for the description of atomic processes. The break- 
down of classical dynamics for fine-scale processes is analogous 
to the failure of geometrical optics for diffraction phenomena. 
Hence the hypothesis presents itself that, just as it was neces- 
sary to pass from geometrical optics to physical optics, so it is 
necessary to make the transition from the classical dynamics 
of particles to a wave mechanics in order to obtain a repre- 
sentation of atomic phenomena. Schrodinger therefore replaced 
the Hamilton- Jacobi equation of classical dynamics by a wave 
equation for microscopic processes. 

The Hamilton- Jacobi equation for conservative systems is 



The complete solution is of the form 

W Et + S{q). 


W is the integral of the Lagrangian function with respect to the 
time; the symbol q represents the set of generalized coordinates 

gi, ^2, .... 

Let us suppose that the instantaneous configuration of a sys- 
tem is represented by a point in a configuration space, that is, 
the coordinates of position of the system are equal to the 
Cartesian coordinates of the point. Then the above solution 
represents the propagation in configuration space of surfaces 
over which the phase W is constant. The velocity of a W sur- 
face is determined to be 

E 

^ V 2m(£ - V) 

Now Schrodinger assumes that W determines the phase of a 
wave function which satisfies the wave equation. He assumes 
that the wave function which characterizes a material particle 
is of the form 


= .4 sin QtW + const.). 
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Since W is action and the phase of a sine must be dimension- 
less, k must be a reciprocal action. He assumes that 


k = 


2t 

T' 


Then 


yj/ = A sin ^ S(q) + const.^ 

Then the frequency of the waves is 


V 


E 

h’ 


the velocity of the waves is 
hv 

u = , . -- . . . . 

V2ix(hv - V) 

The wave function ^ is determined by the equation for wave 
motion, 

dx^ dy^ 92 ^ 9 /^ 

The solution is of the form 


Then 


/ ^ 2xlvt 

yf/ — ae 

' df 


so that the equation becomes 


^ ^ ^ ^ 
dx'^ ^ 022 


F)^ = 0. 


This is Schrodinger’s equation in Cartesian coordinates for 
the motion of a single particle. E is the total energy and V is 
the potential energy of the particle. E is called the parameter 
of the differential equation. 

The next step consists in finding solutions yj/ of the equation. 
The existence of solutions depends upon the parameter E. 
If the solutions are to be finite, single-valued, and continuous 
throughout space, then the parameter E must assume any 
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positive value or a discrete series of negative values. It turns 
out that the discrete series of negative values of E agree with 
the energies of the stationary states as calculated by the classi- 
cal quantum theory. The values of the parameter E are called 
the characteristic values of the differential equation and the 
solutions ^ corresponding to the different characteristic values 
are called characteristic functions. The quantum condition 

^ pdq = nh of the classical quantum theory is then replaced by 

the following: The stationary states of a system consisting of a 
particle moving in a field of force are specified by the discrete 
negative values of the parameter E such that the corresponding 
solutions \J/ of Schrodinger’s equation are finite, single-valued 
and continuous throughout all space. The problem of quanti- 
zation is thus reduced to a problem in the classical theory of 
differential equations. 

The classical dynamics of continuous media can be expressed 
in terms of a similar mathematical theory. Indeed, for one 
degree of freedom the wave equation reduces to the equation 
of a vibrating string. The solution of the problem of the 
vibrating string may be described by the statement that the 
string can vibrate as a whole, in two equal segments, in three 
equal segments, etc. Thus we see that the classical theory of 
elasticity gives rise to integral numbers in the representation 
of motion. The reduction of the problem of quantization to a 
boundary value problem similar to those in the classical theory 
of continuous media thus held out the prospect that the quan- 
tum theory could be encompassed by the classical physics of 
the continuum. 

As an illustration of the method of wave mechanics we may 
apply it to the determination of the stationary states of a sys- 
tem consisting of a particle moving in a Coulomb field of force 
— this is the problem of the hydrogen atom. We take from the 
classical theory the expression for the potential energy 

F - - e^lr. 

The wave equation becomes 



264 


SYMBOLIC QUANTUM MECHANICS 


The negative characteristic values are 


En 


1 


These are the energies of an electron moving in an elliptical 
orbit about the nucleus of the hydrogen atom. 

The general method of obtaining Schrodinger's equation 
in Cartesian coordinates is as follows. One sets up the Hamil- 
tonian function as for a classical problem; then in place of pk 
one writes 

h d ^ 

— — , etc. 

2Tn dqi 

The Hamiltonian function is thereby transformed into an 
operator. The symbolic product of this operator and the wave 
function p is equal to the product E\l/. 


l~-, q) - = 


\27rt dq 


This is the general Schrodinger equation. The energies of the 
stationary states of the system are the characteristic values of 
the differential equation. 

Wave mechanics and matrix mechanics have been proved 
to be equivalent. The characteristic values En of Shrodinger's 
equation agree with the diagonal terms Hn of the matrix 
which represents the energy. From the characteristic functions 
one calculates the matrices which represent the coordinates and 
the momenta. A matrix element q{nm) is given by 


q{nm) 




qypn'pmdr 


where dr is the product of the differentials of the Cartesian 
coordinates and tl^ integral is extended over the whole con- 
figuration space. \p is the conjugate of 


4. THE INTERPRETATION OF QUANTUM MECHANICS 

We have seen that the stationary states of an atomic sys- 
tem are determined by the discrete negative values of a param- 
eter in a partial differential equation for a wave function rp. 
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Corresponding to each characteristic value of the parameter 
there is a characteristic function The symbol ^ represents 
the state of the atomic system. A solution of the equation 
may have the form 

^ = ae'‘ 

We may need to build up a solution of the form 
'P — + ^ 2^2 . 

The problem now arises: What is the physical significance oi \p? 

Schrodinger adopted the hypothesis that ipp is the expres- 
sion for the density of electricity. This implies that one may 
think of the electron as spread throughout the whole of space. 
Schrodinger further sought to work out a wave theory of par- 
ticles on the hypothesis that a particle is represented by the 
superposition of a set of characteristic solutions, 

\p = Scti/'t. 

For the representation of a harmonic oscillator he was able to 
construct a wave packet which is concentrated in a relatively 
small region and whose center of mass vibrates with simple 
harmonic motion. However, Heisenberg showed that in gen- 
eral such a packet of waves would disperse in time. Schrodinger 
thus sought to explain quantum phenomena in terms of a 
physics of continuity. His theory of the significance of the 
wave function has not been accepted by physicists; in its stead 
there has been developed a statistical interpretation of quan- 
tum mechanics. 

The statistical inter[)retation is as follows. In 

\p = Clpl -|- C24'2 

|ci|2 is the probability that the system is in state \pi, |c 2 [^ that 
it is in state p2, etc. 

_ For a single particle, such as an electron or light quantum, 
yppdxdydz is the probability that the particle is in the element 
of volume dxdydz. 

The statistical interpretation of quantum mechanics implies 
an indeterminism in atomic processes. The values of the physi- 
cal quantities which characterize a system in a given state can 
not all be determined simultaneously with perfect accuracy. 
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Consider, for example, a free particle with constant energy 
for which the amplitute of the solution of Schrodinger’s 
equation is given by so that ^ represents a plane wave. In 
this case the momentum of the system is sharply determined. 
The probability that the particle falls in an element of space 
dx is This is equal to 1 independently of x. That is, 

the position of the particle with this characteristic function is 
fully undetermined. The probability of finding it in an ele- 
ment dx is the same for all points. Conversely, we can build 
a solution by superposition of an infinite series of waves 
with variable k. We can determine the coefficients so that, 
at / = 0, is appreciably different from zero at only one point 
in space. In this way the position of the particle is accurately 
determined as at this point. But it now follows that the 
momentum depends on x and may assume all possible values 
between — oo and -1- oo with different probability. A single 
term corresponds_to a determinate momentum. This 
single term renders ^4^ independent of x and produces inde- 
terminateness in the coordinate. Conversely, the accurate 
determination of the coordinate requires infinitely many terms 
e***, to each of which corresponds a different momentum. In 
general, if one of two canonically conjugated quantities is 
determinate the other is completely indeterminate. 

In the preceding discussion I have assumed that one of 
them was completely determinate; the more general case is 
that in which both are partly determinate. We are then able 
to deduce the following result. If Aq is the uncertainty in q, 
and Ap is the uncertainty in p, then 

ApAq ^ h. 

The rlflsfiif'al assumption was that all quantities could be 
measured independently and as accurately as one pleases. In 
quantum mechanics some of the quantities — those which are 
commutable — can be measured simultaneously with perfect 
accuracy. However, it is not possible to measure all physical 
quantities with perfect accuracy independently of each other. 
This result is called the principle of indeterminacy; it implies 
that the observation of an atomic system disturbs it. A physi- 
cal basis for the principle, and therefore for the statistical 
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interpretation of quantum mechanics, is provided by examples 
of ideal experiments which have been discussed by Heisenberg 
and Bohr. 

The statistical interpretation is based upon the fact that 
the observation of an atomic system involves an interaction 
with the agency of observation. The consequence is that the 
concepts of space, time and causality of classical and relativistic 
physics are shown to be inadequate for the description of atomic 
phenomena. We can obtain an exact space-time description 
of an atomic process, but in so doing we are unable to deter- 
mine values of the momenta and energy, and are thus unable to 
satisfy the principle of causality which implies the conserva- 
tion of momentum and energy. Conversely, we are able to 
determine the momentum and energy precisely, but then the 
position and time become indeterminate. Consequently the 
concepts of particle and wave are reciprocally limited in their 
application to atomic systems. 

The quantum mechanics suggests a modification in the 
definition of physical quantity. 

We denote the state of an atomic system by the symbol \f/. 

In classical physics we characterize a system in terms of 
physical quantities t, q, p, E, etc. These are numbers which 
are assigned to the system on the basis of certain operations 
and calculations. The physical quantities represent charac- 
ters of the system. 

In quantum mechanics we employ the symbols of the classi- 
cal quantities for the quantum quantities; the quantum quan- 
tities t, q, p, E, are symbols which denote the system. The 
symbols express the possibility of assigning numbers to a sys- 
tem in a certain state. In classical physics the physical quan- 
tities were definitely determined by the system; in quantum 
mechanics the physical quantities are symbols which may be 
represented by numbers with a certain probability. The physi- 
cal quantity is represented by a matrix. Now in an appro- 
priate coordinate system the matrix is diagonal; then the ele- 
ments of the matrix are the possible values of the physical 
quantity. They are the numbers which may be assigned to 
the system on the basis of certain probabilities. 

Quantum mechanics may be summarized as follows. It 
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is possible to denote the characters of an atomic system in a 
given state by symbols, such that the symbols may be repre- 
sented by matrices which exhibit the possible results of meas- 
urement. The elements of the matrix are the numbers which 
express the results of a measurement with a calculable prob- 
ability. We may say that quantum mechanics initiates a sym- 
bolic conception of nature. 
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CHAPTER XV 


THE CONCEPT OF SUBSTANCE 

1. THE CRITERION OF TRUTH 

The problem of physical theory is the systematic conceptual 
representation of the physical order. The first stage in the 
development of physical theory consists in the immediate 
experience of given reality, and the formation of the concepts 
of qualities and relations. Fundamental concepts are formed 
by abstraction from experience, and are applicable to experi- 
ence in virtue of their origin. Concepts may also be invented 
and then their applicability must be tested by experience. 
The development of quantitative physical theory begins when 
it is found possible to represent bodies by physical quantities 
which are the results of measurement. The essential feature 
of measurement is the observation of space-time coincidences. 
The laws of physics are then expressed by functional relations 
between variable physical quantities. In the most recent 
developments of physical theory physical laws are expressed 
by propositions about abstract symbols. 

In the preceding chapters we have reviewed the principal 
concepts, principles and systems of physical theory. I propose 
now to present some general conclusions on methodology. 

The construction of a physical theory requires the accept- 
ance of certain data. The initial data are particular aspects, 
given in experience, which one represents by the concepts of 
the qualities of which the aspects are instances. With the aid 
of concepts one can express propositions about the characters 
of the given. Inasmuch as the basis of a physical theory con-- 
sists of true propositions about the nature of given aspects, a 
fundamental methodological problem is the criterion of the 
truth of propositions which express the characters of immedi- 
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ately given aspects. The truth of these propositions is tested 
in a simultaneous experience of the concepts and the given. 
The process of verification consists in the observation of 
instances of the characters expressed in a proposition. One 
may say that such propositions correspond to, or agree with, 
experience. This relation of a true proposition to experience 
is fundamental and can be explained only in terms of synonyms; 
the fundamental fact is that we can determine the correspond- 
ence to experience of propositions about experience. The 
assumption of the applicability of a concept to experience 
implies the truth of certain propositions about the given. 

Propositions about characters of given aspects provide a 
basis for the concepts of bodies which are said to be given in 
experience. The fundamental concept of physical theory is 
that of body, and of the space-time coincidence of special 
bodies called points. The concept of body expresses a correla- 
tion between aspects which we can represent by concepts. 
Thus the recognition of the applicability of the concept of 
body to experience presupposes the experience of the corre- 
spondence of propositions about aspects to experience. 

The special work of the physicist takes for granted the 
applicability to experience of the concepts of body and of space- 
time coincidence. In a restricted sense, physical science begins 
with the construction of concepts of macroscopic physical 
quantities. Thus a fundamental physical quantity is length. 
Now the concept of length is that of the method of assigning 
a number which expresses the ratio of the extension of a body 
to the extension of some standard body. Ultimately the opera- 
tion of assignment depends upon the observation of space-time 
coincidences. Hence the determination of directly measurable 
quantities depends upon the test of truth by correspondence. 
It is to be noted that measurement is approximate; however, 
the reproducibility of coincidences is so much greater than 
other similarities that a science based upon measurements is 
relatively exact. 

The experimental data of physics are expressed by proposi- 
tions which are subject to the criterion of correspondence. 
However, the construction of a systematic physical theory 
requires propositions which can not be directly tested for cor- 
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respondence with experience. Thus the fundamental principles 
may be expressed in the form of differential equations, or they 
may be assumptions about microscopic reality. The test of 
such fundamental assumptions must be indirect; the assump- 
tions must be the premises for deductions of propositions which 
correspond to experience. Therefore the construction of a 
system requires the employment of such criteria as coherence, 
self-consistency, logical stability. 

2. METHODOLOGICAL PRINCIPLES 

Now several sets of assumptions may yield the same experi- 
mental results. Thus the problem arises as to the principle 
of selection of the assumptions. The criterion of coherence is 
negative; the necessity for a positive criterion can be seen 
from an examination of the nature of measurement. Consider 
for example the concept of length. One has to postulate at 
the outset that the number which constitutes the length of a 
body is unchanged by a displacement. Now it may be desir- 
able to change the number in view of certain phenomena; for 
example, if the standard measuring rod becomes hot we assign 
a different number to it. Classical physics, including the theory 
of relativity, presupposes that the concept of constancy of con- 
ditions has a meaning. As we succeed in specifying the con- 
ditions more and more precisely we are able to define physical 
quantities to a higher order of approximation; this process is 
well illustrated by the physical quantity length. Again we 
may change the very definition of a concept; a principle which 
is based upon a certain concept may be transformed into a 
definition of the concept. For example, the second law of 
thermodynamics initially presupposes the concept of tempera- 
ture, and then becomes the definition of temperature. Fur- 
thermore, definitions may be changed so that a fundamental 
concept is transformed into a derived concept. Thus the con- 
cept of mass is fundamental in dynamics; it is definable in 
terms of the electromagnetic field in electrodynamics. In gen- 
eral, the process of development is as follows: There is an 
abstraction of concepts from experience, the discovery of laws 
expressed in terms of the concepts, the definition of the original 
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concepts to a higher order of approximation in view of the 
greater accuracy in the definition of conditions, the redefini- 
tion of concepts in terms of laws, the reinterpretation of 
original concepts in terms of the new. Thus we come upon the 
problem of the criteria for the choice of fundamental concepts 
and systems. 

I remark at the outset that every concept may be the basis 
of a methodological principle. However, we are concerned 
with the concepts which express the most general methodological 
principles. 

The fundamental concept is that of tmity. The discovery 
of similarities between things and phenomena suggests the 
general program of interpreting physical phenomena in terms 
of a few fundamental concepts and principles. This has been 
illustrated by the several unitary systems of physical theory. 
The tendency has been to select one system of physical theory 
as canonical; thus we have had the mechanical conception 
of nature, the electrodynamic conception of nature, the pro- 
gram of a geometrical conception of nature; and lastly the 
achievement of a symbolic quantum mechanics offers the 
prospect of explaining all phenomena as manifestations of sta- 
tistical elementary processes. 

The concept of unity has been expressed primarily in the 
concepts of substance and causality. In the present chapter 
I examine the function of a concept of substance in physical 
theory. 

3. SUBSTANCE AS SUBSTRATUM 

In the exposition of the concepts which serve to describe 
the physical order I began with particular aspects which may 
be given in experience. I then showed how knowledge about 
aspects is expressed in the concepts of characters and relations. 
The concept of thing is built up out of the concepts of charac- 
ters and relations of aspects. Thus we think of a thing as a 
certain class of aspects. Now things have been called sub- 
stances. Is there any need to specify things more precisely 
thaui we have done by calling them substances? 

The concept of substance has been employed in various 
senses. One meaning of substance is that of substratum. The 
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thing as substance is the self-identical unity of the aspects. 
Substance i& the ineffable substratum of the aspects of a thing 
which inhere in it. The concept of substance thus supplies an 
element of permanence in the manifold of changing aspects. 

I shall not employ the concept of substance in the sense of 
substratum. Our concept of thing is adequate to express the 
unity of aspects. We combine aspects in one thing on the basis 
of characteristics of the aspects and not in virtue of a relation 
of inherence. A thing is constituted by observable correla- 
tions between aspects. Thus a succession of similar correla- 
tions of similar aspects is the basis of the concept of thing. 
Some of the aspects may change, but we experience many fairly 
constant correlations which are instances of the concept of 
thing— and even though aspects change they may still be 
viewed as belonging to the same thing if the changes are regular. 

Things have measurable properties which are the object of 
physical investigation. A thing which is characterized in 
terms of measurable properties is called a body. The changes 
of the measurable properties of a given body are determined 
by the laws of physics. In a completed system of physics we 
could define a body as a class of aspects whose properties change 
in accordance with the laws of physics, as was pointed out by 
Bertrand Russell. 

4. SUBSTANCE AS THE PERMANENT 

Substance has also been defined as the permanent in phe- 
nomena in the sense of the embodiment of invariable attributes. 
On the basis of observation of bodies we describe them as pos- 
sessing certain attributes. One or more attributes may be 
invariable; if we view a body as something having an invari- 
able attribute the body is substance. 

In physics an invariable attribute of a body is represented 
by a constant measure. In classical physics a constant meas- 
ure expresses the property (magnitude) of a quantity, such as 
the quantity of matter, which may also be called quantity of 
material substance and was called the mass of the body. In 
the mechanical conception of nature the essential property of 
a body is inertia which is the invariable property of matter. 
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Material substance was the hypostatization of the invariable 
property of matter. Matter was also viewed as objective and 
independent. ' 

Substance in the foregoing version of the concept is the per- 
manent, the objective, and the self-determining or independent. 
In seventeenth century physics the concept was interpreted in 
terms of a dualistic metaphysics. Galileo, Descartes, Locke, 
etc., made a distinction between primary qualities, which are 
objective, and secondary qualities which are subjective, from 
the physical point of view the distinction being essentially that 
between measurable and non-measurable properties. How- 
ever, seventeenth century physicists and philosophers viewed 
the primary qualities as objective and the essence of a per- 
manent and independent substance. As Professor Lamprecht 
has remarked, “ Descartes and Locke turned this methodo- 
logical dualism of scientific thought into a metaphysical 
dogma.” Thus the concept of substance in classical physics 
combined the Scholastic concept of substance with the dis- 
tinction between primary and secondary qualities. 

Material substance was considered to be an independent 
reality which produces the aspects directly experienced by the 
mind. The concept of material substance thus furnishes a 
realistic interpretation of the invariable mechanical properties 
of bodies. The preceding method of interpretation was then 
extended to the theory of electricity and the theory of heat. 
Electricity, or electrical substance, is an indestructible fluid 
which is the cause of observed electrical actions; it is the hypo- 
statization of constancy of electric charge. Similarly heat, 
or caloric, is an indestructible fluid whose presence in a body 
is the cause of the sensation of hotness; it is the hypostatiza- 
tion of the constancy of the measure of heat in thermal inter- 
actions. However, in the mechanical theory of heat the con- 
cept of heat substance was abandoned. Nevertheless, the 
concepts of material substance and electrical substance were 
retained in classical physics. During the nineteenth century 
the mechanical conception of nature was the principle of unity 
in physics; it was assumed that material substance dwelt in a 
real absolute space and moved in the course of a real absolute 
time. The mechanical theory was superseded by the electro- 
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dynamic conception of nature according to which electrical 
substance is the fundamental reality. 

In contemporary physics there is a movement to abandon 
the classical concept of substance, which has expressed itself 
partly in the attempt to construct a pure field theory, in which 
the properties of electricity and therefore of matter are defin- 
able in terms of the electromagnetic field. The self-determina- 
tion of substance therefore vanishes. Physical reality is not 
a set of independent elements, but a variable field. However, 
the attempts by Mie, Weyl, etc., to construct a satisfactory 
theory of matter on the basis of classical and relativistic ideas 
have not succeeded, and the ultimate solution must await the 
completion of quantum electrodynamics. 

Even though one gave up the self-determination of sub- 
stance one could still retain the concept of substance as the 
expression of an objective reality which is independent of 
mind. One may say, for example, that there is a physical 
quantity which has a measurable property which is represented 
by a measure. Constant quantities are substances. 

In this book I have adopted an empirical point of view. A 
body is a class of aspects. The essential things are bodies and 
the assignment of numbers by the operation of measurement. 
The physical quantity is a number which is assigned by meas- 
urement or is awssumed. The laws of physics are expressed by 
relations between variable physical quantities. Bodies and 
processes are represented by numbers, or by symbols which 
may be represented by matrices. Hence the search for sub- 
stance becomes the search for constants and invariants. There 
are functional relations between numbers. Thus the perma- 
nence, objectivity, and self-determination of substance are 
replaced by the constancy, invariance and functional relation- 
ship of numerical measures. In the present chapter I consider 
some instances of constants and invariants. 

6. CONSTANTS 

I shall first consider some of the constants of classical 
dynamics. The length (number) of a standard rigid rod is 
constant under the same conditions; similarly the time of a 
vibration of a standard clock is constant; also the mass of a 
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Standard body is constant. In classical dynamics the fore- 
going constants are assumed to be independent of time and 
place provided that the conditions of temperature, gravita- 
tional force, etc., are the same. I recall that the specification 
of the conditions proceeds by successive approximation. 

What are the constants of a dynamical system consisting 
of particles? In the first place, the total mass of the system 
is constant. For certain systems, principles of the conserva- 
tion of energy, momentum and moment of momentum, respec;- 
tively, hold. Consider, for example, two billiard balls which are 
moving towards each other along a line joining their centers. 
The principle of the conservation of momentum is that if no 
forces act, except those called into play by the impact, then the 
momentum after the impact is equal to the momentum before 
impact. This principle may be used as a definition of momen- 
tum or it may be derived from the laws of motion if they are 
set up independently of the principle. In general, if no external 
forces act upon a system the total momentum remains constant. 

The principle of conservation of energy in dynamics may 
be obtained by considerations illustrated by the following. 
Suppose that a particle is falling freely in the earth’s gravita- 
tional field. The equation of motion is 

d'^s 

This may be written 

dv 

mv — = — mg. 
ds 

Upon integration one obtains 
mv^ 

= — mgs + cons. 

Suppose that when s soi v = vo. Then the constant is 

mvo^ , 

-y + mgso. 

mv^ , mv(? , 

y + = y + mgSo. 


Hence we obtain 
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Now imp' jl is called kinetic energy and mgs is called potential 
energy. We have the result that kinetic energy plus potential 
energy is a constant, mv^jl + mgs is called the integral of 
energy. We see by this example that functions of the coordi- 
nates and the velocities which are constant during the motion 
arise in the integration of the equations of motion, and we fix 
attention upon these constants by giving them special names. 

Dynamical systems such as we have been considering con- 
sist of a fixed number of particles each of constant mass. In 
hydrodynamics we describe the motion of fluids and deal with 
elements of changing mass. It is useful to employ a quantity 
called the divergence of a vector, div A, where A represents a 
vector. Suppose that v is the velocity of an element of fluid. 
Consider a point enclosed by an element of volume; then the 
divergence of the velocity at the point is the time rate at which 
the volume of fluid is flowing out through the surface per unit 
volume. If p is the density, the rate at which the mass of fluid 
passes through an element of surface is pv per unit area. Then 
div pv is the rate of flow of mass outwards through the bound- 
ary surface per unit volume. The rate at which the mass per 
unit volume is decreasing at the point is — 9p/9/. The con- 
servation of matter states that the rate at which mass is leav- 
ing the volume element per unit volume is equal to the rate 
at which the density is decreasing, 

div pv = — 9p/9/ 

div pv + 9p/9/ = 0. 

This equation, which states that the rate of change of the den- 
sity of fluid at a point plus the rate of flow outwards per unit 
volume is zero, is called the equation of continuity. We may 
thus define material substance as something which is repre- 
sented by a p and a v such that the equation of continuity is 
satisfied. In steady motion 9p/9^ = 0, and hence div pv = 0, 
which means that the rate at which fluid is leaving a volume 
element is equal to the rate at which it is entering the volume 
element. 

The equation of continuity is also applicable to electricity. 
An electric current is thought of as a motion of electrified par- 
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tides SO that the current density is the electric charge which 
passes through unit area in unit time. In the electron theory 
i = pv. Now if a steady current flows in a closed circuit 

div i = 0, 


that is, the rate at which electric charge is leaving the volume 
element is equal to the rate which electric charge is entering it. 
But if a current flows in an open circuit, such as the current 
which momentarily flows in a wire connecting the two plates 
of a condenser, div i is not equal to zero, div i is the rate at 
which electric charge is leaving a volume element per unit 
volume. It is 


then 


div i = — 


dt’ 


div i + ^ = 0. 
dt 


Now in the chapter on electrodynamics we introduced the 
electric displacement D, for which 



div D = 47rp. 

Then 

2?-l<iiv5E, 

dt 47r dt 

Hence 

\ 47r 9 / / 


Maxwell Introduced the concept of displacement current 

1 sD 

. The total current is the conduction current plus the 

47r dt 


displacement current, 


i + 


_L ^ 

47r dt 


Thus Maxwell redefined 


the concept of electric current so that the current density satis- 
fied the equation of continuity. This offers the possibility of 
conceiving of electricity as an indestructible substance. In 
general the concept of divergence is fundamental for the expres- 
sion of laws of conservation in a theory of continuous phe- 


nomena. 
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The mind has a tendency to hypostatize constants. In the 
mechanical conception of nature the total mass of the universe 
is constant; the discovery of the mechanical equivalent of 
heat furnished the basis for a general principle of the conserva- 
tion of energy. The conservation of matter and energy, respec- 
tively, have been interpreted in terms of an uncreatable, inde- 
structible substance. 


6. INVARIANTS 

We have seen that the character of permanence of substance 
is expressed by the concept of constant quantity. In building 
up a physical theory one takes especial interest in constant 
functions and constructs definitions so that the quantities 
satisfy laws of conservation. The classical concept of substance 
also expressed objectivity. From our point of view the objec- 
tivity of substance is expressed by the invariance of physical 
quantities. 

The representation of physical properties and phenomena 
requires a system of reference, that is, a frame of reference 
together with measuring rods and clocks. In general, the values 
of physical quantities will depend upon the system of refer- 
ence — thus a body which is at rest in one system of reference 
will have a velocity with respect to another system which is 
moving with respect to the first system. A quantity which 
assumes the same value in both systems is called an invariant. 

In Euclidean geometry the distance between two points is 
invariant with respect to a translation or rotation of axes. 
Similarly the angle between two lines is an invariant. 

In classical dynamics one employs inertial systems of refer- 
ence. With respect to transformations from one inertial sys- 
tem to another the fundamental Invariants are: the distance 
between two points, the interval of time determined by a stand- 
ard clock, the mass of a body. Two observers in uniform motion 
with respect to each other would employ the same numbers for 
lengths, times, and masses. Thus these quantities represented 
objective characters of the physical order. Invariant distance 
was the basis of the single order of space, and invariant interval 
of time was the basis of the single order of time. As we have 
already seen, constant and invariant mass was interpreted as 



282 


THE CONCEPT OF SUBSTANCE 


material substance in space and time. The energy of a conserva- 
tive system was constant but not invariant. 

The special theory of relativity removed the basis for objec- 
tive space, objective time and material substance. In the theory 
of relativity, length, interval of time, and mass are not inva- 
riant. The fundamental invariant is the space-time separa- 
tion between two point-events. Electric charge is invariant 
and the charge of an electron is constant and invariant. 

In the general theory of relativity the fundamental inva- 
riant is the space-time separation of two world-points, 

ds^ = Hgiidxtdx^. 


The constant and invariant value at a space-time point is deter- 


mined as 


ds^ = dx^ -|- dy^ -T dz^ — c^df 


by means of a standard rod and the principle of the constancy 
of the velocity of light in a system of reference relative to 
which there is no gravitational field. 


7. THE CHARACTER OF PHYSICAL REALITY 

The concept of substance is an expression of the rational 
demand for unity in the representation of the physical order. 
In the development of physics the attempt has been made to 
derive all properties of bodies from the properties of a single 
substance. From our point of view this means that certain 
physical quantities are assumed to be fundamental for the repre- 
sentation of the physical order: in the mechanical conception 
of nature the physical quantity mass was assumed to be fun- 
damental; in the electrodynamic theory electric charge and 
electromagnetic field are fundamental. The physical quanti- 
ties, however, are representations of physical reality, and so, 
in order to grasp the nature of physical reality which is repre- 
sented by physical concepts, we must try to experience what 
bodies having mass or electric charge really are, and what an 
electromagnetic field is. 

With regard to the question as to how the property repre- 
sented by mass differs from the property represented by charge, 
I remark that this appears to me to be an unanswerable ques- 
tion. I assign a mass or charge to a body on the basis of cer- 
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tain operations, observations of coincidences, assumptions, 
etc., but I have no immediate experience of the essence of mat- 
ter or electricity. The difference between matter and electricity 
is that the number called the mass of a body is assigned by 
methods which differ from those by which the number called 
the charge is assigned, and the mass and electric charge enter 
into different functional relations with other quantities. 

However, I believe that we have some immediate knowl- 
edge of space and time. Thus it would appear that the geo- 
metrical conception of nature should be the canonical theory, 
since the fundamental metrical quantities are directly corre- 
lated with experienced properties. 

The geometrical point of view must first be reconciled with 
quantum mechanics. 

In the light of contemporary theory it appears that electro- 
dynamic concepts will be fundamental in the unitary micro- 
scopic theory, for a relatively final theory appears to be 
promised by quantum mechanics and electrodynamics. Now 
electrodynamics employs the concepts of particle and wave. 
Although in classical physics particles and waves permitted a 
perfectly definite description in terms of space-time quanti- 
ties, the quantum mechanics has revealed a limitation in these 
concepts when applied to atomic phenomena. Electrons and 
electromagnetic radiation exhibit in a limited sense the char- 
acters of both particles and waves. The classical physical 
quantities can not be assigned simultaneously with ideal 
definiteness to an atomic element. This result is symbolized 
by the reciprocal employment of the concepts of particle and 
wave. 

We thus arrive at a symbolic representation of physical 
reality. Physical quantities are symbols which may be repre- 
sented by matrices. It is possible to represent a symbol by a 
diagonal matrix, the values of which are the possible results 
of a measurement. The assignment of a classical physical quan- 
tity, a number, to an atomic body or process is subject to an 
inaccuracy on account of the disturbance of the system by our 
operations. The quantum mechanics thus limits the concept 
of space-time coincidence which is the foundation of the gep- 
metrical conception of nature. 
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The quantum mechanics is a symbolic representation of the 
physical order. It thus carries us still further from the classical 
concept of substance. 
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CHAPTER XVI 


THE CONCEPT OF CAUSALITY 

1. THE PRIMITIVE CONCEPT OF CAUSALITY 

An essential feature of the classical concept of substance was 
the assumption of the self-determination and independence of 
substance. It has been ppinted out, however, that physical 
characters are Interdependent. In consequence, the concept^ 
of causality becomes the primary expression of unity In physi- 
cal theory. 

The concept of causality represents a relation between suc- 
sive phenomena, such that the antecedent phenomenon is the 
cause of the subsequent phenomenon which is the effect. More 
precisely, the cause is some state or process which is the condi- 
tion of some succeeding state or process. For example, force 
is the cause of acceleration. The state or process which Is 
called the cause presupposes some body or system which is 
called the agent, and likewise the effect presupposes some body 
or system which is called the patient. The concept of causality 
thus Implies a relation between a state of the agent and a state 
of the patient. Sometimes the term cause is applied to the 
agent Itself — thus a body is the cause of the motion of another 
body. I shall first consider the primitive concept of causality 
and then the functional concept. 

The most striking characteristic of the primitive concept is 
the implication of production. The cause is thought of as some- 
thing which produces the effect. The origin of this concept 
undoubtedly is the consciousness in the individual of his own 
power to produce effects, for we have the experience of exerting 
a force and thereby producing an effect. In the primitive con- 
cept the state of activity of the agent is the cause which pro- 
duces an effect in the patient. However, the term cause is 
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sometimes applied to the agent, for example, the Creator has 
been spoken of as the First Cause." Similarly the term effect may 
be applied to some body which is created by the causal agent. 
In this discussion of the primitive concept of causality I shall 
assume that the concept applies to a relation between states or 
processes of bodies. The jrimit h^e. concept implies efficiency, 
I nduction, creation . 

Hume mentions j:ontiguity as a character of causal connec- 
tion. It seems clear that in the first instance cause is thought 
of as contiguous to effect, the origin of this notion being doubt- 
less the observation that a part of our body is in contact with 
some body upon which we are exerting a force. A typical 
example of physical causality occurs in the collision of two 
bodies. A moving billiard ball A collides with a ball B at rest 
and sets it in motion. The cause is the force exerted by A and 
the effect is a state of motion of B. The cause produces the 
effect when the bodies are in contact; hence we may say that 
the cause as state is contiguous to the effect as state. 

There are, however, apparent exceptions to the contiguity 
of cause and effect. Thus the luminosity of the sun is the cause 
of the illumination of the moon, and, again, we say that a body 
falls to the earth because the earth exerts a gravitational force 
upon it and thereby produces an acceleration — in neither of 
which examples do cause and effect seem to be contiguous. 

Three methods have been employed to interpret causality 
between distant bodies : 

(1) The causal process has been interpreted as pure action 
at a distance. During the eighteenth and early nineteenth cen- 
turies the success of the Newtonian theory of gravitation was 
the basis of an attempt to characterize gravitational, electrical 
and magnetic actions as actions at a distance. However, this 
point of view is completely neglected at the present time. 

(2) Distant action has been interpreted as contiguous action 
after transport. Thus in a corpuscular theory of light a lumi- 
nous body sends out corpuscles which travel through empty 
space and then act upon some body by contiguous action. 

(3) The favorite interpretation of action at a distance has 
been to explain it as action through a continuous medium. 
The cause produces a process in a contiguous medium which 
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transmits the process from point to point until it affects a dis- 
tant body. Thus action through a medium is contiguous 
causal action. 

1 Hume also mentions succession as a characteristic of causal- 
ity; thus the cause precedes the effect. This is evident where 
'the causal process is transmitted through a medium with a 
finite velocity. It may be contended that when an action is 
transmitted through a medium the term causality should be 
applied only to the relation between the contiguous processes. 
I shall show, however, that even where the causal process is 
thought of as contiguous there is a basis for thinking of cause 
as preceding effect. 

Consider the physical process in which a force acts upon a 
body. We describe this by stating that the force causes an 
acceleration. Now inasmuch as the force and the acceleration 
are simultaneous, it appears that this example shows that the 
cause does not precede the effect. And yet the experience of 
force as a cause seems to be the original basis for the concept 
of causality. I have the following explanation of how one 
could arrive at the view that the force, the cause, precedes its 
effect, the acceleration. 

I shall assume that the body is initially at rest and that a 
constant force acts upon it. Then from the force equation 

F = ma 

we find that the acceleration a is constant. The distance 

passed over in time / is _ i « 

s ”” • 

Now if a force acts upon a body and produces motion we recog- 
nize that motion has occurred from the distance passed over. 
It would seem to be the primitive idea that if no distance is 
observed to have been passed over then there was no effect. 
Suppose that the force is allowed to act for 1/100 second. 
Then the distance passed over is 

5 = ^a(l/100)2 = Ja(l/10,000). 

If the time is a small quantity of the first order then the dis- 
tance passed over is a small quantity of the second order. In 
other words, a measurable time may elapse in which no observ- 
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able distance is passed over; the effect lags behind the force. 
Hence the primitive mind would gain the impression that force 
is exerted before the effect, that the force has to act for some 
time before the effect occurs. Thus we can see why one would 
be led to the notion of cause as preceding the effect. In all 
causal processes there is an inertial factor on account of which 
the building up of the effect lags behind the building up of the 
cause. As we shall see, the causal process is precisely described 
by certain differential equations in which the time is at least 
one independent variable. 

The question occurs whether the temporal element in 
causality would apply if we think of force as an action at a 
distance, for action at a distance is thought of as the instan- 
taneous propagation of force from one body to another. How- 
ever, the displacement would still lag behind the force in the 
way previously described. Thus even in the case of action 
at a distance there is significance in the statement that cause 
precedes the effect. 

The concept of causality contains the notion that cause 
equals effect. This has been expressed by the proposition 
that nothing can come out of nothing; in particular M. Meyer- 
son has stressed this aspect of the causal relation. In order to 
give an interpretation of the equality of cause and effect let 
us consider the collision of two billiard balls. At impact, A 
exerts a force upon B and accelerates it, and likewise B exerts 
an equal and opposite force upon A and accelerates it. Dur- 
ing this interaction the total momentum of the two balls is 
conserved, and assuming perfectly elastic balls the total kinetic 
energy is also conserved. These laws of conservation express 
the principle that the cause equals the effect. 

/ The regularity of physical processes is expressed by the 
principle of causality which states that the same cause produces 
the same effect. If a particular phenomenon produces a par- 
ticular effect then, if a phenomenon with the same physical 
characters as the cause occurs at some other time or place, a 
phenomenon will occur with the same physical characters as 
the effect. Thus a force of one dyne will give a mass of one 
gram an acceleration of one centimeter per second per second 
independently of the position and time of the process. The 
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principle of causality, thus implying that causality is a re- 
lation between recurrent characters, asserts the existence of 

causal laws. 

Now the physical order is very complex; for every phe- 
nomenon there is a plurality of causes. It appears that every 
particular phenomenon arises from a unique set of conditions. 
Since it seems clear that a particular set of conditions can not 
recur, it appears to be impossible to set up a principle of 
causality. One could say that the complete state of the uni- 
verse at one time is the cause of the state at a later time — the 
causal relation would be particular since each state of the uni- 
verse is unique. 

The answer to the foregoing objection is that the total 
physical process can be analyzed into approximately independ- 
ent processes that recur. Consider for example the motion of 
a falling body. At time h it is released from a certain height 
and falls to the ground in a describable manner. At some 
later time t2 the experiment can be repeated. The conditions 
are not exactly the same, but we can ignore the rest of the uni- 
verse and its changes and consider the motion of the body as a 
process that is repeated. By a method of successive approxi- 
mation we can fix the conditions of an experiment so that the 
course of the process is the same with respect to the relevant 
characters. Thus a process can be considered in isolation. 
There are causal strands in the physical order and therefore 
recurrent processes which satisfy the principle of causality. 

2. THE FUNCTIONAL CONCEPT OF CAUSALITY 

In the preceding analysis of causality we have seen that the 
primitive concept contains the anthropomorphic element of 
production, efficiency, creation. In the functional concept one 
expresses causality by means of differential equations. 

T he functional concept presupposes the possibi li ty of is o- 
la te of physical processes . The notion of production is 
eliminated; in accordance with Hume's criticism one does not 
think of the cause as something which produces the effect. 
The functional concept expresses a correlation of characters 
which are represented by numerical measures. Thus causal 
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connection is expressed by a functional relation between meas- 
iires. However, it should be noted that one still employs the 
language of efficient causality. In this analysis of the func- 
tional concept I shall consider the characteristics of the 
functional relations which express causality in the dynamics 
of particles, in field physics, and in quantum physics. 

3. CLASSICAL DYNAMICS 

A typical example of a causal process in classical dynamics 
is the motion of a particle projected vertically upwards in 
the earth’s gravitational field. Let 

m = mass of the particle; 

s = distance measured from the surface of the earth; 
t = time measured from a fixed origin. 

The equation of motion is 

d^s 

m = — mg, 
df * 


where g is a constant. 

Thus the functional relation which describes the causal 
process is a differential equation of the second order in the 
time as independent variable. It is to be noted that m, g, s, t 
are numbers, and thus we have entirely eliminated the concept 
of efficiency. 

The applicability of a differential equation in which time 
is the independent variable presupposes that the motion is 
continuous in time. From the position and state of motion 
at a given instant one can calculate the position and state of 
motion at an infinitely near earlier or later time. The pre- 
ceding statement is not satisfactory from the standpoint of 
modem logic, but it is the accepted mode of expression in math- 
ematical physics. 

On integrating the equation we obtain 

^ -f I'o^ — 

Assuming »o = 0, 

then So — s = \g(^. 
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If the time is a small quantity of the first order the distance 
gone from rest is a small quantity of the second order. The 
inertial mass induces a time lag which offers a basis for the 
view that cause precedes the effect. Thus the occurrence of 
time as the independent variable in the differential equation 
expresses the succession of cause and effect. 

The differential equation gives a detailed analysis of the 
process. The equation expresses an instantaneous property 
of the motion. We are not able, however, to verify the differ- 
ential equation directly. We therefore assume that the equa- 
tion holds for a certain finite period of time and integrate the 
equation. Now we can measure t and s and thus experimentally 
verify the integral law. 

In the primitive concept of causality the cause was thought 
of as that which produces the effect, so that the discovery of 
the causes of a phenomenon constituted an explanation. The 
question arises whether the restriction of causality to a func- 
tional relation renders the concept of explanation impossible. 

The distinction between explanation and description is pos- 
sible on the functional view and depends upon the definition 
of the system under consideration. Consider, for example, a 
freely falling body in the earth^s gravitational field. To the 
first approximation the equation of motion is 


d^s 



Suppose that our problem is the explanation of the accelera- 
tion of a given body. Our system is then defined to be this 
body which has position s at time t. The variable quantities 
which represent the body are functionally related to g, which 
depends upon the mass of the earth and the distance of the 
given body from the center of the earth. That is, the physical 
quantities which describe the body depend upon a body out- 
side the system; hence the differential equation may be said 
to offer an explanation of the acceleration of a body in terms 
of the position and mass of some other body. 

But now consider that the earth and the falling body are 
included in a single system; then all the variables belong to 
one system. The differential equation may then be said to 
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describe the process of interaction between the parts of the 
system. Thus the complete analysis of the causal process shows 
that it is a mutual action. This was first expressed by New- 
ton third law of motion: action and reaction are equal and 
opposite. 

In classical dynamics the typical system is one in which the 
forces acting on the particles of the system are derivable from 
a potential energy which is a function of the positions of the 
particles. Under these conditions there is an integral of energy 
and the system is called conservative. If the system is iso- 
lated there is also conservation of momentum and of moment 
of momentum. These principles of conservation express the 
content of the principle that cause equals effect. 

The motion of conservative systems is determined by 
linear differential equations of the second order in which the 
time is the independent variable. Thus 


d^s 



For a particle vibrating with simple harmonic motion 


d^x 


+ co^x = 0 . 


The solution of the second equation is 

X = A cos (col — S). 

Now this solution has the property that if one replaces / by — / 
the equation of motion is still satisfied — the solution which is 
a function of — / describes the reverse motion. We have then 
illustrated the fact that a reverse motion is determined by the 
same equation as the direct motion, which is expressed by the 
statement that the processes of classical dynamics are reversi- 
ble. If at a given moment one should reverse all the velocities 
of the particles of the system, the motion would proceed in the 
reverse direction according to the same equations. This result 
may also be expressed by the proposition that in the conserva- 
tive systems of classical dynamics there is no distinction between 
the forward and bac^aq^ direction of time. 

In. classical dyn^mJe^:Qpe.also considers systems in which 
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there are dissipative forces which depend upon the velocities. 
One then obtains differential equations in which occur deriva- 
tives of the time to the first order. In consequence the motion 
is not reversible. In the chapter on thermodynamics it was 
pointed out that all macroscopic physical processes are irre- 
versible. However, in the mechanical conception of nature 
irreversible macroscopic processes were analyzed into totalities 
of reversible microscopic process. Thus reversibility is an essen- 
tial characteristic of classical dynamical causality. 

Professor G. N. Lewis has proposed the general postulate 
of the symmetry of time for all physical processes. 

We have now to formulate the functional form of the prin- 
ciple of causality which in qualitative terms states that the 
same cause produces the same effect. 

In order to describe the motion of a dynamical system it is 
necessary to have a frame of reference with respect to which 
one determines position in space, and an origin of time with 
respect to which one determines position in time. The equa- 
tions of motion are differential equations in the coordinates 
with respect to the time. Assuming / degrees of freedom there 
will be / differential equations of the second order. The solu- 
tions of these equations .will express the coordinates as func- 
tions of 2/ arbitrary constants and the time; the arbitrary 
constants are determined by the initial conditions, that is, the 
values of the coordinates and the corresponding velocities (or 
momenta) at a given time fo. The initial conditions are referred 
to the chosen frame of reference and the origin of time. 

The principle of causality now states that if the frame of 
reference is transported in space and the origin of time is trans- 
ported in time, then if the same initial conditions are realized 
relative to the new frame of reference and origin of time, the 
same motion occurs relative to the new frame and origin of 
reference. That is, space and time are homogeneous with 
respect to the laws of classical dynamics. In other words, 
given the same relative initial conditions the same motion will 
occur at some other place and time. 

The principle of causality is expressed by the invariance 
of the representation of physical laws with respect to a trans- 
formation in space and time. In accordance with the principle 
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of relativity the representation of laws is invariant with respect 
to the Galilean transformation from an inertial system to one 
moving with constant velocity with respect to the first. One 
may formulate the principle of relativity so that it includes 
what has been called the principle of causality. 

3. THE PHYSICS OF FIELDS 

I turn now to the concept of causality in the physics of 
fields. A field may be defined as a region of space such that 
at every point there are conditions which are described by 
physical quantities which are functions of the position and the 
time, examples being the gravitational field, the electromag- 
netic field, etc. The quantities which determine the field are 
scalars, vectors and tensors. The rate of change in space and 
time of the quantities which describe the field is determined 
by certain partial differential equations, such as are exempli- 
fied by the differential equations of the theory of elasticity, of 
hydrodynamics, and of the electromagnetic field. These equa- 
tions describe a process which is continuous in space and time. 
From the state at a given point at a given instant one can deter- 
mine the state at an infinitely near point after an infinitesimal 
lapse of time; thus the equations express the contiguity of the 
causal process in space and time. From the equations of the 
theory of elasticity, or of the electromagnetic field, one can 
deduce a wave equation which describes the propagation of a 
disturbance with a finite velocity. This expresses the primi- 
tive idea that cause precedes the effect. The solution of the 
partial differential equation is subject to specified initial con- 
ditions and boundary conditions. 

The principle of causality can now be expressed as follows. 
If the frame of reference is transported in space and the origin 
of time is transported in time, then if the same initial condi- 
tions and boundary conditions are realized relative to the new 
frame and origin, the same processes occur. Suppose, for 
example, that at a certain place in space there is a box which 
is equipped with a physical laboratory. Suppose that at one 
o’clock the physical conditions within the box are completely 
known, and suppose that the physical conditions on the sur- 
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face are controlled from one to two o’clock. Then the physical 
processes within the box are uniquely determined from one to 
two o’clock. If the same conditions are reproduced at any 
time and at any place the same series of events will occur. 

From the mathematical point of view the principle of causal- 
ity expresses the fact that the initial conditions and boundary 
conditions determine a unique solution of the differential equa- 
tion. 

4. QUANTUM PHYSICS 

Lastly I consider the concept of causality in quantum 
physics. 

As we have seen, quantum physics deals with microscopic, 
that is, elementary processes. The classical kinetic theory 
assumed determinism for elementary processes. The invari- 
able causal laws of macroscopic dynamics were extended to the 
microscopic realm. In q uantum ph y sics, however, a statistic al 
causality is as^med to hold for elementag,^ processes,^ The 
imtiaFcondiFions of an atomic system are not precisely deter- 
minable. The elementary quantum processes are symbolized 
by a probability function. However, the probability function 
is determined by a differential equation of the type of the classi- 
cal physics of fields. Hence if the initial values of the prob- 
ability function are known throughout a region and if the values 
over the boundary are controlled during a certain interval of 
time, then the probability funtion is determined throughout 
the region during the given time interval. 

The same sequence of values of the probability function is 
determined if the same relative initial conditions and values 
over the boundary are given for some other region at some 
other time. Thus the mode o f deter mina tion of t he pr obability 
function expresses a principle of causality. 
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